A COUNTEREXAMPLE TO A PROBLEM OF SZ.-NAGY!
S. R. FOGUEL

The purpose of this note is to construct an operator, in a Hilbert
space, with uniformly bounded powers, which is not similar to a con-
traction. (An operator P is a contraction if ||P“ =1.) This will furnish
a negative answer to a problem raised in [1].

Let H be a Hilbert space and T an operator such that ||T"”
=M (n=1,2, ). Define

Ho(T) = {z| weak lim Tmx = 0},  Hy(T) = Ho(T*)".

We proved in [2, Theorem 3.1] that if P is a contraction then
Ho(P) = Ho(P*). Let T=SPS-! where || P|| =1, then:

Hy(T) = {z]| Prs~x 5 0} = {x]| S~ € Hy(P)} = S(H«(P))
and
Hy(T) = Ho(TH* = [S*(Ho(P)]* = {x| S L Ho(P*)}
= S(H(P)).

But H:(P) LH(P) and thus H(T)NH(T)=0.

We will construct an operator, with uniformly bounded iterates,
for which HyN\H,50, and thus the operator is not similar to a con-
traction.

Let H=K @ L, where K is generated by the orthonormal sequence
{e;} and L by the orthonormal sequence {f;}. Let {m} be a sub-
sequence of the integers which is “sparse” in the sense that:

Npp1 — M > 21

(e.g., nx=4%).

NOTATION. Integers in the sequence {nk} will be denoted by o, B3, - -+ - .
Integers outside the sequence {nk} will be denoted by a, b, - - - . The
letters 1, j, k - - - will stand for integers which might be in or out of the
exceptional sequence {nk } .

DEFINITION. Let the operator T be defined by the linear extension of

Tey = 0, Te; = ei, 122,

and
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Tfﬂ = f¢+l) Tfa = €a +fa+1~
LeEMMA 1. For each jand h
Tifs = furi + (G, Beiiin

where:
a. If no element of the sequence n; is in (A, h+j) then €(j, h) =0.
b. Let a be the largest element of {n;} with h<a<h-+j then:

(4, B) =0 if 2a < j+ k,
e(j, h) =1 f2azj+h

and
i(j, ) =2a—j—h+ 1.

PRroOF. Let us prove by induction on j. For j=1 the proof is clear.
Assume the lemma holds for j. Now if no element of {n:} is in
[, k+j) then there are two possibilities:

1. If h+j € {m} then

T#Yfy = T(T1) = Tfari = fiyner and (G + 1, k) = 0.
2. If h+j=a€ {m} then
T#Yy = Tfa = far1 + €a = frrir1 + €2a—jh.

On the other hand, let « be the largest element of {n;} with h<a
<h+j. Again there are two possibilities:
1. If h+j=BE {m} then h+j=B>2a and €(j, k) =0 hence

Ty = Tfin = Tfs = fisnrr + €ixn = firntr + €25
2. If h+j € {m} then
Ty = T(TH1) = T(firn + €4, Beii.m)
= firnt1r + (G, B) Teiiiny-

Now if 2a<j+#k then €(f, ) =0 and e(j+1, k) =0 since « is the larg-
est element of {nk} in [k, j+h+1) and 2a<j+kh+1. However if
2a= j+h then

T lfh = fj+h+l + Tesa—jrt1 = f:‘+h+1 + esa—j—s,

where ¢,=0.
Thus e(j+1, k) =1 if 2a=j+hk+1 and then

iG+1,h) =22 —j—h
while e(j+1, k) =0 if 2a=j+h.
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LEMMA 2. Let j be given and hi=hs. If €(§, b) =€(j, hs) =1 then
1(4, k1) #1(F, he).

PROOF. Let oy and a; be the largest elements of {n:} in [h, j+5s)
and [h,, j+he) respectively. If oy =a, then

i, ) =201 —F — b+ 15 201 — j — he + 1 = i(j, ho).
If ay>ay then
201 > 74+ >4,
since €(j, 1) =1. Thus
(G he) =200 —j—he+1Zas—7 = a2 — 201> g
but
o Z 2oy — j — Iy = i(G, h),

since oy <j+h by its definition.

Lemma 3. || 77| =2.

ProOF. Let y= Y asfs €L; then

[T3l]2 = |22 anfiall® + [| 22 anes, esim®

and since the indices 1(j, k) are different, for different values of %, we
get

[T3ll2 < 22| an]? = 2|y
Let zEH; then z=x-+7y where x€K and y& L. Then
[ 77]|2 = (|75 + | T5I)* = ([« + v2l[sl)?
< 2(||ll +[19h? = 4dl=l|> + 15| = 4l4]|>.
LEMMA 4. The vector e belongs to both Ho(T) and Hy(T).

Proor. Clearly ei€Ho(T). Now T*%Yf,=f,, +e;—ve;. Thus if
sEH(T*) then

(e1, 2) = Iim(T?% Yy, 2) = lim(f1, T**™13) = 0,
since weak lim T*"z=0. Hence e;EH(T*)* = Hy(T).
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