ORDER PROPERTIES OF BOUNDED OBSERVABLES
NEAL ZIERLER

Continuing the development [4] of an aspect of the approach to
the axiomatization of quantum mechanics of G. W. Mackey [3], we
consider here the real linear space X of signed measures on the set P
of events generated by the states, and the set ¥, of linear functionals
on X which are induced in a natural way by the bounded observables.
A necessary and sufficient condition for two events to be simultane-
ously measurable is found in terms of the order structure of Yy, with
the following consequence: if Y, is a lattice, P is deterministic. At the
opposite extreme, Y, is said to be an “anti-lattice”! if the greatest
lower bound exists only for comparable pairs of its elements and we
show in this case that the center of P is trivial.

Our results extend those of R. V. Kadison [1], in which ¥, and P
are the self-adjoint operators and projections respectively in a uni-
formly closed self-adjoint operator algebra. While the framework and
plan of the proofs were inspired by Kadison’s work, almost none of
the apparatus used by him is available here with the result that, in
detail, our techniques are quite different from his.

Let P be a weakly modular partially ordered set (see [4]). A func-
tion x from P to the non-negative real numbers and + « is said
to be a measure if x(0)=0 and x is countably additive in the sense
that whenever {a,} is a pairwise orthogonal sequence of elements of
P, then x(Ua,) = Zx(ai). If x is a measure and {bi} CP is an increas-
ing (decreasing) sequence with supremum (infimum) b, then x(b.)
—x(b). A countably additive function x from P to the extended real
numbers is a signed measure if x(0) =0 and x takes on at most one of
the values + « and — « ; x is finite if x(1) is finite. Define the functions
s and ¢ on the signed measures on P by s(x) =sup{x(a) : aEP},
i(x) =inf{x(a): a€EP} and set ||x|[=s(x)—i(x). Clearly ”x” <o if
and onlyif xisfinite. Itiseasy toseethat Hx” =sup {x(a) —x(a'):aEP } .

LeEMMA 1. Let X be a real linear space of finite signed measures on P.
Then the function || ” defined above is a norm for X and, under this
norm and its natural partial ordering, X is a partially ordered normed
linear space. That 1s,*
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2 See [2].
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(1) x=y and y=x imply x=1y.
(2) x=y and y=z imply x Zz.
(3) x=y and A= 0 imply Ax ZN\y.
(4) x=y implies x+2=Zy+z for all 3.
(5) %.20, ||, —x|| >0 imply x 20.
In addition
(6) %20 and 320 imply ||x+y] =||l| +]5]-

PROOF. Since i(x) <s(x), ||x|| 20; clearly, ||#|| =0 if and only if x=0.
If A20, ||\x|| =N||x|| is obvious while ||x||=||—x| follows from the
fact that s(—x)= —i(x). Finally, s(x+v) <s(x)+s(y) and i(x+y)
2i(x) +i(y) so ||x+v|| =||x/| +]|3]|, and || || is a norm for X.

Properties (1)-(4) are obvious. If x(a) <0 for some ¢ EP, Hx,,—x”
>s(x,—x) = —x(a) since x, =0. This contradiction of the hypothesis
x,.—x“—->0 proves (5), while (6) follows at once from the fact that
7| =2(1) for 220.

A function 4 from the set ® of Borel subsets of the real line R to
P is said to be an observable if it has the following properties:

(7) Ag=0, Ar=1.

(8) If E,, E,, - - - are pairwise disjoint Borel sets, then Ag,,
Ag,, - - - are pairwise orthogonal members of P and Ayg,= VAg,.

The spectrum of an observable 4 is defined as follows. Let N
= {open ECR: Az=0} and choose { E;} CN with UE;=Ugey E and
E,CE;C - - -.Then Ayg,=VAg,=0 so UE; is the largest member
of N and we set spectrum A =complement UE;. Define the norm of
4, lA”, as sup{ ‘)\| : AEspectrum A} and say A is bounded if
|A|| < o, Let O, respectively O, denote the set of all, respectively
all bounded, observables.

Every signed measure x on P determines a function m, from O to
the signed measures on ®: m.(4)(E)=x(Ag). If x is a state then
ms(A4) is clearly a probability measure on ® for every observable 4.
It is easy to see that ||x|| =sup{||m.(4)|: 4€0}.

Let X be a real linear space of finite signed measures on P. Each
observable 4, respectively element a of P, defines a linear functional
Ly, respectively L., on X by La(x)= [ Adm.(4)(\), respectively
L.(x) =x(a). Evidently, if 4 is the observable with Ayy=a and
Agy=a’, then Ly=L,.

LEMMA 2. Let x be a finite signed measure on P. Then |||
=sup{|Li(®)|:]|4]|=1}.

