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1. Introduction. Let A be a compact Hausdorff space and let

C(K) be the space of all the continuous real-valued functions on K

with the supremum norm. The purpose of this note is to prove the

following

Theorem. For X= C(K) the following four statements are equivalent.

(i) For every two Banach spaces ZD Y with dim(Z/ Y) = 1 and every

operator T from Y into X with a separable range there is an extension T

of T from Z into X with \\t\\=\\T\\.•J J 11        11 11        M

(ii) For every two Banach spaces ZZ)Y with dim Y =2, dim Z = 3

and every operator T from Y into X there is an extension f of T from Z

into X with ||f|| = ||r||.
(iii) There is a X<2 such that for every two Banach spaces ZZ)Y

with dim(Z/ Y) = 1 and every operator T from Y into X with a separable

range there is an extension T of T from Z into X with || T|| ^\|| T\\.

(iv) K is an F-space in the terminology of Gillman and Jerison [4,

p. 208]. That is, for every fEC(K) there is a gEC(K) such thatf(k)>0

implies g(k) ^ 1 and f(k) <0 implies g(k) á — 1.

Assuming the continuum hypothesis the following statement is

also equivalent to the preceding ones.

(v) For every two Banach spaces Z~0)Y and every operator T from Y

into X with a separable range there is an extension T of T from Z into

Awi'<Ä||f||=||r||.

The equivalence of (i) and (iv) is essentially due to Aronszajn and

Panitchpakdi [2].

Our main tool in the proof of the theorem will be the equivalence

of each of (i), (ii) and (iii) with intersection properties of the cells

in X. The connection between extension and intersection properties

was first observed by Nachbin in [13] and then used in more general

situations in [2], [7] and [ll].

We consider only Banach spaces over the reals. By "operator" we

always mean "bounded linear operator." The cell {x; \x — Xo||^r}

is denoted by S(xo, r).
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2. Proof of the theorem. From the proof of Theorem 1.8 in [ll]

it follows that a Banach space X satisfies (i) if and only if for every

collection of mutually intersecting cells in X, whose centers generate

a separable subspace, there is a point in X common to all the cells in

the collection. Aronszajn and Panitchpakdi [2, §5, Theorem 2]

showed that a CiK) space has this intersection property if and only

if K satisfies a certain topological condition which, as remarked by

Henriksen [8], is equivalent to (iv). Hence (i)<=>(iv).

From the proof of Theorem 1.8 in [ll ] it follows also that a Banach

space X satisfies (ii) if and only if for every collection of mutually

intersecting cells in X, whose centers generate a 2-dimensional sub-

space, there is a point in X common to all the cells in the collection.

This fact is used in the following lemma, which is the essential step

in the proof that (ii) implies (iv).

Lemma. Suppose X = CiK) satisfies (ii) and let fECiK). Let a„, ßn,

7„, 5„ be sequences of real numbers tending to 0 and satisfying

Otn+l   <  ßn   <  OC„, yn   <  Ôn   <  7n+l, »  =   1,  2,   •   •   •   .

Then there is a gE CiK) such that for every ra

ßn   èfik)   èan^gik)   ̂    I,

y»úf(k) ÚSn^g(k) * -1.

Proof. Let Ta,b,c,d(t), where a<b<c<d, denote the trapezoidal

function equal to 0 for t^a and t Tzd, equal to 1 for tE [b, c] and linear

in [a, b] and [c, d]. Put

r2n-i(t) = fn.tiA.o.A-iWi r2n(t) = rin_1,7n,jn,Tn+1(/),

for n = l, 2, • • •   (where ßo is any number >cci and 80<7i). Clearly

00

(1) Hrnit) = l,     tebuai],t*o-
n=l

Hence if X„—»X the function equal to ^\nTn(i) for t¿¿0 and equal to

X if t = 0 is continuous. In particular

CO

uit) = 11 sin n-l-Tnit),       t * 0, u(0) = 0,
?!=1

00

vit) = Hcosn-'-Tnit),        I j* 0,  »(0) = 1,
n=l

arc continuous. Let m be any integer and let Xm be defined by
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(2) ,=11 — max cos(p~l — m~l) J / :

= (1 - cos(m-\m + l)-1))/2.

Consider the function

4>mit) = (-l)m+1Xm(sinw-1-w(i) + cos w-1 •!)(/)).

