ON THE SPECTRAL SYNTHESIS OF BOUNDED
FUNCTIONS

MASAKITI KINUKAWA

0. In this note, we intend to generalize a theorem on the spectral
synthesis of bounded functions due to A. Beurling [2] and to discuss
an analogous problem in the case of bounded sequences. For all
terms not explained here, the reader is referred to the papers of A.
Beurling [2] and ]J. P. Kahane [4].

1. For a function ¢(x) EL*(— «, «), we shall denote its spectral
set by Sp.(¢). We shall be concerned with the space U of Fourier
transforms of functions in L!(— «, «). That is, f({) €Y means that
there exists a function F(x) ELY(— », «) whose Fourier transform is
f(). We introduce a norm ||f||s in the space U defining it by

e =176 2

We say g(t) = T(f(t)) (or T) is a normalized contraction of f when the
complex function T'(z) satisfies the Lipschitz condition ! T(2) — T(z')l
=< |z—z'| and lim,.,, g(f) =0. Moreover, we say an element f of U is
contractible in the space U if every normalized contraction of f also
belongs to the space U. And we say f is uniformly contractible in the
space U if fis contractible in A and if lim, ., ||g,,||91 =0 for any sequence
{g,,(t)} of normalized contractions of f(¢) such that lim,.. g.(t) =0.
Some of Beurling’s theorems [2] may be read as follows:

THEOREM 1. Suppose that

(i) f(¢) is uniformly contractible in the space U, and
(i) f(t)=[2,e*=tF(x)dx vanishes on Sp.(¢).

Then we have

(iii) [Z.p(x)F(x)dx=0.

THEOREM 2. Suppose that

(iv) w(x)ELY(— o, ©) and w(x) is even, positive and nonincreasing
in (0, ©), and

W) | Fx)| Sw(|x]).
Then the Fourier transform f of F is uniformly contractible in the
space .

Note that the assumptions (ii), (iv) and (v) imply the conclusion
(iii). This means that the spectral synthesis of a bounded function ¢
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is possible with respect to the topology defined by the norm ”l[/“,o,.,,
=[2.|¥(x)| wx)dx for yEL2(— w0, ).

The first purpose of this note is to generalize the assumption (iv).
In fact, we shall prove the following:

THEOREM 3. The assumption (iv) in Theorem 2 can be replaced by
the following conditions:
(iv)* w(x) is even, positive and satisfies

© z 1/2 © © 1/2
f x‘3/2(f u2w2(u)du) dx +f x_l”(f 'wz(“)d”) dxr < .
0 0 0 z

PROOF OF THEOREM 3. In a previous paper (M. Kinukawa [5]),
we proved that f is contractible in % under the assumptions of
Theorem 3. That is, for any normalized contraction g(¢) of f(¢), there
exists a function G(x) & L!(— », =) such that g(¢) is the Fourier
transform of G(x). Let {g,,(t)} be a sequence of contractions of f(¢)
such that lim, .., g.(¢) =0. Then, we only need for our purpose to show
that

(1.1) lim [|g||lq = lim f | Gu(x) | dx =0,
where each G.(x) is a function whose Fourier transform is g,(f). (This
means that f(¢) is uniformly contractible in the space 2.) For this

purpose, we need the following inequality which was suggested by
Professors S. and M. Izumi:

(1.2) fw| G(x)| dx < fwx‘m(fzuﬂ G(u) !2du)l/2dx.

To prove the above inequality, we may suppose that G(x) =0 for
x 2 N>0. Putting S(x) = [su| G(u)|du, we have

fole(x)Idx=j;N|G(x)ldx=foNx“1£éS(x)dx

= fNu‘gS(u)du + N-IS(N).
0

Since, by Schwarz’s inequality, S(x) _S_x”z(fguzl G(u)|2du)1/2, we get

f0°°| G(x) I dx gfoNx‘m(fzuﬂ G(u) }2du>mdx

1/2
+ 2N—”2< f Y| Gw) |2du> ,
0



470 MASAKITI KINUKAWA June
where the second part in the right-hand side is

f:x-3/2dx<£Nu2| G(u) Pdu)ll2 = f:x-slz(fozuzl G(u)l“’du)mdx.

Thus we get the inequality (1.2).
We now proceed to prove (1.1). We have

f u?| Ga(u) |2du < Cx2f | Ga(u) |2 sin? X ou
0 0 x

= szf | Ga(u) |2 sin? —f‘—du.
x

—o0

Then, by Parseval’s relation, the right-hand side is equal to

(1.3) = cxffwl gu(u + 1/2) — ga(u — 1/x) |2du
(1.4) < szfw | f(u + 1/2) — f(u — 1/x) |2du
"1 a2 sinz X
= fo | F(u)|? sin? " du

-0

® u
= Ca? f w?(u) sin? — du
0 X

1.5 =< C{fozuzwz(u)du + a? f;w?(u)du} .

From the inequalities (1.2), (1.3), (1.4) and (1.5), we get

0 L] 1/2
ledin s ¢ [ as{ Il [ ot /0 = gutu = 170 20

< cf_:dx{l xl—lf_:|f(u +1/x) — f(u — 1/x) |2du} .

0 z 1/2
= Cf x‘m(f u2w2(u)du> dx
0 0
o o 1/2
+Cf x““(f w”(u)du) dx
0 z
<

Note that |g,.(u+1/x) —g,,(u—l/x)| =< lf(u+1/x) —f(u—l/x)[ ; then,
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by the above inequality and by Lebesgue’s convergence theorem, we
see that )

lim [|gof|y = 0,

n—wo

which completes the proof of Theorem 3.

2. We can discuss the spectral synthesis problem of bounded se-
quences analogously to the case in §1. In the case of bounded se-
quences, the space of absolutely convergent Fourier series, which we
shall denote by 4, plays the role of the space ¥ in the preceding sec-
tion.

Suppose that f(x) = D = _ ., c.e'** belongs to the space 4, and de-
fine a norm of f(x) in 4 by ||f||4= D e |c,.| . Let us suppose that
a transformation T'(z) satisfies T(0) =0 and | T(2) — T(z’)! =< [z-z’ | ;
then we can define the terms “contractible” and “uniformly con-
tractible” in the space 4 in a way similar to that used for the space
9. (In this case, we omit the word “normalized” from the correspond-
ing definitions.) Let a sequence {q&n} be bounded and denote its
spectral set by Sp.(¢,). Then the theorems corresponding to Theorems
1 and 3 can be stated in the following way:

THEOREM 4. Suppose that f(x) S A is uniformly contractible in the
space A and f(x) = D.x. _ . caei"* vanishes on Sp.(¢,). Then we have
> e Pala=0.

THEOREM 5. Suppose that {w,} is a positive sequence such that
W_, =w, and satisfies the following condition

© n 2 2 1/2 © © A 1/2

S S #ul) + 5 (T ad) <
n=1 k=1 n=1 k=n+1

Then an element f(x) of A is uniformly contractible in the space A when

the Fourier coefficients {c,.} of f satisfy ]c,.l S Win).
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