PrOOF. Let A=sup{ ]LA(x)l : ”A
holds for all observables 4 so A=

=1}. Clearly | La(x)| =||=|| ||4]|
x||. On the other hand, we may
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choose a, EP so that x(a,) —x(a, )—>Hx” and let 4 (n) denote the ob-
servable with A(#)=an, A(n)(_y=as. Then ||A(n)|| =1, Law(x)
—*”x“ and the result follows.

CoROLLARY. If A is a bounded observable, L, is a bounded linear
functional on X and || L4|| <|| 4.

Now suppose P is the set of events of a system .S, P of states and
events,? and henceforward let X denote the real linear space of signed
measures on P obtained as the set of all finite real linear combinations
of members of S.

LEMMA 3. For ACO,, ||La|| =4

ProoF. Since spectrum A4 is a closed subset of R, we may choose
Ne spectrum A4 with |\ =”A|| Then if €>0, it follows from the
definition of spectrum A that the event ¢ =4 _ +e #0 and hence
there exists f& S with f(a) =1. Then)\—e<|LA(f)| =<\-+e€ and, since
Al =1, [|Za]| = sup{|La@)| :x € X, ||| =1} 2 | La()] 2 4] =«
Thus, ||LA|| >||A|], and the opposite inequality is supplied by the
preceding corollary.

Let Yo={L4: ACO0s}, let Yy denote the set of non-negative mem-
bers of Y, and let Y denote the subspace of X* generated by Y, Note
that the mapping a—L, is an isomorphism of the partially ordered
set P in the partially ordered set Y.

LeMMA 4. Let T be a subset of Yo containing 0, L., Ly and Ly, for
some a, b&EP. Then if L, and Ly have a greatest lower bound L4 in T,
L= L.

PROOF. 0<L,, L, implies 0<L, and ||4|=sup{Li(f):fES}
ésup{La(f):fES} <1. Now f(a) =0 implies m;(4) is concentrated
in 0, i.e., f(4(g)=1. It follows that A{y, =a; similarly A, =b so
AjySab. Then if gES, La()=Jidmo(A)N) Sg(d ) =g(Ale)
<g(ad) = La(g) so L4 = L. Making use now of the assumption that
A is the greatest lower bound of L, and L; we obtain the result and

COROLLARY. Lg=L, ALy in Y{.

THEOREM 1. The events a and b are simultaneously measurable if and
only if there exists a linear subspace W of Y containing La, Ly, Lavs and
Ly such that Ls/\Ly exists in W Y.

ProOF. Suppose L, ALy=LsEW as in the statement. Then

3 See [4]; actually, the following weaker set of postulates suffices here: E1, E2,
E3, ES, S2 and the following: if f(a) =1 whenever f(b) =1, then b=a.
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Ls=L, by Lemma 4. Let y=Ls— Lay=Laaby’, 2=Ls— Lap= Lyapy. If
wEW with w=y, z then w+ Lo =Ls, Ly 50 w+ Ly <Lg and w=0. It
followsthaty Az=0in W.Let # = Lave—2= L@avs)@'vap); then y = Lty
SL.v=u+zsoy—u=z Since 0=u, y—u=yand hencey—u=y/\z
=0, i.e., y<u. Thus, a(ad)' £(a\Vb)(b'\VVab) £b'\/ab. Joining o'\ ab
to both ends of the inequality gives a(ab)’\Vab\VVbd' =a\V/b' b\ ab.
Since the opposite inequality is trivial, we have, taking orthocomple-
ments, ba’ =b(ab)’. Hence b="5b(ab)’'\/ba=ba’'\/ba and the result fol-
lows from [4, Lemma 1.4].

Conversely, if ¢ and b are simultaneously measurable, the sub-
space W of Y generated by the mutually exclusive events ab, ab’, a’b
and a’b’ is clearly a lattice contained in Y.

COROLLARY. If Y, is a lattice, then P is deterministic.

PRroOF. Suppose Y is a lattice, let @ and b be events and let W be
the subspace of YV generated by L., Ly, Lovs and Lg. Then Lg
=L,ALy in Yy by Lemma 4 and the hypothesis so, a fortiori, La
=LsALyin WNY, Hence a and b are simultaneously measurable by
the theorem and P is deterministic.

If AEO0 and « is a Borel function from R to R, the observable C
such that Cg=AZf) for all Borel sets E is clearly unique and is
denoted a(4). Observables A and B are simultaneously measurable or
commute if there exist an observable C and Borel functions & and 8
from R to R such that 4 =a(C) and B=3(C).

LEMMA 5. Let A and B be commuting bounded observables. Then
L4 < Lg if and only if whenever o, 8 and C are two Borel functions and
a bounded observable respectively such that A=a(C) and B=B(C),
a(\) =BMN) holds for almost all N relative to ms(C) for all fES.