For m = 2« — 1 we have

(3) 4>2n-i(t) =     max     | (f>2n-i(s) \   = X2n-x       for ft, = / ^ an,
— oo <a< »

and also, by (1) and (2),

(4) (¡>2n-i(t) Ú A2„-i - 2       for l^ 0.

Similarly for m = 2n

(5) <Ê2n(0 = —     max     | 4>2„(s) \  = — X2n       lor yn á l Ú o„

(6) (b2n(t) = - (X2n - 2) for I = 0.

By (3), (4), (5) and (6)

(7) | 0mW - (bP(l) |   = Xm + Xp - 2        for every m, p and t.

¥\it\pm(k)=(j>m(f(k)),m=l,2, • • • . Each \pm belongs to the 2-dimen-

sional subspace of C(K) spanned by u(f(k)) and v(f(k)). By (7) the

cells S(\pm, Xm— 1) are mutually intersecting and hence by our assump-

tion on X there is a gEX with \\g—\¡/m\\ SX«— 1, m=l, 2, • ■ ■ . By

(3) and (5)

ßn   úfik)   =  C*„=^2n-l(¿)   =  Xta-l =>*(*)   =   1,

Tn-âfik)   á   Sn^fanik)   =   - X2n => g(¿)   g   -   1,

and this concludes the proof of the lemma.

We show now that (ii)=>(iv). Let C(A) satisfy (ii) and let /£C(K)

with ||/|| = 1. By the lemma there are g', g"ECiK) such that for

« = 1, 2, • • •

-1/(2« - 1) úf(k) Û - l/2n=ïg'(k) ú-l,       g"(k) û-l,

1/(2« + 1) = /(*) = 1/2« => ¿(k) = 1,

1/2« úf(k) = 1/(2« - 1) =*g"(k) ^ 1.

Hence gi = max (g', g") satisfies

f(k) > 0=>gx(k) > l,      -1/(2« - 1) £f(k) g - l/2n=>gi(k) g - 1,

» = 1, 2, • • • .
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In a similar manner it follows that there is a g2EC(K) satisfying

/(*) > 0 => g2(k) à 1,      -1/2« Ú f(k) Û - 1/(2« +!)=> g2(k) á - 1,

n = 1,2, ■ ■ ■ .

The function g = min(gi, g2) has the property required in (iv). Hence

(ii)=»(iv).
A Banach space X has property (iii) with a certain X if and only if

for every collection of mutually intersecting cells {S(xa, ra)} «ex in

X such that the set ix„}a£x generates a separable subspace, there is

an xEX satisfying |[x—x„|[ ^Xr« for every aEA (cf. the proofs of

[7, Theorem 1; 11, Theorem 1.8]). Let C(K) satisfy (iii) and let

fEC(K). Further let r„(t) be equal to 1 for ¿èl/ra, equal to —1 for

/^ -1/ra and linear in [-1/ra, 1/ra]. The cells {S(rn(f), l/2)}™_! are

mutually intersecting. Let gGH„ S(rn(f), X/2). Since X<2 it follows

that

f(k) > 0 => g(k) ̂  1 - X/2,       f(k) <0=> g(k) g - 1 + X/2.

Hence K satisfies (iv).

Since the implications (i)=*(ii) and (i)=>(iii) are trivial we have al-

ready shown that the statements (i)-(iv) are equivalent.

