A CONVERGENCE PROBLEM FOR
CONTINUED FRACTIONS!

T. L. HAYDEN

In this paper a sequence V of regions in the complex plane is called
an admissible sequence provided that:

(i) for =2, V, is either a circle with center the origin plus its
interior (Cy+int.), or a circle with center the origin plus its exterior
(Co+text.), and

(ii) the continued fraction

(1.1) 1/1 + as/1 + as/1 + as/1 L

converges if for n=2, a,EV,.

The problem that is raised in this paper, and to which the following
theorems contribute a partial solution, is the problem of finding all
admissible sequences for (1.1). The collection of all admissible se-
quences is denoted by AS.

Before stating the theorems, it is convenient to have some addi-
tional notation and definitions. The continued fraction (1.1) is con-
sidered as being generated by the sequence ¢ of linear fractional trans-
formations defined by:

(1.2) h(z) = 1/z, t.(2) =1+ a,/z n= 2,
The sequence T of linear fractional transformations is defined by:
(1.3) Ti(2) = ti(2),  Tu(3) = Tuata(2) nz2,
so that

A n—12 + anA n—2

1.4 Tw(3) = ——m—
( ) ( ) Bn—-lz + aan—-2

where a;=1 and
Ae=0, A1=1; A,= Au1+ andns;
By=1, B =1; B, = B.—1 + @.Bns.
The nth approximant f, of (1.1) is Th(1)=A4,/B, for n=1.

THEOREM 1. Suppose V is a sequence such that for each integer n>1

(1.5)
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either V, is @ Co+int. or V, is a Cotext., and there exists an integer
p>1 such that V, and V41 are not bounded; then there exists a sequence
a of complex numbers such that a, &V, for n>1 and the continued frac-
tion (1.1) diverges.

The proof of Theorem 1 is simplified by the following lemma.

LemMA 1. If each of R and S is a positive number, u is a complex
number not 1, and v is a complex number not 0, then there exists a com-
plex number a and a complex number b such that |a| >R, |6] >S and
u=1+a/(1+b/v).

PROOF. Let # be a positive number such that #|#—1| >R and
(n—1)|v| >S. Then, if a=n(u—1) and b=(n—1)v the conclusion
of Lemma 1 follows.

Proor oF THEOREM 1. Suppose p is an integer such that V, and
V41 are not bounded. If the continued fraction

(1.7) 1/1 + Gpi2/1 + apt3/1 +

diverges in the sense that the approximants have more than one limit
point, then (1.1) diverges. Therefore, we assume that (1.7) does not
diverge in the above mentioned sense and let a,,; be a complex num-
ber in V42 so that (1.7) converges to a complex number v not 0. If
p =2 there exists, by Lemma 1, an ¢;in Vyand an a; in V3 such that
0=1+as/(1+as/v). If p>2,letas, as, a4, - - -, a,_1 be nonzero complex
numbers in Vs, Vs, Vy, - - -, V,_, respectively, such that B,_; and
B,—3 are not 0 and —a,-1B,_3/B,_ is not 1. By Lemma 1, there
exists an a, in V, and an @,y in V,4y such that, —a, 1B, 3/B, s
=1+a,/(1+a,41/v). We now note that by (1.3) and (1.4) T1(0) = =
and Tp1(—ap1Bp—s/Bps) = o for p>2. Hence, the approximants
fa—® as n— .

REMARK 1. Lane and Wall [3] completely settled the problem of
finding all admissible sequences where each region of the sequence is
bounded by showing that, for VEAS (and V, bounded), it is neces-
sary and sufficient that there exist a sequence g of positive numbers
less than 1 such that V,: |z[ =(1—gu-1)ga.

THEOREM 2. Suppose V is a sequence such that for n=2
(i) Either V,is a Co+int. or V, is a Co+text.,

(ii) At least one of V, or Voy1 is a Cotint., and

(iii) There exists @ number g,_, and a number r, such that,
(a) 0<gn1<1,0<7, 21,

{| z| =1l = gast)gn if V. is bounded,
l z| Z (14 g.-1)(2 — ga) if Vais not bounded, and

ne
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(b) if p is an integer such that Vpy1 is not bounded, and M is the
collection of all such integers, then either M is finite or [ in ar 7:=0.
Then VEAS.

