INTEGER TOPOLOGIES!
LOWELL A. HINRICHS

Let (I, 4+, ) be a ring. A central problem in topological algebra
is to determine what (Hausdorff) topologies on I are compatible with
the ring operations. If J is any family, of ideals, with the finite inter-
section property and such that Ng=(0), then g is a basis for the
neighborhood system of zero with respect to a ring topology on I.
Such a topology is called an ideal topology. If (I, 4+, -) is the ring
of integers there are, of course, many such topologies. Indeed, a natu-
ral question is whether or not all ring topologies on the integers are
of this form.2 In this paper we answer this question in the negative.

In §1 a method is given for constructing nonideal topologies on the
integers. In §2 it is shown that there exist uncountably many such
topologies. Finally, in §3, these methods are utilized to demonstrate
the existence of a ring topology on I which is not first countable.

1. Nonideal topologies. Throughout the paper, I will denote the
ring of integers, N the set of non-negative integers, and N, the set of
non-negative integers less than or equal to r. If A £, we will denote
{la],a€4} by |4].

LEMMA 1. Suppose (I})nsm 15 a double sequence of finite subsets of I
containing zero and such that for all n, mEN with n+1=m,

1) Inm+ U L,cUTI,
re=n41 s=n

(2) L. U I..cUT,
r=n+41 &=n

3) Nupr Inn S U I,

4) I C I,

(5) I, = — I,

6) inflI:HN{O}l —supII’(;l Zn+1
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Let V= { Va: Va=Ugen I™}, nEN. Then U is a fundamental system
of neighborhoods of zero with respect to a nonideal ring topology on I.

Proor. It is apparent that U is a decreasing chain of subsets con-
taining zero and hence is a filter base. That U defines a ring topology
follows from the fact that V,u+ V,uCV, Vip' Vanu SV, and
n-Var1CV,. From (4), (6) and the definition of V,, it follows that
inf | V,~{0}| =inf | I;~{0}| Zn+1. Thus NV = {0} and hence the
topology is Hausdorf. To see that U does not define an ideal topology,
let pI be a nonzero ideal of I. By (6) inf | I3*'~{0}| —sup | I3
=p+1. Since sup |I3| and inf | I3*'~{0}| are consecutive elements
of Vo, pIEV,. Consequently, no member of U contains a nonzero
ideal.

LEMMA 2. There exists a double sequence (I7)nsm, of subsets of I,
having properties (1)—(6).

Proor. Using induction and the countable axiom of choice, we will
construct the desired double sequence. The reader will observe that
the necessity of invoking the axiom of choice can easily be avoided;
however, its use at this stage simplifies the proof of later theorems.

We begin the construction by setting I3= {0}. The inductive as-
sumption is that we have defined a finite double sequence (") oznsmsk,
satisfying (1)-(6).

Next we choose a1 > (k+2) sup] Iﬁ] and set

k+1
Iiyy = T = {0, k41, "‘dk+1}

and

k+1

L = Te= (epr + Ter) Y Tesr Tie) Y (Vi Jirn).
For 0=r<k we set
Jr = (]r+l + Jr+l) v (Jr+l'Jr+l) V) (Nr'Jr+l)
k 8 k ]
U[Jr+1+ U Ir+l]u[~]r+l' u Ir+1]-
s=r+1 s=r+1
Finally for 0 =r <k, we set

k
L= (J,~ U IZ)U {0}.

8=T

Before proceeding with the inductive step, it is convenient to
establish the following.
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LEMMA 3. Every nonzero element of It+" is of the form pa1+Db, where
p#0and beUs., I.

ProoF. We suppose that the lemma is false and that r is the largest
integer such that the result fails. From the definition of I31] and I},
it is clear that r <k. Let ¢ be a nonzero element of I**, which is not
of the desired form. We will obtain a contradiction by assuming that
¢ is an element of one of the sets whose union is J,.

If c€J,11+Jr4a, then c=a+b where a, bE J, 4. First we will show
that any element e of J,41 can be written in the form e=far1+u
where fET and u€U;.,,, I!,,. It is evident from the definitions that
for r+1=<kwehave J,. ST} U(UL ;1 1)), If e€ 15, the assertion
follows from the maximality of r;if e€U}.,,, I,, we can choose f=0,
u=e and again the assertion holds. Thus we may choose f, g&I and
u, vEUL. 4+, I}y such that e =fai;1+u and b=ga,,,+v. Then c=a+b
= (f + g)arn1 + (u + v). Moreover, u +v &€ Ut I, since u + v
EUsmrir L) +(Uiern L) CUS iy (B AV B) CU 1 Ui, T
=U}., I!. Thus by our choice of ¢, p+¢=0 and hence 0 #c=u-+v
€Ur., I!. From the definition of I**! it follows that ¢ I**!, contrary
to our initial assumption. A similar argument shows that ¢ is not an
element of any of the other defining sets whose union is J,. This
establishes the lemma.

