
NOTE ON A PROBLEM OF DICKSON

L. CARLITZ1

1. Let q = p", where p is an odd prime. Let

F(x) = a0xk + • • • + ak       (o,- G GF(q), aa 9* 0)

be a polynomial of degree k such that F(a)=ß2, where ß£.GF(q) for

all aÇ.GF(q). The writer [l ; 2] has proved the existence of a number

Nk such that if q > Nk then

(1) F(x) = H2(x)     (H(x)EGF[q,x]);

moreover Nk satisfies

(2) Nk^(k- l)2.

If q= 11 and F(x) =x5+4 it is easily verified that

/5 - 42 (mod 11)       (ai? 11),
F(a) = <

13 = 52 (mod 11)       (aiV 11).

Clearly F(x) is not congruent (mod 11) to the square of a polynomial.

We shall prove the following result.

Theorem. The number Nk satisfies

(3) Nk> 2k+ 1.

Proof. Put q = 2m-\-\ and consider the polynomial

(4) F(x) = x«-»'2 + c      (c G GF(q), c^O).

Clearly F(x) does not satisfy (1).

For aÇ:GF(q) we define a real-valued function \J/(a) by means of

(5) Ha) =

1        (a™ = 1),

-1       (o-=-l),

0        (a = 0).

To prove the theorem it will suffice to show the existence of a number

c(EGF(q) such that \[/(F(a)) = 1 for all aÇzGF(q). This is equivalent to

the existence of c such that

(6) He) = He + 1) = He - 1) - 1.
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Now when q = p it is known [3, p. 156] that the number iVo(l, 1, 1)

of incongruent e(mod p) satisfying (6) is determined by

Noil
ijip-

zip - 7)        (f » - 1 (mod 8)),

tip - 3)        ip = 3 (mod 8)),

when p =3 (mod 4). When p =1 (mod 4) we have

1 1/2
i(,-3 + ,'>-l-i(.7

where

Kt)'
*p-SFr)'

moreover

In the general case iq = pn) it is not difficult to show that

at,*   i   n       i*fo-7> (3" -l(mod8)),
(7) W0(l, 1, 1) = <

li(? - 3) (ç ^ 3 (mod 8)),

when q =3 (mod 4). When 3=1 (mod 4) we have

(8) Noil, 1, 1) - -iq - 3 + #4) - 1 - -*(2),
o 2

where

*,=   E ^3-c)

and

$8 = 0 (f « 3 (mod 4)),

| *,|   = 2c1'2       (/> = 1 (mod 4)).

It follows from (7) that

(10) Noil, I, 1) > 0

for q =3 (mod 4), g>7. For /? =3 (mod 4) and n even (10) holds pro-

vided g > 15. Finally when p =1 (mod 4), (10) holds provided

q - 15 ^ 2g1'2 (q m 1 (mod 8)),

q - 7 = 2g1'2 (? s 5 (mod 8)),

that is, provided
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o ^ 25 (q m 1 (mod 8)),

q 1 13 (q = 5 (mod 8)).

For the excluded small values of q we take

F(x) - *» + 1 (ç = 7),

F(*) = *« + 1 (3 = 9),

F{x) = 2^+1 (q = 13),

F(x) = 3a;8 + 1 (q = 17).

Since a polynomial of the form

(11) F(x) = axm + b        (a, b G GF(q), ab * 0)

is clearly not equal to the square of a polynomial in GF[q, x] the

theorem follows.

Note that for q > 9 we have proved the existence of a polynomial of

the form (11) such that

F(a) =ß2       03 G GF(?), 0 5¿ 0)

for all aEGF(q).

2. In certain cases, at least, the lower bound (3) can be improved.

For example if g = 4w + l and we take

F(x) = xm + c       (cE GF(q)),

then for nonzero a, am takes on one of the values ±1, ±6, where

e2= — 1. This leads to consideration of the sum

s = Z{i+*(«)Hi + *(c + i)}{i+*(c-i)}
e

■{l+He + *)}{l+Hc-*)},

where the summation is over all c^l, —1, e, —e. Using known

estimates we find that 5>0 provided q exceeds a certain numerical

bound (independent of k). It follows that

Nk > U + 1

at least for q=\ (mod 4) and k sufficiently large.
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