To conclude the proof of the theorem we show that, assuming the

continuum hypothesis, (i)=>(v). This part of the proof is valid for

general Banach spaces X. Let X satisfy (i), let ZZ)Y and let T be

an operator from Y into X with a separable range. The closed sub-

space Fo of X generated by TY is separable. Hence F0 is isometric to

a subspace of m. Since the operator T from Y into F0 has a norm

preserving extension from Z into m [3, p. 94], we have only to show

that the identity map from F0 into X has a norm preserving exten-

sion from m into X. Hence we may assume that F is separable and

Z = m. By the continuum hypothesis the cardinality of m is fc$i. Let

{z«}aea be a well ordering of the points of m, where Í2 is the set of

all ordinals smaller than the first uncountable one. For every a let Za

be the closed subspace of m spanned by Fand {zß}ß<a. Za is separable

for every a. We now construct inductively for every aE& an oper-

ator Ta from Za into X such that T\ = T, || Ta\\ =|| T\\, and the restric-

tion of Ta to Zß (ß<a) is equal to Tß. For a = a' + l let Ta be any

norm preserving extension of Ta> to Za. Such an extension exists by

(i) (dim(ZJZa-) is either 0 or 1). If a is a limiting ordinal we define

Ta first on Uß<a Zß by Taz= TßZ if zEZß, ß<a (the definition is easily

seen to be independent of the choice of ß), and extend it by continuity

to Za, which is the closure of U/3<« Zß. Having constructed the Ta,

a£ii, we define T on m( = \Jaea Za) by Tz=Taz if zEZa. T is clearly
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a norm preserving extension of T from m into X. This concludes the

proof of the theorem.

3. Remarks. 1. If we do not restrict ourselves to C(K) spaces X,

(i), (ii) and (iii) are no longer equivalent. c0, for example, satisfies

(ii) [12, Chapter 2, §6] but not (iii) (cf. Sobczyk [14]). Every finite-

dimensional space satisfies (iii) [7, p. 198] but in general it does not

satisfy (ii).

2. The fact that (i) and (iii) are equivalent for C(K) spaces is

similar to a result, due to Amir [l] and Isbell and Semadeni [9],

that if a C(K) space has a projection constant X<2 then it has al-

ready the projection constant 1 (i.e., K is extremally disconnected).

3. The requirement that the norm of the extension T is exactly

equal to that of T is essential in (ii). Grothendieck [ó] proved that

every C(K) space X has the following extension property: For every

two Banach spaces ZZ)Y and every compact operator T from Y into

X there is, for every €>0, a compact extension T of T from Z into

X with ||î|| ^(l + e)||r||. (Cf. also [lO], [12] for characterizations of

the spaces X having this extension property.)

4. In property (iii) we cannot take X = 2. Indeed, for every two

Banach spaces ZZ) Y with dim Z/Y= 1 and every operator T from

F into a C(K) space X there is an extension T of T from Z into X

with || T|| ^ 2|| TW. As shown by Grünbaum [7] this assertion is equiv-

alent to the following: For every collection of mutually intersecting

cells {S(fa, ra)}a£A in a C(K) space C\aeA S(fa, 2ra)¿¿0. That a

C(K) space has this intersection property follows immediately from

the following two statements, (a) Let A be a Banach space and let

{S(xa, ra)}a&A be a collection of mutually intersecting cells in X.

Then for every e>0, V\aeA S(xa, 2ra + e)ré0. (b) Let A be a C(K)

space and let {S(fa, ra)} aeA be a collection of cells in X. If for every

e>0, noex S(fa, ra + e)¿¿0, then also OaeA S(fa, ra)?£0. Statement

(a) was proved by Grünbaum [7, p. 198]. Actually he only asserts

that (with the same notation as in (a)) flae¿ S(xa, (2 + e)ra)?á0, but

his proof shows that also (a) holds. Statement (b) follows from the

following observation (contained implicitly in the proof of Theorem 2

in §5 of [2]): C\aeA S(fa, ra)?i0 if and only if for every koEK

lim sup sup(/a(£) — ra) = lim inf inl(fa(k) + ra),
t—»to a t—»lo        a

where lim supi^0 denotes the inf, over the neighborhoods G of ko, of

supuso, lim infini,, is defined analogously.

In the terminology of Grünbaum [7] this remark (together with

a result of Amir [l]) means that the expansion constant of a C(K)
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space is exact, being 1 for extremally disconnected K and 2 in all

other cases.

5. The range of the extension T in property (v) will not in general

be separable. For example, if T is the identity map from a separable

nonreflexive subspace F of X, into X, and if Z = m (D F), then every

extension T of T from Z into X has a nonseparable range. This follows

from a theorem of Grothendieck [5 ] which asserts that every bounded

operator from m into a separable space is weakly compact.

6. Let m be an infinite cardinal and let (i-m), (iii-tn) and (v-m) be

the properties obtained from (i), (iii) and (v) by replacing the re-

quirement that T has a separable range by the requirement that the

range of T has a dense set of cardinality at most m. As in the proof

of the theorem it can be shown that for C(K) spaces (i-m) is equiva-

lent to (iii-m) and that if we assume the generalized continuum

hypothesis, (i-m) and (v-m) are equivalent for general Banach spaces

X.