Next we will show that the family (I1"),<mst\J(IF ) ogrsksn satisfies
(1)-(6). First we will verify that the family satisfies (1).

From the definitions we have that J, contains (J,y3+J.41) and
(Jr1+Uio 41 I710), and that J,, contains I}F}. Thus J,2(Jra+ I
U (Jra + Ueri1 IBy)) = Jopn + UE 1 Iy, Moreover, since IF!
=(J,~Uio I:+1)U{0}v we have I,‘+12(J,+,+Uff,l+l L)~ L
Q(IrtIII+U::rI+I I:+1)NU:-r+l I; and hence U;Z; Lora+Uith, I,
This establishes (1); a similar argument establishes the validity of
(2) and (3).

If a is a nonzero element of I}}], then, by Lemma 3, a = pai1+b,
where p0 and bEUL,,, Iy, Thus |a| =|para+d| Z|p| - |arnl
—|b] 2 |ass| —sup| 1| = (k+2) sup| It| —sup| 1| = (k+1) sup| IE|.
Hence a€ J,~Ui., I=I}"" and (4) follows. Condition (5) follows
from the fact that all of the defining sets of J, are symmetric
as is U}., I!. Finally, from the verification of (4) it is clear that
inf| Ig*'~{0}| —sup| I§| Zk+1.

This completes the induction. Lemma 2 now follows from the obvi-
ous application of Zorn's lemma. Combining Lemmas 1 and 2, we
now have:

THEOREM. There exists a nonideal ring topology on the ring of integers.
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For lack of a better name we will call topologies obtained as above
topologies of type (*). The sequence ¢¢=0, a,=inf ] IZN{O} ] , n>0,
will be called the defining sequence (of the topology).

2. Uncountably many ring topologies. In this section it is shown
that there exist uncountably many ring topologies on I.

Let {U(n)}.ex be a sequence (possibly finite) of fundamental
neighborhood systems of zero with respect to topologies of type (¥).
We will denote the defining sequence of V(n) by (a(n);). The sets
I(n); and V(n), will have the obvious interpretations.

LEMMA 4. Let V(n) be a sequence (possibly finite) of fundamental
neighborhood systems of zero with respect to topologies of type (*). Then
there exists a defining sequence (a;):en Such that for every 0 St <s there
exists a gEN such that

(A)  sup|Iy|< inf| I(5)5~ {0} | < sup| I(9)}] < inf| Is"~ {0} |.

Proor. We will inductively construct the sequence (a;). Clearly
we can choose @, so that sup| I (O)él <inf I IéN{O} | . Suppose that for
0=<s-+1=k we have defined a;'s such that (A) is satisfied. It is clear
that, for each 0=¢t<k-+1, there exists m& N such that supl Igl
<inf| I(t)yp~{0}|. For each 0<t<k+1, let m, be the first such.

Since U4 I(t)q" is finite the supremum of this set exists. Choose
ary1>3(k+1) sup| UL I(t)7| . As in the proof of Lemma 2, it follows
that

sup

k+1
U 1¢t)s \ <inf| I, ~ {0} ].

t=0

Hence we have

sup| 75| < inf| I()e' ~ {0} | < sup| I())s"*| < inf| I;" ~ {0} | .
The lemma now follows by the usual Zorn's lemma argument.
COROLLARY. There exist uncountably many topologies of type (*).

PRrOOF. Suppose there exist at most countably many and let V(n)
be the corresponding bases for the neighborhood systems of zero. By
Lemma 4, there exists a defining sequence which yields a topology
not in the list.

3. Ring topologies which are not first countable.

LEMMA 5. If 3 is a topology of type (*), there exists a topology 3* of
type (*) such that 3S3*.
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ProoF. Let the fundamental neighborhood system of zero with
respect to J be denoted by V(2). In the construction employed in the
proof of Lemma 4, we choose @x+1€ V(1)r41. The resulting topology
3* is strictly finer than 3.

LeEMMA 6. If 3 is a nondiscrete, first countable ring topology for I,
then there exists a topology 3* of type (*) such that 3S3*.

ProoF. It is easily seen that there exists a fundamental system
{Us; nEN} of 3-neighborhoods of zero such that for all n€EN

(1) UnptUnnCU,,

(ll) Uﬂ+1’ Un+lg Um

(iii) Npt1+ Unn S Us,

(iv) Up=—-"U,.

Clearly we may again apply the method of Lemma 4 to choose a
defining sequence (a;);ey with the additional property that a;€ U..
It follows that the topology ¥', of type (*), so defined is finer than 3.
By Lemma 5, there exists a topology 3* of type (*) strictly finer than
J.

CoROLLARY. There exists a ring topology on I which is not first counta-
ble.

Proor. The standard Zorn's lemma argument shows that any
fundamental neighborhood system of zero, with respect to a nondis-
crete ring topology on I, is contained in a maximal system of the
same type. Thus, there exists a maximal nondiscrete ring topology
on I. In view of the preceding corollary, such topologies are not first
countable.
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