LEMMA 2.1. Suppose that V is a sequence which satisfies the hypothesis
of Theorem 2, a,& V,, and for n=1,

7.: {‘z—-ll
| 2]

then t,(Z,) CZu—r for n=2.

1 — g, if Vay1 is bounded,

&n if Vayr is not bounded,

IV A

Proor. For convenience the proof is divided into two cases: V,
bounded and V, not bounded.

Suppose V, is bounded; consequently Z,_;: |z—1| Sl—g, If
3E€ Z, the minimum value of |z| (for V,41 bounded or not bounded) is
g.. It follows that for z in Z, and a, in V,,It,.(z)—l] =!a,.|/lz|
<r(1—gn)g./8nS1—g.1. Hence, $,(Z,)CZ,—1 in case V, is
bounded.

In case V, is not bounded, so that V.4, is bounded, then Z,_;: |z|
2gn and Z,: lz—l] <1—g,. The maximum value of Iz] for z in
Zn is 2—g. Let 2EZ, and a. € V,, then |t.(z) — 1|
=(14g.1)(2—2.)/(2—g4); so that [tu(2)| Zga—1, and hence the
lemma is true for V, not bounded.

The following lemma constructs a sequence U of circular regions
each containing the next such that the nth approximant f, of (1.1)
isin U,.

LEMMA 2.2. Suppose V is a sequence which satisfies the hypothesis of
Theorem 2, ¢, & V., Z is a sequence which satisfies the hypothesis of
Lemma 2.1, and U is the sequence defined by: U,=T,(Z,) for n=1.
Then, for n =21, Unp1CUyn. Furthermore, f & U,.

Proor. We need only note, from Lemma 2.1, that £,(Z,) CZ..
and, by (1.3), Tw(2) =T,-1(t.(2)); consequently, since U,= Tw(Z,)
=Tua(tn(Z,)) and Un—y=Tn-1(Zs—1), therefore U, CU,_; for n=2.
From the definition of Z, it is clear that 1&€Z,, and since T,(1) =f,
it follows that f, & Un.

LEMwMA 2.3. Suppose V is a sequence which satisfies the hypothesis of
Theorem 2 and a,EV,. Then, for p=2, IB,,/B,,_l—l[ =gn if Vyis
tounded, and | B,/By1—1| 22—g,, if V, is not bounded.

Proor. By (1.5), Bo=1, B,=1, and B,=B,_1+a,B,_», so that the
lemma is true for p = 2. Suppose the lemma is not true for some set M
of positive integers. Let 2+1 be the least integer in M. Now by the
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assumption that k41 is the least integer for which the inequalities
fail, we see that By and Bj—_1are not 0, and hence by (1.5) | Biy1/Bi—1|
= lak+1l /I Bk/Bk—ll .

We shall now consider two cases: Vi1 bounded and Viy not
bounded. In case Vi411s bounded | ak+1] =< (1 —gx) k4. Also, [ B,/ Bk_ll
=1—g, for Vi bounded or unbounded. Hence |Bk+1/Bk—1| = grp.

In case Vi41 is not bounded, Vi is bounded, so that Iak+1
=2(14+g)(2—gw1) and |Bi/Bi| S1+g. Hence |Biyi/Bi—1
=2—gk and the statement in the lemma is true for k+1. Conse-
quently, the set M does not exist.

We note that for p=1, B,>0 and | B,| 2| B,—1| (1 —g,).

