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Introduction. Let K he a totally real algebraic number field of

degree w and with discriminant d. Let a be an ideal of K which may be

integral or fractional. The number of solutions of the equation

k = p2 + v2       (l e a)

in numbers p, v e a is denoted by /(£, a). For Xi, ■ ■ • , x„ being posi-

tive real numbers the following theorem will be proved:

Theorem.

1,      /(£, a) = TTTT (*i ■ • • *») + P(*i, ■ • ■ i *»)•
o<í«<*»:aií dNa2

(The index A always takes on the values 1, • • • , « if not otherwise indi-

cated.) For any 5>0, Xi • • • x„—♦<», then

R(xi, ■ ■ • , xn) = 0((xi ■ ■ ■ *B)»/(«+1>+«)

holds.

This result has been already proved in [4] for the case » = 2,

a = (l). There was also shown that

R(xi, Xi)
lim sup-> 0.
in,-.»     (XiX2)1/4

For the proof of the theorem an identity given by Siegel in [5] for

real quadratic number fields is generalized to totally real algebraic

number fields. This identity will be applied to the problem in a sim-

ilar way as it was done in [4].

1. In what follows the real numbers Ci, • • ■ , c¡¡ are constants

greater than 1 which only depend on the field K and the ideal a if

not otherwise indicated. We define S(a) =am+ • • • +a(n\

N(a) =a(1) • • • aM for numbers a e K. Let r = n — 1, and let
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2 We introduce Hecke's characters for a number aeK with respect to these unit

Vi, • • • ,Vr.
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m = 2iri

mi

m,

where Wj, • • • ,mr are rational integers.

The set of squares of all units of K forms a group G which may be

generated by the r independent units vi, ■ ■ ■ , r¡r.2 For this purpose

let E be the rX« matrix (ef), q = l, ■ ■ ■ , r; p=l, • • • , n (see [2]),

and let

log | a (i)

[log | aM

Then following Hecke's definition we set

(1) Xm(a) = exp{mTEa}.

If r¡ e G it follows from the definition of the numbers ef that

Xm(a^) = \m(a).

Two numbers a, ßr^O, 0 oí K are called "associated" if their quo-

tient is an element of the group G. Otherwise a, ß are called "not

associated. "

Lemma 1. If x is a positive real number then

E /ft, «0 = 0(x)

where the dash at the sign of summation indicates that the sum is to be

taken over a set of not associated numbers £ e a.

Proof. For every number a of K there exists a number Ci and a

unit rj e G which only depends on a such that the following « in-

equalities hold:

cr1!^«)!1'"
(A)    (ft)

V
,1/n =   1.g Cl I tf(«)

(see [ö, Hilfssatz 6]). Because of

(2) f(v£, a) = M a),       VeG

we may choose the set of not associated numbers £ such that the

following inequalities are satisfied:
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A = 1, • • •
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-1/7.T^1/n ^  S» ^      /*r>A1/n
cx (NQ     ¿ £     ¿ ci(NQ   ,

Whence we have

E' /(f, a) É E        /& a).
W({)S* 0<£(«<cii1/";ol£

Since/(£, a) is the number of distinct pairs (¿it, cj.^i'ea with £ =ju2+i'2

it is sufficient to estimate the number of elements pea which satisfy

the inequalities |ai(A)| <c2x1/2", A = l, • • • , «. Let au • • • , an be a

basis of the ideal a. We have to estimate the number of distinct »-

tuples of rational integers (Ai, • ■ • , A„) for which the inequalities

l/2n        ^ <n) l/2n
-C2X <   2-( *PaP       <  C2X        >

p=l

A= 1,

hold. Since |det(apÄ,)| =Na\/dré0 we obtain that there are at most

Cs\/x of such «-tuples. This proves the lemma.

For each character (1) we define the function

$m(s, a) = E
£

, f(t, tt)MÖ

where by s = a+it a complex variable is denoted. Applying the

method of partial summation it is an easy consequence of Lemma 1

that the functions $m(s, a) converge absolutely and uniformly for

«r>l.
Let R be the determinant

1      log 1)1
(d

l0g?7r
(1)

(n) (n)

1      log 771      •   •   • log t]r

moreover, we introduce the abbreviation

r .

Ep(m) — 2ir E miep  >        p = 1, ■ • • , n.
3-1

Then the following lemma holds:

Lemma 2. Let Xi, • • • , x„ be positive real numbers and let

g(xi,

Then we have for <r> 1 :

, *«) -    e   m, 0) n a - £(p)**)-
0<£(«ia<1¡«|£ p=l
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g(xi, • ■ ■ xn) =       ,     ,        Y, I        *m(j, a)
¿m\ K\ mi,...,mr;~-oo  J ir-i«

-«+«£„ (m)

n *o
ds.

i (s — iEp(m))(s + 1 — iEp(m))

Proof. The proof of the given identity proceeds on the same lines

as the proof in the case « = 2 given in [5]. We define the column vec-

tors

A =

kx

\kr)

VX

,(p) =

(p),
[lug!?