ProoF. Suppose there exists f&.S and a Borel set E of positive
m;(C) measure such that B(\) <a(\) on E. Since m,(C)(E) =f(Cg) >0,
Ce#0 so g(Cg) =1 for some gES. But then Lz(g) = [eB8\)dm,(C)(\)
< [ea(\)dmy(C)(\) = L4(g), which proves the nontrivial half of the
lemma.

CoROLLARY. Let A and B be commuting bounded observables and
suppose that Ly <Lp. Then [eNdmi(4A)(\) £ [eNdmy(B)(\) for all fES
and Borel sets E.

PRroOF. Suppose, on the contrary, that there exist f, E such that
JeNdm(A)\) > [eNdmy(B)(N). But then if @, B and C are as in Lemma
5, [eaN)dm(C)(N) > [eB(N)dm;(C)(N) and so a(M)>B(\) must hold

on some Borel subset of E of positive m,(C) measure.
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LEMMA 6. Let A and B be commuting bounded observables and let
W= {Lc: CE Oy, C commutes with A and B}. Then Ly and Ly have a
supremum and an infimum in W.

ProoF. Let o and B be Borel functions and C&O0, such that
A=a(C), B=B(C) and let D=(sup{a, 8})(C). Obviously, DEW,
and Lp=L,4, Lp by Lemma 5. Now let D; be any member of W such
that Lp, = L, L, let E. = {A:aQ\) = BA)} and let Es
={N:a(\) <BM)}. Then, by Lemma 5, Corollary,

f Admg(D1)(N) = f Adms(A)(\) and

Nmy(Dy) () = Ndms(B)(\) forallf € S.
g Eg

Hence

In(f) = [ 2am@)® 2 [ Aam(0) + [ rim(B)0

Eg

= [ aam©® + [ s0im(c0)
B, Eg

= f sup{ea, B} (\)dm(C)(\) = Lp(\)

and so LD=LA\/LB in W. Similarly, L(inf(a’ﬁ))((]):LA/\LB in W.

LeMMA 7. Suppose a belongs to the center @ of P and define the ob-
servable A by Apy=a, Ayy=a’. Then A belongs to the center of Oy.

ProoF. Let B&EO0, and define a function C from the Borel subsets
of the real line to P as follows: Cg=aBg\/a’Bg_35. Clearly Cg=0
and Cg=1. If E and F are disjoint Borel sets, aBg laBF since Bg 1 Br
while e Bg la’Br_3 5 since a la’; similarly, a’ Bg_s 5 is orthogonal
toaBrand aBp_3 5 0 CeLCr. If Ey, E,, - - - are pairwise disjoint,
then

VCe, = V(aBz, V @'Bgsz1) = VaBy,\V Va'Bg,_g 5
= aVBg,V ¢’V Bg, 351 = aBuz,; \V ¢'Buz,—um11)

= dBUE;» \/ a'BUE‘_3||B[| = CUEi

since a&C and BEO, and it follows that CEO,. Let o be the char-
acteristic function of the set —”B” §)\§I|B| and let B be a Borel
function on the line such that B(\) =\ for — |B|| é)\éllB” and B(\)
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=\=3||B|| for 2||B]| A=4||B|. Then if EC[—||B|, ||B]|], B(O)e
= Cp‘lE=aBp'1E\/a'Bg‘1E_3||B“ =aBg\/ a'Bg= Bg, 1e,B(C) =B. Evi-
dently, a(C) =4 and so 4 and B commute;since B& 0, was arbitrary,
A Ecenter Oy as was to be proved.

LeMMA 8. Suppose A and B are commuting observables and vy and &
are Borel functions on the line. Then v(A4) and 6(B) commute.

Proor. If 4=a(C) and B=8(C) then ¥(4)=v o a(C) and &(B)
=8 0B(0).

A partially ordered set is said to be an anti-lattice if suprema and
infima exist only for comparable pairs of its elements. The Corollary
of Theorem 1 asserts that if Y, is a lattice, @=P. The following
theorem provides the corresponding conclusion for the opposite ex-
treme.

THEOREM 2. If Y, is an anti-lattice, then C= {0, 1}.

ProoF. Suppose, on the contrary, that there exists a &€ with
0<a<1 and let A4 and I be the observables defined as follows:
Ayy=a, Ay =a’, Iy;=1. Then 4 and I belong to the center of O,
by Lemma 7 and 24 Ecenter O, also by Lemma 8. Hence L4 and Ly
have a supremum and an infimum in Y, by Lemma 6 and it follows
from the hypothesis that L.4 and L; are comparable. But by 52
we can find f, g in S such that f(a) =1 and g(a) =0. Then Ls(f)
=2>1=L;(f) while Lys(g) =0<1=L;(g) and this contradiction
shows that 0 <a <1 is incompatible with 4 € €.
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