A COMPACT TOPOLOGY FOR A LATTICE!
ARNOLD J. INSEL

Introduction. In this paper we shall study a compact intrinsic
topology for a lattice and obtain a few relationships between this
topology and certain well-known intrinsic topologies for lattices. We
obtain as a result the fact that for a large class of lattices, compact-
ness of the order topology implies that our compact topology and the
order topology coincide.

Let L be a lattice and {4}, a net in L. We define the limit inferior,
Li{xa} = Valsza xs, and the limit superior, L*{x4} = A4Vyz4 5. Then,
provided they exist, Li{xa} SL*{xa}. If Li{xa} =L*{x.} =x, we
say that the net {xs} order converges to x. Let C be a subset of L.
C is said to be order closed iff no net in C order converges to a point
outside of C. The collection of order closed sets comprises the closed
sets for a topology for L. We call this topology the order topology
for L and designate it by O(L).

The collection of sets of the form {x:x=<c} and {x:x=c¢} for
cE L forms the sub-base of the closed sets of a weaker topology called
the interval topology and designated by I(L). It is known that for
any lattice L, L is complete iff L with the interval topology is com-
pact. (See G. Birkhoff’s Lattice theory.)

The complete topology. DEFINITION 1. Let L be a lattice and @,
the collection of all complete subsets of L. Then € is a subbase of the
closed sets for a topology which we shall denote by K(L). The to-
pology K(L) will be called the complete topology for L.

LEMMA 2. Let L be a lattice and N, a nest of nonempty complete sub-
sets of L. Then N9 .

ProOF. Let S denote the set, { VN: N GE)‘L}. For the following
discussion we consider a fixed set N, in 9. We divide the proof up
into several remarks.

REMARK (a). Define Sy= {s: s&S and s§VNo}. Then, Sy C N,.

Proor. Consider any element s&S,. If s= VN, then s&€N,, since
N, is complete. Suppose s < VN,. Then associated with s is a member
N, of 9 such that s=VN,. Then since 91 is a nest, either NoCN, or
N,CN,. If NyCN, then clearly, VN, < VN,=s, contrary to hypoth-
esis. Hence N, C Ny, and since N, is complete, VN,=s& N,.
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REMARK (b). S is linearly ordered.

Proor. Let s and ¢ be elements of S. Associated with s and ¢ are
sets N, and N, in 9 such that s= VN, and t=VN.. Either N,CN,
or N;CN,. In the former case s <¢, in the latter, t<s.

REMARK (c). Both S and S, possess infimums, and AS=AS,.

Proor. By Remark (a), Sy is contained in a complete subset of L
and hence, S, possesses an infimum, AS, Consider any x&S. By
Remark (b), we may note that either x < VNyor x> VN, If x> VN,
then since VN,E.S,, we have that AS,< VN,<x. Clearly if x < VN,,
xE .S, and hence, A Sy =x. We conclude that AS; is a lower bound for
S. Now suppose that y is any lower bound for S. Then since SoC.S,
v is a lower bound for S, or, y <A.S,. Hence AS, is the greatest lower
bound for S or, AS;=AS.

We now continue with our proof. Ny is a complete subset of L. By
Remark (a), S¢CN, and hence, ASy& N, But by Remark (c),
AS;=AS and hence, ASE N,. Ny was chosen as an arbitrary member
of 3 and it was found that ASEN,. Hence ASENN or, NN = .

TaEOREM 3. Let G be a collection of complete subsets of a lattice L
such that @ has the finite intersection property. Then, NG = .

ProoF. We use transfinite induction on the cardinality of @. Clearly
the theorem holds if @ is finite. Suppose that the theorem holds if the
cardinality of @ is less than some fixed cardinal number o. Let T
be the set of all ordinal numbers less than the first ordinal number of
cardinality a. Assume the cardinality of ' is the same as that of Q.
Hence we can index @ with I'. Then for each ordinal #ET we con-
sider the set A, in @ to which n corresponds. Define the set C,
=N{4::4€T andi<n}. Then C, is not empty because it is the inter-
section of a collection of complete sets with the finite intersection
property, and this collection has cardinality less than «. Thus the
collection {C,:nE€T'} forms a nest of nonempty complete subsets
of L. Hence by Lemma 2, N{C,: nE€T} =Na=J.

THEOREM 4. Let L be a lattice with the complete topology, K(L). Then
L is compact.

Proor. The lattice L with the topology K (L) satisfies the following
property : There exists a subbase of the closed sets for K(L) such that
every subcollection of this subbase with the finite intersection prop-
erty has a nonempty intersection. But this condition is necessary and
sufficient for L with the topology K(L) to be compact. (For a proof
see O. Frink’s Topology in lattices.)