Proor oF THEOREM 2. In case V,,1 is bounded for n=1 or M is
finite, then the proof follows from Remark 1 and Lemma 2.2. Sup-
pose pE M, p>2, and M is infinite. Let R, and C, denote the radius
and center respectively of U,. Since g, is on the boundary of Z, and
T,(Z,)=U,, hence R,= [ C,,—T,,(g,,)l. Since points inverse in the
circle Z, are mapped by T,(z) into points inverse in the circle U, it
follows that C, = Tp(&[By1]*/[— @sBs-2]*), inasmuch as
To(—apBp—2/Bp1) = ©. We may then use these expressions and (1.4)
to show that '

_ lapgp| : I Ap1Bp2 — Ap-2Bp—l| .
| & | Bos]? = | an|? | Bps?]
A similar argument, plus the use of (1.5), shows that
R = | 1 — go1| | 4p-1Bp2 — 4p2Bpi]
-1 =
’ | Boma[* = (1 = go-0)® | Bpa?]

Since [a,[ <ry(1—g,-1)g,, Lemma 2.3 is sufficient to show that
R,/Rp1=7,. By Lemma 2.2, U,;nCU, and hence the sequence
Ry, Ry, Rs, - - + is a nonincreasing sequence, consequently, the condi-
tion ]k i & 7. =0 is sufficient to show that the regions of the se-
quence U have only one point in common, and hence (1.1) converges.

R,

THEOREM 3. Suppose V is a sequence such that conditions (i), (ii),
and (iii)-(a) of the hypothesis of Theorem 2 are satisfied with r,=1 for

n=1, and Z;:l” my, M, M3, * - + , M, CONVErges where
{gn/ (1 — g) if V. is bounded,
’ (2 —g)/(1 —gn)  if Vais not bounded,;

then VEAS. Moreover, the continued fraction (1.1) converges absolutely
in this case.

Proor. If some a,=0, since B,70, for p=1, then (1.1) converges.
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Hence we shall assume that a,70 for p =2. Let
(3.1) k=0, hy = — apBp2/Bp1 P22

then T,(hy,) = . Furthermore, since Tp(h;) = Tpra(Bpir)
= Tytpi1(hps1), then bk, = t,11(hpy1) which implies that hyq
=—a,/(1—h,) for p=1. By (3.1) and Lemma 2.3, |k,| Sg, if V, is
bounded and |h,,| =2—g,if V,is not bounded. We now restate (1.4)
in the following more useful form:

(3.2) Ta(@) = fac1 + (@aAn_2Bacs — @aBa_sAn_s)/Bas(s — hn).
Since T,(0) =f,—2 and T,(1) =f, we see from (3.2) that
|(Fa = fae)/(Facr = fa2) | = | (a/(1 — )] .

Lane [2] proved that (1.1) converges absolutely, if there exists a
sequence d of positive numbers such that, | z./(1 —k.)| Sdu/(1+dns1)
for n=1. Let p,= ] ha/ (l—h,,)l , then the sequence d will exist pro-
vided D 7I7 miusps - - - pe converges. The maximum value of
|h,./(1 —h,;)l is g./(1 —g.) if V, is bounded and it is (2—g.)/(1 —g.)
if V, is not bounded. Hence the conditions of Theorem 3 are sufficient
for the absolute convergence of (1.1).

THEOREM 4. Suppose each of s and q is a positive number and
0<r<1,and forn=1, |agn_1| Z(1+g+9)?, | awm| Srq, and | @snia| S7s.
Then the sequence of approximants fa, fs, fs, for = = = fano1, fany = = = Of
(1.1) converges.

LEMMA 4.1. Suppose as, as, a4, + + - is a sequence which satisfies the
hypothesis of Theorem 4 and for n=1; Zszn_s: |z| =s+q, Zn: Iz—ll
<s-+q, and Zsn: Iz—ll <s/(s+q). Then tr(Zx) CZr-1 for k=2.

A proof, similar to that of Lemma 2.1, is omitted. We note that
0 may be in Z3,_1, and in this case #3,—1(0) = ©, a point in Zz.—s.

