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A property is given which relates two results of Spitzer [6 ] ; it also

relates two results of Chen, Fox and Lyndon [l]; the same remark

applies to work of Meyer-Wunderli [5] and M. Hall [3] and to its

generalisation by Lazard [4]. These connections are indicated more

fully below.

In what follows, F is the free monoid generated by a fixed set X

and F+ denotes the set of all words of positive length of F. If the

words/ and/' of F belong to a submonoid F' oí F, the words//' and

/'/ are said to be F'-conjugate. We consider the following conditions,

I, I' and II, on a family { Yf. jEJ} of subsets of F+ indexed by a
totally ordered set J.

(I) (resp. (I'))- Each/£F+ has at most (resp. at least) one repre-

sentation in the form /=/if2 • • •/«, «>0, where each fiEY}, and

(II) Each F-conjugate class C has nonempty intersection with the

submonoid F¡ generated by Y, for exactly one jEJ; further, CC\Fj

is an Fj-conjugate class.

Proposition 1. ^4«y two of the three conditions I, I' and II imply

the third one.

Proof. Let SI be the large algebra of F over the real field R. If U

is a subset of F, we write U= £ {/: fEU}Efi. Since (l-E/)"1

= 1+Z {&"-■ m>0\, it follows that il-U)~l = G iff G is a sub-

monoid freely generated by U.

Let us assume first that I and I' are satisfied; it follows that each

Fj, jEJ, is freely generated by Fy and that (1 - X)'1 = YL {C1 ~ y;)_1 :
jEJ} where the product is taken according to the given ordering of 7.

Further, Logil-X)-^ Y,{™~lXm- m>0} = ¿{(X/)-1/: fEF+}
and Log(l - Yy)-1 = £ {ÇKf)-f. fE F+n Fs}, where \f (resp. \f) de-
notes the length of the word/with respect to the free basis X (resp. Y¡).

For each F-conjugate class C, let ire denote the linear map of 21

onto R that satisfies irc/=l if fEC and ircf=0 if fEF\C. Since ire

is constant on conjugate classes, for all /', f'EF we have ircf'f")

= 7TC(/"/'); it follows that if SCSI is the large Lie algebra over R

generated by F, then 7rc8' = 0 for 8' = [8, 8]. According to our hy-
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pothesis, Log(l—X)_1 = Logn(l —yy)-1 whence, by the Campbell-

Hausdorff formula Log(l-X)-'= £{Log(l-Y,-)"1: jEJ}+K

where !££?'. Consequently,

(1) re Logíl - X)"1 = £ {Te Log(l - Y,)^ :/£/}.

If /£C has the form/ = gp with maximal positive p, it follows that

p Card C=\C where XC is the common length of all /£C; in par-

ticular, p is independent of the choice of/£C. Now ire Log(l — X)-1

= Z {(X/)-1:/eC} = (XC)-1 Card C = p~\ From (1) we conclude that

(2) P~' = X) {(XXC H F,))~> Card (C H F,) :/£/}.

If p = l, the sum in (2) can have only one nonzero term and II is

verified for C. If p> 1, we conclude from the case p = 1 that g has an

F-conjugate g'£Fy0 for some j0£ J. It follows that f =g'pECr\Fh,

that CC\Fh is an F,„-conjugate class and that (Xy0(C/^\Fy0))_1 Card

(Cr\Fh)=p-\ It now follows from (2) that Ci^Fj ^ 0 iff j'=j0, and

the implication I & I'=>II is verified.

Let us assume now that II is satisfied; it follows that for each jEJ

one has

(3) for any /, /' £ F, if //', /'/ £ Fy, then /, /' £ F,.

Consequently (cf., e.g., [2]), each F¡ is freely generated by Fy and

(2), whence (1), holds for every F-conjugate class C. Let a be the

natural homomorphism of SI into the large algebra over R of the

free commutative monoid generated by X. We deduce from (1) that

a Log(l —X)-1 = £ [a Log(l — YJf1:jEJ}, or, in equivalent fashion

thatcKl-X)-^« ina-Fy)-1:.^/}. Now, I (resp. I') is equiva-
lent to S+ XI(1— Y,fl = (1 —X)-1 where 5 (resp. —S) is an element

of 31 in which every /£ F has non-negative coefficient. Since «5 = 0

implies 5 = 0, the implication I & II=>I' (resp. I' & II=>I) is verified.

Example 1. Let a be a homomorphism of F into the additive group

of R and identify / with R. For rER, let YT be the set of all /£F+

such that <rf=r\f and that of<r\f for every factorisation /=/'/"

(/' ^ 1, /). The fact that { YT: rER} satisfies I and I' (resp. II) is

proved by Spitzer in [6, p. 327] (resp. p. 324).

Example 2. Let g denote a lexicographic order on F and let / be

the set H of all/£F+ such that/=/'/" for/',/"£F+ implies f<f"f.
Let Yh= {A}, for each hEH. The fact that I, I' and II are satisfied is

due to Chen, Fox and Lyndon [l] (cf. also [7]). A similar result

holds when H is replaced by the set obtained by "removing the

brackets" from Hall's basic commutators ([S] and [3, Chapter ll]).

