
B(S, 2) ALGEBRAS

K. G. JOHNSON

In the present paper the closed ideals of B(S, 2) type spaces [l]

are considered. These ideals are characterized and a representation

theorem for the quotient algebra with respect to such an ideal is ob-

tained. The latter is useful in obtaining a representation of the dual

of the quotient algebra.

1. Closed ideals.
(1.1) Definition. Let 5 be an arbitrary set, and 2 a Boolean ring

of subsets of 5. The algebra B(S, 2) consists of all uniform limits of

finite linear combinations of characteristic functions of sets in 2. The

norm in B(S, 2) is given by the formula ||/|| =SupseS \f(s) | •

This definition is slightly more general than that given in [l ] where

2 is required to be a field of sets (Boolean ring with identity = Boolean

algebra).

(1.2) Definition. A simple function in B(S, 2) is a finite linear

combination of characteristic functions of sets in 2.

(1.3) Lemma. B(S, 2) has an identity if and only if 2 has an identity.

Proof. Obvious.

(1.4) Theorem. There is a norm preserving isomorphism between

B(S, 2) and the algebra C(X) of functions which vanish at infinity on

a totally disconnected locally compact hausdorff space X. X has a basis

of both open and closed sets which is isomorphic to 2. If B(S, 2) is

complex this algebra C(X) is the complex algebra. If B(S, 2) is real

C(X) is the real algebra.

Proof. B(S, 2) satisfies conditions which are known from the

theory of Gel'fand representation [2] or [3] to insure that B(S, 2)

is isometrically isomorphic to a C(X) where X is locally compact.

We need but show that X is totally disconnected. If fEB(S, 2) let

/ be its image in C(X). If / is a characteristic function f2=f implies

/2 = /. Therefore / is a characteristic function. Since / is continuous it

must be the characteristic function of a both open and closed set.

This generalizes immediately to the conclusion that if / is a simple

function then so is /. Let U be an open set in X and let xEU. There

exists an open F such that closure (V) is compact, xE V and VE U.

By Urysohn's Lemma there is a continuous function g in C(X) such
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that g(x) = l, g = 0 on X— V. Since the corresponding g in B(S, 2)

can be approximated uniformly by simple functions g„, it follows

that their corresponding g„ can be used to approximate g uniformly.

Thus there exists a simple gn such that \\g — gn\\ <h- ê»= Hi-™ a»Xs<,

where the S, are pairwise disjoint and each is both open and closed.

It is clear that x is in one of the S,-, say S(, and StE VE U. Since St

is both open and closed we have proved the desired total discon-

nectedness.

The next result is true of any ideal I in B(S, 2) whether / is closed

or not.

(1.5) Lemma. Let I be an ideal of B(S, 2). Then there is an ideal

2' of 2 such that I contains all finite linear combinations of character-

istic functions of sets in 2' and IEB(S, 2').

Proof. It will suffice to prove this for the C(X) of (1.4). Let f El

and let e be any positive number. There is a simple /e in C(X) such

that ||/— /,|| <e and ft(x) 9^0 implies/(x) 7^0. It can be assumed that

the sets whose characteristic functions are involved in/e are disjoint.

Let S be one of them. Then xs is continuous. Since f(s)?¿0 for s ES

it follows that l/f-Xs is continuous if l/f-Xsix) is defined equal to

zero whenever xGS. It follows that f-l/f-Xs = XsEI- This proves

that any/Gi can be uniformly approximated by finite linear com-

binations of characteristic functions in /. It but remains to verify

that the collection of sets underlying the characteristic functions is

an ideal in 2. This verification being easy and straightforward is

omitted.

The next result characterizes the closed ideals in .73 (S, 2) and shows

that the structure of the lattice (with respect to set theoretic inclu-

sion) of closed ideals in BiS, 2) is the same as that of the lattice of

ideals in 2. Each ideal in 2 is identified with a closed ideal of B(S, 2)

and conversely each closed ideal in (5, S, 2) is determined by one

ideal in 2.

