ZEROS OF FUNCTIONS OF REGULAR
GROWTH ON A LINE

W. D. BOUWSMA!

1. Introduction. Levinson [2] and others have worked on the dis-
tribution of zeros of functions of exponential type which satisfy condi-
tions similar to boundedness on the real axis. For such functions Lev-
inson showed that the expression ;! sin 8 is bounded, where the
zeros of the function are 2, =re®. It is the purpose of this paper to
obtain results concerning the distribution of zeros of functions of ex-
ponential type and regular exponential growth on the real axis.

We consider a function f(z) of exponential type having the property
that K=lim},, x~!log ] F)f( —x)I exists, where the asterisk indi-
cates that one may discard certain intervals about the zeros of f(z)
in the evaluation of the limit, and these intervals can be taken so
small as to form a set of logarithmic measure zero. The main result
is that for such a function, if the zeros of f(2) in the upper half-plane
are denoted by z; =rxe™, then
(1) lim (log R)~' X_ ri'sin 6, = K/2r.

Raw risR
Moreover, if f(2) is of exponential type, and if the limit superior of the
left-hand side of (1) is L, it is shown that lim supg.. R~n(R)= L.
Thus regular exponential growth on the real axis does yield informa-
tion on the distribution of zeros of f(2), although this information is
less precise than that obtained from conditions such as boundedness
on the real axis.

2. Zeros and an integral description of growth. Since our interest
is in the asymptotic behavior of f(z), there is no loss of generality in
assuming that f(0) =1. We denote the zeros of f(z) in the upper half-
plane by z,=r:e

THEOREM 1. If f(2) is of exponential type, then
)
lim (log R)~ X ritsin6 = lim (log R)~! f x~2 log | f@)f(—=)| dx
R—w risR R—ew 1

if either limit exists.
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ProoF. Carleman’s formula asserts that
> (ri' — R) sinf, = (7R)™! f logl f(Re?)| sin 6 do
(2) r,sR R 0
+ @ [t — R log | J@y(—) | da + 4,
0

where A4 is a constant. The theorem will be proved by making esti-
mates on various terms of (2).
We first show that as R— ),

(3) B(R) = (xR)™! fo '1og| f(Rei®) | sing do = O(1).

It is clear that B(R) £0(1). Now if we write
log| f(Re®) | = log*| f(Re®) | + log=| f(Re") |,

and observe from Jensen'’s formula that
2x
o8] sresy a8 2 0,
0

a simple computation shows that B(R) = 0(1), and (3) follows.

We next show that if {2} = {rie} is any countable set of points
in the upper half—plane with no finite limit point,

“ 11m (log R)' 3. (ri' — R~) sin 6, = lxm (log R)™' 3. ri'sin s,
risR TSR
if either limit exists.

Suppose the limit of the left-hand side of (4) exists and is denoted
by L. Writing the right-hand side of (4) as limg.. C(R), it is immedi-
ate that lim infg., C(R) 2 L. On the other hand, let # be any positive
integer and observe that

> (et — R sinbe = D (i — R~%) sin 6,

(5) risR rrsR/n
=n2(nt—1) 2, rilsinby.

rysR/n
Now divide (5) by log (R/n) and let R— «. We see that

-1 ri1sin g
limsup ), - =

(6)
R—w rgsR/n 108 (R/n)

Replace R/n by R in (6). Finally since # can be taken arbitrarily
large, we have
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lim sup C(R) £ L,
Row

from which (4) follows. The proof of the converse is essentially the
same and will not be carried out.
We next show that

R
0 &= [ rog| a=a) | 45 = 00,
1
Since f(2) is of exponential type, we have at once
R
& [ log| sy(—a) | 2 5 0(0).
1

Now form a function with real zeros which are the moduli of the zeros
of f(z), and denote the new function by

®) P& = TLa - 27,

Then (cf. [1, p. 143]),

T | S
'+ F( —x)

0

=2 log

k=1

of — 42
>0

9) log

f];"‘

since every summand on the right-hand side is non-negative.
Since F(z) has only real zeros, it follows [1, pp. 86-88] that

B
(10) R f log | F(x)F(—=%)| dx = O(1).

1
From (9) and (10) we can deduce (7). The theorem now follows from

(2), 3), (4), and (7).

CoROLLARY. If f(2) is of exponential type, and h(0) is its indicator
function, if lim supg.., C(R) =L, and if Y.<z R=%rs sin 6, =o(log R),
then h(0)+h(w) =2nL. In particular, if f(2) is of exponential type and
limg., C(R)=L, then h(0)+h(w) Z2wL.