4. Appendix. We shall prove now that the Banach spaces X = C(K)

with K an r7 space (we assume always that K is compact Hausdorff)

have also the following extension property

(vi) For every two Banach spaces Z and Y, with Z~2)X and Y sepa-

rable, and every operator T from X into Y there is a norm preserving

extension of T from Z into Y.

This is the "from" extension property corresponding to the "into"

property (v). We assume the continuum hypothesis. The assertion

stated above is an immediate consequence of Proposition 2 below.

Proposition 1. Property (vi) is equivalent to each of the following two

properties.

(vii) X* is an Li space, and for every two Banach spaces Z and Y,

with ZZ)X and Y separable, and every operator T from X into Y there

is an extension of T from Z into Y.

(viii) X* is an Li space, and every operator from X into a separable

Banach space is weakly compact.

Proof. (vi)=»(vii) follows from (8) =»(2) in Theorem 1 of [lO] (the

assumption in (8) there that X has the metric approximation property

can be discarded. This was shown in our paper "On the extension of

operators with a finite-dimensional range," submitted to the Illinois

J. Math.). (vii)=>(viii) follows from the fact that, for every set /,

every operator from m(I) ( = the space of all bounded real-valued

functions on /) to a separable space is weakly compact (Grothendieck
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[5]). We apply (vii) in the case Z is an m(I) space containing X

(clearly such a Z always exists). (viii)=>(vi) follows from (2)=>(9) in

Theorem 1 of [lO].

Proposition 2. Property (v) implies (vi).

Proof. Let X satisfy (v). That X* is an Lx space was proved by

Grothendieck [ó] (cf. (3)=>(2) in Theorem 1 of [lO]). Let F be a

separable Banach space and let T be an operator from X into F. We

show that T is weakly compact. It is sufficient to show that the re-

striction of T to every separable subspace of X is weakly compact.

Let Ao be a separable subspace of X. By (v) there is an operator To

from m (DAo) into X whose restriction to Ao is the identity. By the

result of Grothendieck [5], cited in the proof of Proposition 1, TTo is

weakly compact. It follows that the restriction of TTo, and hence of

T, to Xo is also weakly compact.

We have shown, in particular, that every C(K) space with K an

F space has property (viii). This generalizes a result of Grothendieck

in [5], where this assertion was proved for extremally disconnected K.

Semadeni (in an unpublished note2) remarked that the proof of

Grothendieck actually holds for every basically disconnected K (cf.

[4, p. 22] for the definition of this notion). There exist connected F

spaces [4, p. 211] and thus our result solves problem 9 of [9].

Concluding, we remark that there are C(K) spaces satisfying (vi)

without K being an F space. This follows from examples given in [l ]

and [9] and the fact that if C(Ki) is isomorphic to C(K2) (as a Banach

space) and if C(Ki) satisfies (vii) then also C(K2) satisfies (vii) and

hence (vi). It would be interesting to have a characterization of all

spaces K for which C(K) satisfies (vi).
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Yale University

ON THE STRUCTURE OF THE GREEN'S OPERATOR

ROBERT CARROLL1

1. Introduction. In the study of Cauchy problems of the form

(1.1) du/dt+ Au =/;        u(t) = T

(where for example: t->u(t)E&(H) on (r,b]; t-^u(t)E&°(D(A)) on

[t, b]; H is a Hubert space; —A is a closed (unbounded) operator,

infinitesimal generator of a strongly continuous semi-group; &k(H) is

the space of ¿-times continuously differentiable functions of t with

values in H; the domain of A, D(A), has the graph topology; and

/, T are suitable), the solution takes the appearance

(1.2) u(t) = G(t, t)u(t) + J Git, {)/({)#•

Formally the Green's operator Git, £) may be written G(f, £)

= exp[ — Ait — £)] (for general results in this direction see for example

[l; 2; 3]). In this article we propose to study representations related

to (1.2) for solutions of general operational differential equations

Su =f (the operators need not be differential operators of course but

therein lies the motivation, see [4; 5]; cf. also the papers [3; 6; 7; 8;

9; 10]).

2. Basic framework. Let H be a Hubert space and (So, S¡¡) a

formally adjoint pair of closed densely defined operators in the sense
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