(1.6) Theorem. Let 2' be an ideal in 2. Then (1) BiS, 2') is a

closed ideal in B (S, 2) ; (2) If 2' and 2" are distinct ideals in 2 then

BiS, 2') and 5(S, 2") are distinct; (3) If I is a closed ideal in 5(S, 2)

then there is an ideal 2'" o/2 such that I = BiS, 2'").

Proof. Since both BiS, 2) and BiS, 2') have dense collections of

simple functions to prove (1) it suffices to show that if/and/' respec-

tively are simple functions in BiS, 2) and 5(S, 2') respectively then

f-f'EBiS, 2'). This, however, follows from the fact that 2' is an ideal

in 2. (2) If 2' and 2" are distinct then there is an S in one not in the
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other. Suppose SG2', S $2". Then XsEB(S, 2'), xsEB(S, 2").
Hence B(S, 2') ^B(S, 2"). (3) By (1.5) there is an ideal 2'" of 2 such

that / contains all finite linear combinations of characteristic func-

tions in 2'" and IQB(S, 2'"). If Us closed it follows that I=B(S, 2'").

(1.7) Corollary. Let 2' be an ideal in 2. Then each closed ideal in

B(S, 2') is a closed ideal in B(S, 2).

Proof. If / is a closed ideal in B(S, 2') then by part (3) of (1.6)

there is a 2" which is an ideal of 2' such that I = B(S, 2"). But 2"

is also an ideal of 2. Hence B(S, 2") is an ideal in B(S, 2) by part

(1) of (1.6).

(1.8) Corollary. 2' is a maximal ideal in 2 if and only if B(S, 2')
is a maximal ideal in B(S, 2).

(1.9) Corollary. Let 2' be a Boolean ring of subsets without identity.

Then 2' can be imbedded in a Boolean algebra of subsets 2 such that 2' is

a maximal proper ideal of 2 and B (S, 2') is a maximal proper ideal in

5(5,2).

Proof. Define 2 by 2=2'W{<r<W(5\(r;)|(r,-, (r,G2'}. It is well
known and in fact easily verified that 2 is a Boolean algebra and

2' is a maximal ideal in 2. The rest of the assertion follows from (1.8).

2.  Quotient algebras.

(2.1) Theorem. Let I be a closed ideal in B(S, 2) and 2' be the ideal

of Hi such that I = B(S, 2'). Let B(S, 2) mod I be the quotient algebra of
B (S, 2) with respect to I. Then there exists a set T with a Boolean ring

LT of subsets of T such that B(S, 2) mod / »5 isomorphic to B(T, LT) and II

is isomorphic to 2 mod 2' and such that the isomorphism between

B(S, 2) mod / and B(T, LT) is an isometry.

Proof. By Stone's theorem, 2 mod 2' is isomorphic to a Boolean

Ring LT of subsets of a set T. The elements of B(S, 2) mod I are co-

sets. Call an element of B(S, 2) mod / a simple element if it contains

a simple function of B(S, 2). It is clear that the simple elements in

B(S, 2) mod / are dense. It will suffice to show that the ring of simple

elements in B(S, 2) mod / is isomorphic to the ring of simple func-

tions in B(T, IT) and that the isomorphism say F is an isometry. Let

x be a nonzero simple element in B(S, 2) mod /. Now x contains a

simple function / where/= Zi-iaiXs{+Z'i~?+i aiXs¡, where S<£2,

each ♦, 5<G2' if i=>, whereas S¿£2' if i>r. It is not hard to see

that ||x|| =|| Z't-i aiXs,\\ in B(S, 2). This follows from the fact that
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= inf ||/+g,||

simple g„ G /■

(The density of the simple gn in I due to (1.5) implies no loss in the

assumption that the g„ are simple in the expression.)

Let 7"¿Gn be the image of Si mod 2' by the Stone representation.

Define Fix) = ]£'-í o¿Xjv Simple verification shows that if /i and /s

are both simple and belong to x then both yield the same Fix). Hence

F is a function. It is clearly onto. The remaining details proving that

it is an isomorphism are easy and are omitted. The isometry follows

from ||x|| =|| Ha-i a»XsJ| HI Ht-i a¿Xí¡||i where the first equality was

shown above and the latter is easily verified.

