
ON STALLINGS FIBRATIONS
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1. Introduction. Of the various special sorts of knot types in S3

which have been studied, one of the more tractable subclasses ap-

pears to be the knots with finitely generated (and so by [l] free)

commutator subgroups. Stallings was able to show [2 ] that the com-

plement of a small tubular neighborhood of a member of this sub-

class admits a fibration over S1 with fiber an orientable surface with

boundary.

In this note the knot groups are characterized among those groups

which are extensions of a free group by an infinite cyclic group. Using

the construction of this characterization and the theorem in [3] we

obtain a simple proof of Stallings' result.

2. Main theorem. We shall suppose from now on that G is a group

which extends the free group A2„ by the infinite cyclic group Z. We

denote by t, an element of G which maps onto a generator of Z, and

by 0 is meant the trivial group.

Theorem I. If

(1) F2n=[G,G],

(2) G/{t}=0,
(3) [t, II?-i [ai,bi]] = linG,

where ai, bi, i—i, 2, • • • , », generate F2n, then if the Poincarê con-

jecture is true there exists a tame knot k in S3, such that HiiS3 — k) ~G.

Remark. By [l ] if a knot k in S3 has a free commutator subgroup

then the rank of this subgroup is even and condition (3) of Theorem I

is satisfied. It is well known that a knot group also satisfies condition

(2).
Proof of Theorem I. We shall construct a fiber space whose

fundamental group is G, and which is the complement of an open

tubular neighborhood of a knot in a simply connected 3-manifold.

Let S denote a 2-manifold of genus », with boundary a single

curve I.

Now G is completely described when the automorphism of F2n in-

duced by i is described. Denote this automorphism by <j>. We shall

consider 0 as acting on 7Ti(S) ; then condition (2) implies that </> leaves

a class of loops containing /, with some orientation, fixed. By dou-
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bling S along I, and applying Nielson's theorem [4] we see that <f> is

induced by some autohomeomorphism <£ of S.1

Now by matching the two ends of IXS according to $, one ob-

tains a 3-manifold M (with boundary T a torus) whose fundamental

group is G. Furthermore, by hypothesis, adjoining the relation t = l

to G destroys G completely. Thus by matching the boundary of a

solid torus D2XSl with T so as to kill / in G, one may obtain a simply

connected manifold, such that M is the complement of a tubular

neighborhood of a knot, (an interior point of D^XS1, and the theo-

rem is proved.

3. Stallings' theorem. Recall the earlier remark that a knot group

with free commutator subgroup satisfies conditions (2) and (3) of

Theorem I so that a fiber space M may be constructed as above. Now

in [3 ] it is shown that the group system of a knot in S3 with finitely

generated commutator subgroup determines the homeomorphism

type of the complement. This latter proof essentially depends only

on the properties of the mapping from the fundamental group of an

orientable surface with boundary lying on a tube about the knot, into

the fundamental group of the complement of the tube. These prop-

erties are easily found to be satisfied for the fiber of the fiber space M

which may be constructed as above, and a homeomorphism may be

set up exactly as in [3] between S3-(neighborhood of k) and the fiber

space M. Thus one may bypass the Poincarê conjecture and obtain :

Theorem (Stallings). If a knot, k, in S3 has a finitely generated

commutator subgroup, then S3-(tubular neighborhood of k) is a fiber

space over S1, with fiber an orientable 2-manifold with boundary.
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1 Nielson's theorem states that any automorphism of the fundamental group of a

closed orientable 2-manifold is induced by an autohomeomorphism of the 2-manifold.