[log Vr

(P=   1,   •   •   •,«),

where Ai, • • • , Ar are rational integers and vu ■ ■ • , vr are real vari-

ables. Making the substitution

(3) Xp = u exp{vTy(p)},       p = 1, • • • , «

we observe that the function g(xi, • ■ ■ , x„) becomes a periodic func-

tion with respect to Vi, • • • , vr because of property (2). The period

is 1 with respect to each of the variables. Furthermore, g(xu • ■ • , xn)

is a continuous function and has piecewise continuous partial de-

rivatives with respect to »i, • • • , vr. Whence g(xi, ■ ■ • , xn) furnishes

an absolutely convergent Fourier series. Denoting the right-hand side

of (3) by 2(p,(i>) its coefficient is given by:

Om(u) = • • • exp{— vTm}
Jo Jo

E /ft, a)
0<£<*>*<*>(«)<l;at{

n

• II (1 - ¥p)tip)(v))dvi ■ ■ ■ dVr
p=l

=  f   ...   f  exp{-vTm]       E     /ft, a)
0<2V (£)<«-

E E IT  (1   -   tWtM(v  +  k))dvi   ■   ■   ■  dVr
kl,...,kr— «       («{<*>«<*> (v+k)<l     p-1

=  f1...   Texpí-A}        ¿ £'     /ft, a)
«^ 0 •'0 *i. • - -,*,—oo     0<iV({)<«-"

E II ( • • ■ )dvi
(KjWiW (v+k)<l    p—i
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We are allowed to interchange the integration and the summation

with respect to ku • • • , kT because the sum is finite. Making the

change of variables vq+kq—*vg, q=l, • ■ ■ , r, we obtain:

/+00 /» +00• • •    I      exo{-vTm} E'       /(£, a)
-00 J-a <KÍ<*>t<*>(»)<l

. f[ (1 _ ^p)t^(v))dvi • • • dvr.
p=l

Now we form the integral fS'un'~xam(u)du for <r>l. Making the

change of variables (3) we get:

r M
I    un*~xam(u)du

Jo

1 /»  îC /»  CO        JJ.

- iVf f    • • •   f   n -T"**'       E'   /(I, a)
n

• II (! - |(p)xp)¿xi • • • dxn
p=i

Tim, a) n f(:   ' c1-<^(m)(i - p>x,)dx,
£ p-1 ^ 0I R I    £ p=W 0

- r-r $m(j'a) Ö [(* - *£p(*«))(i + l - iPpW)]"1-
I a I p=i

The application of Mellin's inversion formula yields for <r>l:

n /» o-+i°o n

am(u) = —¡—r I        m-»'$„(í, a) II [(í-iPp(w))(5+l-iPp(w))]-1áí.
2xî I P I   J a-ix, p-1

Since

g(xh ■ ■ ■ , xn) =        E       tt»(«) exp{j)Tw},
IB] , » » « ,Wlr«*—CO

this proves the lemma.

Let

F(vi, • • • , vn) -      E    /(*, «)•
0<{<*><n

Then we have
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(Xl ■ ■ ■ Xn)g[—>   •••,—)

\Xi Xj

E     /ft, a) n (*, - £(p))
0<jW<IA;a|{ P=l

0<£<W<hji

/« Ij pxn
\    /ft, a)dvi ■••dvn

J(l) ./ £»

/• «1 /• *»

=   1      • • •    I     F(vi, ■ ■ ■ , vn)dvi • • • dvn.
Jo Jo

An elementary calculation furnishes the result:

/• »1 Ç Vn

F(xi + vx, ■ ■ ■ , xn + i'n)dvi • • ■ dvn
Jo Jo

+x /% 0-+ '

E  /* * • ,mr=—oo   ** a—i

(4)
¿.TCI    J\    m\,...,mv=—oo   J o-— ¿oo;o->l

s+l-tBj,(m) 8+l-iBp(m)

n(yp + Xp)                          Xp-9m(s, a)ds.
p=i    (s — iEp(m))(s + 1 — iEp(m))

2. The left-hand side of  (4)   may be  abbreviated by  /.  Since

/ft, a) ^0 we obtain the inequality:

F(*i, • • ■ , Xn) Si (yi ■ ■ ■ y„)-1/ á F(xx + ylf • • • , xn + y„).