3. A condition that the limit of the integral exist.
THEOREM 2. If f(2) is of exponential type, and if
(11) lim* 2~ log | f(x)f(~#)| = K,

where the asterisk indicates that the limit exists if one deletes a set of
finite logarithmic measure, then limg.., C(R) = K/2w.
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PRroOF. If the asterisk were not present in (11), Theorem 2 would
follow at once from Theorem 1. Let E be a set of finite logarithmic
measure, and let E(R) denote the intersection of E with the interval
[1, R]. The theorem will be proved if we can show that

(12) fE(R)x" logif(x)f(—x) I dx = o(log R).

Since f(z) is of exponential type we have

(13) f m)x—z log | f(®)f(—x) | d» < 0(1).

Consider the associated function F(z) defined by (8). It will suffice to
show that

(14) f x~2log| F(x)| dx = o(log R),
E(R)

for (12) will then follow from (14), (9), and (13).
Let us write

(15) F(x) = P1(x) Pa(x) P3(x) Ps(%),

where each P.(x) is the product formed from certain zeros of F(z).
More precisely, Py(x) is the product of factors of the form (1—x2?/r3)
for zeros r, <x(1—7), where 7 is some fixed positive number not ex-
ceeding 1. P;(x) is the product formed from zeros r, such that
x(1—9) Sr.<x(1+7). Ps(x) is the product formed from zeros r, such
that x(1+n) <7, <2x, and Py(x) is the product formed from the zeros
ra such that r, =2x.

We next proceed to estimate [r&x~2 log lP,-(x) l dxfori=1,2,3, 4.
Since F(2) is of exponential type, there is some constant T such that
n(r) rT for all r. Since the number of zeros of F(x) between x(1-+%)
and 2x cannot exceed 2x7T, it follows that

log| Ps(x)| = 22T log| 1 — (1 + 7)2|,

and since E is of finite logarithmic length,

(16) f 22 log| Ps(x) | dxz = O(1).
E(R)

Exactly the same argument shows that

(17) f 22 log| Pi(x) | dx = O(1).
E(R)
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If we use the series expansion for log (1—1/2%) and compare with
a geometric series we see that if 2¥x <r, <2ktly,

(18) log|1 = x'/ra| = log(1 — 1/2™) > — 2/2"  (for k = 1).
Since n(kx) < Tkx, for a given x we can apply (18) to the r,’s in each
interval [2%x, 2¥*1x) and add to obtain
(19) > log| 1 —«'/ra| > — 4Tw.

rn22z

From (19) and the fact that E is of finite logarithmic measure, it
follows that

(20) f xtlog| Pu(x) | dx = 0(1).
E(R)
It remains to consider P3(x). For x =1,

logi 1-— xz/r:[ > logl Tn — x| — 2log 7,.
Now set

Oi(x) = > log|r— =

2(1—-9) Srp<z(l+y)

and

Qs(x) = > 2 log 7s.

2(1—9) $7o<z(1+y)

For x=2, we have
(21) Qa(%) = 2Tx(1 + n) log (1 + n) < 4Tz log 2z < 8Tx log .

A routine computation shows that

(22) f x~tlog x dx = o(log R).
E(R)

It now follows from (21) and (22) that

(23) f x2Qy(x) dx = o(log R).
E(R)

Finally, we consider the contribution of Qy(x). It is easily seen that
over any interval, J? log |r.—x| dxZ —2. Thus
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k

ka: 22Q:1(x) dx = — 2(27%+42) . 28T (1 + 9) = — 4T /2% 2.
It then follows that
fwx‘2Q1(x) dx =z — 8T;
2
a fortiori,
(24) f 2201 (x) dx = O(1).
E®)

From (15), (16), (17), (20), (23), and (24) we can deduce (14), which
proves the theorem.

4. The relation between C(R) and n(R).

THEOREM 3. If f(2) is of exponential type, and lim supg ., C(R) =L,
then lim SUpg.., R~n(R) = L, where n(R) is the number of zeros of f(2)
in the upper half-plane with Izk| = R. If n*(R) represents the number of
zeros of f(z) in the sector S= {z: |%1r—arg z[ <a} where a <3im, and if
lim infg., C'(R) =L, where the prime indicates summation only over
the zeros in S, then lim infg ., R™'n*(R) < L sec a.

ProOF. If we write Y ..<r7i! as a Stieltjes integral and integrate
by parts, we obtain

R R

(25 D ritsinG = D it = f r1dn(®) = R'n(R) + f 2n(t)dt.
sk rksR 0 0

If we now assume that lim supg., R~#(R) <L, and use this in (25),

we easily reach a contradiction. The proof of the second assertion is

essentially the same.

Both estimates of Theorem 3 are best possible as is easily seen by
considering suitable exponential binomials. For example, if f(z)
=1+4exp(wrLz), then limg., C(R)=limg., R~n(R)=L. Similarly,
if f(z) = 1+exp{21rL(—cos B+ sin ﬂ)z}, then limg., C(R) =L sin 3,
and for a>p, limg., R~2(R)=L. By choosing 8 arbitrarily close
to a, we see that the second estimate is also the best possible.
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