LemMA 4.2. If (1) aq, as, a4, - - - is a sequence which satisfies the
hypothesis of Theorem 4, (2) Z1, Zs, Zs, - - - s a sequence which satisfies
the hypothesis of Lemma 4.1, and (3) for n=1, U,=T,.(Z,); then
Un+lC Un-

A proof, similar to that of Lemma 2.2 is omitted.
We note that f3. & Usn and fsn1© Usn—y, but fia41 is not in Usapa
in case s+¢>1.

LEMMA 4.3. If a3, @3, a4, - - - 1s a sequence which satisfies the hypoth-
ests of Theorem 4, then for n=1; (1) |B3n_1/B3n—2—1l =1 +g+9),
(2) |Ban/Ban-1—1l =q/(g+s), and (3) IB:,..H/Ba,.—lI Sq+s.
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A proof, similar to that of Lemma 2.3, is omitted.

INDICATION OF A PROOF OF THEOREM 4. Methods similar to those
used in the proof of Theorem 2 may be used to show that, for =1,
Rsn/R3n—1 <7, where R, is the radius of the region U,. This is sufficient
to show that the regions of the sequence U have only one point in
common.

We note that if s+¢=1 in Theorem 4, then f,&E U, for every =,
and hence (1.1) converges. This is a better result than can be ob-
tained from Theorem 2, since the convergence of (1.1) can be ob-
tained from Theorem 2 only in case s+¢<1.

CoOROLLARY 4.1. Suppose 0<2s<1, 0<r<1, and for each positive
integer n, Vin_1: |z| = (142s)2, Va,: |z[ =rs,and Vi1 lz| =r7s. Then
Visin AS.

The regions in Corollary 4.1 are best in the sense that if £>0 and
0<c<4t(1+4%) then the periodic continued fraction such that, for
n21, az1=—(1+28)2+¢, a3, =0as.41=1 diverges.

Cowling, Leighton and Thron [1] proved that, for =1, |az.| <72,
|ag,.+1| =2(r*—cos arg Gs.41)+06 for §>0 and r>1 is sufficient for
convergence of (1.1).

The following argument shows that in the case of triple regions
convergence is not obtained without suitable restrictions on the radii
of the bounded regions.

THEOREM 5. Suppose s>0, Vini: |2] Zs, Via: |3| £1, and Vinga:
lzl =1. Then there exists a sequence as, as, @s, + + - such that, a,EV,
for n=2, and (1.1) diverges.

LEMMA 5.1. The continued fraction (1.1) diverges in case a, #0
for =2, and the following series converges:

| (1 + az)/02| + I 02(1 + (14)/(13! + l as(l + ab)/aza“zsl
(5.1) | a20405(1 + a1)/asas| + | asas(1 + as)/as04050705|
+ l a2a405a705(1 + a10)/asaeas| + - - - .

For a proof see Wall [6].

PRrROOF OF THEOREM 5. Suppose ¢ is a number greater than s and 1,
and let @¢s,1=%, and @3, =a3,.a= —1 for n=1. In this case the series
(5.1) reduces to

p=c0
41135 [,
p=

Since this series converges for t>1, by Lemma 5.1 the continued
fraction (1.1) diverges.
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NOTE ON A NONLINEAR EIGENVALUE PROBLEM
MARVIN SHINBROT!

1. In the theory of hydrodynamic stability, eigenvalue problems
of the form

1
(1.1) Lu+—i—Mu=>\u

arise [1, p. 430]. Here, L and M denote ordinary differential oper-
ators, the order of L exceeds that of M, and the boundary conditions
are such that L is self-adjoint. One of the questions of interest is
whether there exist eigenvalues of this problem and, if so, whether
the corresponding eigenfunctions are complete.

Replacing A by 1/X, it is easy to see that if L-! exists, (1.1) is
equivalent to

(1.2) Au = Au -+ NBu,

where A =L~'and B= —L~'M are compact, and 4 is symmetric. In
this note, we shall consider the question of the completeness of the
eigenfunctions of the following generalization of (1.2):

1.3 M = Au + \*Byu,
where a>1, 4 is compact and symmetric, and By, which, as the nota-
tion indicates, may depend on A, is merely bounded. More precise
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