(2.2) Theorem. Let I be a closed ideal in BiS, 2) and 2' the ideal

of 2 such that J = 5(S, 2'). Let J5(S, 2) mod / be the quotient algebra

of BiS, 2) with respect to I. Then BiS, 2) mod I is isomorphic to a

CiX) where X is totally disconnected and has a basis of both open and

closed sets isomorphic to 2 mod 2'. The isomorphism is an isometry.

Proof. By (2.1) it suffices to observe that BiT, LT) is isomorphic to

a CiX) and a basis of both open and closed sets in X is isomorphic to

II. This follows from (1.4).

Dunford and Schwartz [l] discuss a representation of B*iS, 2),

the dual space of BiS, 2), due to Hildebrandt [4] and Fichtenholz and

Kantorovich [5]. The discussion in [l] presumably is concerned only

with BiS, 2) with identity; however the discussion there of 5*(S, 2)

is general, in fact the only properties of 2 used in its discussion is the

fact that 2 is a Boolean ring. Consequently the following can be

stated and the reader can be referred to [l, p. 258] for the proof.

(2.3) Theorem. There is an isometric isomorphism between B*(S, 2)

and baiS, 2), the space of bounded additive set function on 2, determined

by the identity (D) L*f=fsfis)pids). Thus for each L* in B*iS, 2)
there is a unique p in baiS, 2) such that (D) holds; for each p in baiS, 2)

there is a unique L* suck that (D) holds; and the correspondence be-

tween L* and p is linear and isometric.

(2.4) Definition. Let 2' be an ideal of a Boolean ring of subsets

2 of a set S. Then baiS, 2 mod 2') is the collection of bounded addi-

tive set functions on 2 which vanish on sets in 2'.

(2.5) Theorem. Let £,* designate the space of bounded linear func-

tional on the quotient algebra BiS, 2) mod BiS, 2').

Then there is an isometric isomorphism between £* and baiS, 2 mod 2')

determined by the identity (D)' L*[f] =fsfis)pids), where f is any ele-

ment in [/]. For each L* in £,* there is a unique p in baiS, 2 mod 2')
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such that (D)' holds; for each p in ba(S, 2 mod 2') there is a unique L*

such that (D)' holds; and the correspondence between L* and p is linear

and isometric.

Proof. Represent B(S, 2) mod B(S, 2') as a B(T, II) by using

(2.1). Using the fact that II is isomorphic to 2 mod 2' the result de-

sired follows from an application of (2.3) to B(T, II).

Let I be a bounded closed interval in Em. The author has shown

in [ó] that the algebra of bounded real-valued Riemann integrable

functions R(I) consists of all uniform limits of real finite linear com-

binations of characteristic functions of sets in / having Jordan con-

tent. Designating the collection of sets having Jordan content by / we

have R(I)=B(I, J) in the notation of the present paper. Define RX(I)

to be the collection of classes in R(I) such that/i and/2 are in the same

class if and only if fx~f2 vanishes everywhere except on a set of

Lebesgue measure zero. Let A designate the collection of sets in / of

Lebesgue measure zero. Then Ji\N in the ring of sets of Jordan con-

tent zero. Let RX(T) have the norm defined by || f/]|| =inf S£Asup X

ES\f(X)\ =11/11=0, where/ is any function in [/]. It is shown in [ó] that

B(I, JC\N) is a closed ideal in B(I, J) and that with the norm just

given above RX(I)=B(I, J) mod B(I, JÍM)=R(I) mod B(I, JÍM).
The following result announced in [6] then follows from (2.6).

(2.6) Theorem. Let i?*(Z) designate the dual space of RX(I). Then

there is an isometric isomorphism between R*„(I) and (real)

ba(I, J mod JC\N) determined by the identity (D)' L* [f] =fTf(x)p(dx)

when f is any element in [f]. Thus for each L* in RZ(I) there is a unique

p in ba(I, J mod J i^ N) such that (D)' holds; for each p in

ba(I, J mod JC\N) there is a unique L* such that (D)' holds; and the

correspondence between L* and p is linear and isometric.
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