THEOREM 5. Let L be a lattice. Then K(L) CO(L), and I(L) CK(L)
iff L is complete.
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Proor. Clearly every complete subset of L is order closed and
hence, K(L) CO(L). If I(L)CK(L), then since K(L) is compact,
I(L) is compact and hence, L is complete. If on the other hand, L is
complete, each closed ray of the form {x:x=<c} or {x:x=c} is com-
plete and hence, I(L) CK(L).

Let L be a complete lattice and 4, a nonempty subset of L. Then
by A ¢ we shall mean the smallest complete subset of L containing 4.
If {xs} is a net in L, by {x.}? we shall mean the smallest complete
subset of L containing the range of the net. The following is a char-
acterization of topological convergence in a complete lattice with
respect to the complete topology, K(L).

THEOREM 6. Let L be a complete lattice and {x.}, a net in L. Then
{xa} topologically converges to a point x in L with respect to the com-
plete topology, K (L), iff for each subnet {y.} of {x.}, xE{y.}e

ProoF. Suppose {x,,} converges to a point x in L with respect to
the complete topology. Let {y.} be an arbitrary subnet of {x.}.
Then {y.} converges to x. The set {y.} ¢ is closed and contains the
net {y.}. Hence, xE€ {y.}

Now suppose that {x,} does not converge to x. Then there exists
a complete subset C of L such that {xa} is frequently in C and
x & C. Hence there exists a subnet {2} of {x.} contained in C. There-
fore {2} is contained in C. Hence x € {z} <.

COROLLARY 7. Let {x,} be a net in a complete lattice L. Then the
set of all elements in L to which {x.} converges with respect to K(L) is
a complete subset of L.

COROLLARY 8. Let L be a complete lattice and {x.}, a net in L. Then
if {xa} topologically converges to a point x in L with respect to the com-
plete topology, K(L), La{x.} Sx S L*{x.}.

Proor. We first note that for 4, a nonempty subset of L, V4
=VAe,and ANA=AAq.

For any element a of the directed set of {x.}, xE€{xs: b=a}.
Hence, for any a, Aszexs<x. Therefore, Vilszaxs=Ls{xs} <x.
Dually, x < L*{x.}.

THEOREM 9. Let L be a complete lattice and T(L), any compact topol-
ogy for L. Then if every complete subset of L is closed with respect to the
topology T(L), T(L) is contained in the order topology, O(L).

ProoF. If every complete subset of L is closed with respect to the
topology T(L), we have that K(L)CT(L). Hence, topological con-
vergence with respect to T(L) implies topological convergence with
respect to K(L). Therefore by the previous corollary, if {xa} is a net
in L and {xa} converges to a point x with respect to the topology
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T(L), Le{xs} Sx < L*{x.}.

Now let C be any subset of L such that C is not closed with respect
to O(L). Then there exists a net, {xa} in C which order converges to
a point x, not in C. But since L is compact with respect to T(L),
there exists a subnet {ys} of {x.} and an element y in L such that
{yb} topologically converges to y with respect to T(L). Hence,
Lu{xa} SLs{ym} sy=L*{m} <L*{x.}. But Li{x.}=L*{xc}=x.
Hence, x=7y. Therefore, y& C. Thus there exists a net in C which
converges to a point, ¥, outside of C. Therefore C is not closed in the
T(L) topology. Therefore, T(L) CO(L).

THEOREM 10. Let L be any lattice which satisfies the following condi-
tion: If {x.,} is a net in L which topologically converges to a point x
with respect to the order topology, then there exists a submet of {x.}
which order converges to x.

Then if L is compact with respect to its order topology, O(L), it fol-
lows that O(L)=K(L).

Proor. Suppose that L satisfies the above condition and suppose
further that L is compact with respect to O(L). Then since I(L)
CO(L), I(L) is compact and therefore, L is complete.

Let C be a subset of L such that C is not closed with respect to
K(L). Then there exists a net {xa} in C and a point x & C such that
{xa} converges to x with respect to the topology K(L). Since L is
compact with respect to O(L), there exists a subnet {9} of {x,} and
a point y in L such that {,} topologically converges to y with re-
spect to the order topology. By hypothesis, there exists a subnet {2z,
of {y}, and hence of {x,}, which order converges to y. The net ézcg
topologically converges to x with respect to K(L). Hence by Corol-
lary 8, Ly{z.} Sx<L*{z.}. However, Li{z.} =L*{2.} =y. There-
fore, x=1y. Hence, y& C. We conclude that C is not closed in the
order topology for L. Hence, O(L) CK(L). But K(L) CO(L). Hence
the theorem follows.

For any lattice L it can be shown that if L is Hausdorff with re-
spect to the complete topology for L then L is a complete lattice. The
following questions remain unanswered:

1. Does Theorem 10 hold for arbitrary lattices?

2. For any lattice L, is a necessary and sufficient condition for
O(L) to be compact that K(L) be Hausdorff?
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