We conclude with the following application of the "elimination

method" of Lazard [4].
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Proposition 2. Let F be a free monoid, and Pi and P2 two subsets of

F such that F+ = Pi + P2. Then there exists a unique pair of subsets

F1CP1 and F2CP2 such that

(4) F = (1 - Yi)-\1 - Y2)-1.

Proof. Let X be a free set of generators of F and let X(,o = Xf~\P¡

(*=1, 2). Then W0=(l -X2,0)-1X2,0Xi,o(l-Xi.o)-1 is the sum of all

/=/2/i where/1 is a nontrivial word in the elements of Xi,0 and/2 in

those of Xt,o. It follows that F<= (1-J&.,)-1(1 - Wo)~xil -X2,o)_1- If
we let Fi>0 = Xi,o (* = 1, 2) this establishes for k = 0 the inductive hy-

pothesis that

(5) Xiik C Yi,k C Pi    ii = 1, 2)    and   F = Fllt(l - TF*)-»F2,t

where

Fw = (1 - Yi,k)-1    (i = 1, 2)    and   W* = F,,tXtjXij>*ij>.

Suppose (5) is satisfied for some £2:0. We construct inductively a

sequence of subsets Wk,n oí Wk for all «^0. First we take Wk¡o = 0.

Supposing Wk,n given we define TF*,n+i to be the union of Wk¡n with

the set of all words of minimal length in the complement of

iWk.nr\Pi)Fi,kyJF2,kiWk.nr\P'2) in IF*. We now define

Xi,k+i = U iWk.n r\ Pi);        Yi.k+1 = Fa U Xi,k+i       ii = 1, 2).
niO

Thus, Xiik+iE Yi,k+iEPi (*■" 1> 2). To complete the verification that

(5) holds for k-\-l, we need to show first

(6) Wk = Xiik+iFi,k + F2,kX2,k+i-

Indeed, by the inductive hypothesis each/G IF* has a unique repre-

sentation in the form /=/2/i, where fEXi,kFi,k and /2£F2,¡a,k.

Taking Wk = F2,kWkFi¡k into account, it follows that there exist two

sets Pi and P2 such that Pi = Xi.t+iFi,*, T2 = F2,*X2,*+i, and

IF* = PiVJ P2. Thus the proof of (6) needs only the verification that

riHP2 = 0.
Let fETt. By definition /=g2/2/i, where g2EF2,k, /2GF2,tX2>l,

fiEXi,kFi,k, andf2fiEWk,„r\Pi for some «^0. The definition of Wk.n
implies that f2fiEXi,k+iFitk. Thus, for each w'^0 and for each left

factor/1' EXi,kFi,k of f, we have fifí <í IF*,„.fYP,. It follows that for
each such fi we have /2/i' E T2, hence gs/s/i G T2, and finally gü/ü/i

GIFt.n'-nPi for all «"^0. This shows that /=g2/2/iGPi and

TiC\Ti= 0, hence (6) is proved.

For the rest, we compute as follows:
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(Fllt+1(l  - Wk+i^F^k+l)-1

= (l-Y2,k+i)(l-(l-Y2,k+i)-iX2,k+iXi,k+i(l-Yi,k+1)-i)(l-Yi.k+i)

= l — Y2,k+i—Yi,k+i+Y2ik+iYixk+i — X2tk+iXi,k+i

= 1 — (Y2tk+X2,k+i) — ( Yi,k+Xi,k) + (Y2tk+X2,k+i)(Yi,k+Xi,k+i)

~ X2ik+iXi,k+i

= 1 — Y2ik— Yi,jt+ Y2,kYi,k~ (1 — Y2,t)Xi,i+i—X2,t+i(l — Yi.t)

- (l-Y,.»)(l-X1>n(l-Yi.t)-1-(l-Y,,*)-1Xi.iM.x)(l-Yx^

= F¡",l(l-IF*)Fr.I = F_l

Finally, since WoEFXXFand Wk+iEFWkWkF, each Wk (A^O) con-
tains no word of length less than 2k+l. It follows that the same is true

for the set complement of (1— Fi,t)_1(l — Y2¡k)~1 in F. Thus, letting

F,= Ufcao Yi,k (i= 1, 2), we have proved the existence of at least one

pair of sets satisfying the conditions stated in Proposition 2.

To verify the uniqueness, let us consider any other pair of subsets

Y{ and Y{ of F+ that satisfies F=(l-Yi)-1(l-Yi)~1. We define

the subsets Ut, Vit V[ (i=l, 2) of F+ by the relations l7¿= Y,r\ Y! ;

Vi=Yi-Ui, VÍ=Y¡-Ui (i = l, 2). From F"1- (1- Y2)(l - Y)

= (1 - Y{ ) (1 - Y{ ) we deduce

(7)       -V2 - Vi + U2Vi + V2Ui = - V{ - V{ + U2V{ + V2' Ui.

Now, either F1= Y{ and Y2= Y{ (i.e., FXU F2U V{\J V{ = 0) or else

FiVJ F2W Vi \J V2 contains some element/of minimal length. By con-

struction ViCWi = V2r\Vi =0. Thus (7) shows that /£(ViC\Vi)

U(V2r\Vi). Since this last set is empty if Y{ £PX and Y{ £P2, the

verification of Proposition 2 is concluded.
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