We observe from this inequality that the asymptotic behaviours of

F(xi, • • ■ , xn) and (yi • • • yn)~1J are the same. Therefore we shall

try to find an approximation of J. For this purpose the functions

$m(s, a) are analytically continued over the whole s-plane. Let:

eOi, • • • , z„; a) = E exp {-       *       ¿ ^2zp\ ,
«i„        {    <y(dNa2) p_i J

Zi, • • • , zB being complex variables with RezA>0, A = l, • • • , «;

then Hecke proved in [3]:

(5) 9(Zl, • • • , «,; a) = (zi • ■ • 8»)-i/2©(—, • • ■ , - ; —-Y
\zi z„     ab I

where b is the ramification ideal of the field K. Well known calcula-

tions and the application of (5) lead to the equation:
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/dNa2\-     1
. *-(í, a) IT r(* - iEp(m))

R\ p=i

. u=x     n 1/2 /»1/2I /.u=°o     n 1/2 /.1/2

=- +   I ■  •  • t© («?1        • • • J?r      ,
í(í —   1) ^„=1     •Z-l/2 J-l/2

(n)vi (n)cr     . . i   nt t _     >   _ _     ßW
(6) -M771      • • • 7jr     ;a) — IJm   expj —vlm\dvi • • • dvr-

™ cm cm  r    / (1)„f

»'u-l     J-l/2 ■'-1/îL       \

(n)n (n)«r     1\ "I     n(l-«) r , ¿Î1
iirji      • • ■ î?r     ; —1 — 1   m expjrwjaui • ■ ■ dv,  —

ab/       J m

u

du

with

l o
1/w   iinti= • • • = mr = 0,

otherwise.

If m\ + • • • +m2r>0 the right-hand side of (6) is an integral function

of 5; if mi= • ■ ■ =mr = 0 there are two simple poles at s = 0 and

5=1. So we recognize that &m(s, a) is an integral function of s except

in the case Wi= • • • = mr = 0;$0(s, a) has a simple pole at 5 = 1. An-

other immediate consequence of equation (6) is the functional equa-

tion

/« * /     x      /dNa2V-2' -   T(l - s + iEp(m))        ( 1 \

\ Tn I      p=i      T(s - iEp(m)) \ ab /

which holds for all mi, ■ ■ ■ , m,.

By equations (6) and (7) we can estimate the functions $m(s, a)

uniformly in mi, ■ • • , mr in the infinite strip — e¿<r¿l + e, e>0. If

we apply Phragmen-Lindelöf's extension of the maximum-modulus

theorem to the functions $m(s, a) we obtain the inequalities:

\*m(<r + it,a)\  ¿ Ci(¿) fi (1 + \t -Ep(m) | )!-'+«,
(») p=i

- € ¿ o- ¿ 1 + €, m\ + ■ • • + mr > 0.

Inequality (8) also holds for f>0(s, a) if 11\ ̂ c6. (The calculations which

lead to (8) are given very explicitly for a similar case in [l].)

3. Now it is easy to investigate the asymptotic behaviour of the

right-hand side of (4) for (x, • • • x„)—>co. The path of integration

in (4) is replaced by a straight line in the critical strip whose point of
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intersection with the real axis may be cr = ô, 0<S< 1. Considering the

pole of $o(s, a) at 5 = 1 we find:

J =
1

(9)

2» dNa2 t-i

+

Il [(y* + xP) - xP]

2iri | R |

+00 p 5+fco

E        I       *wf>, a)
• • ,mr™   oo    ^ i—ioo

, , »+l-<Bp(m) «+l-ÍBp(m)

-pr    (yp "T" Xp) — Xp
ds,

p=i    (s — iEp(m))(s + 1 — iEp(m))

s = h + it, 0 <b <\.

The infinite sum in (9) can be easily estimated if one considers that

the following determinant does not vanish for l^A^«:

<D       (i)
ek   — d

(i)        (i)      (i)        (i) cu        (i)
ek   —  ek-i     ek — ek+i • • • ek   — en

(r) (r) (r) (r) (r) (r) (r) (r)

ek    — ei    ■ ■ ■ ek    — ek-i   ek   — ek+i ■ • • ek    — en

Then we obtain from (9)

^    J = T T^T Û [tip + xP)2-x2p]+o(fl (yp + *„)«+»).
2n  dNa.' p=i \ p=i /

If we choose

XP(X1  ■   ■   ■  Xn)-ll^+i\ P=l,

and divide / by the product yi • • • yn equation  (10)  yields for

Xi ■ ■ ■ xB—> oo and any 5 > 0

(11) —— - (-^t) (*l • • • O + °«Xl • • • *»)*Hn+1)+t)-
yi ■ • • yB      \ ¿iVa2 /

Recalling the remark in the beginning of §2 we observe that (11) also

gives the asymptotic behaviour of F(xu ■ ■ ■ , xn) for Xi ■ ■ ■ xn—► <»

and any ô>0:

F(Xl,   ■■-,Xn)   =   f-^V) (Xl-   ■   ■  Xn) + 0((Xl  ■   ■   ■  Xn)"' ("+1>+5).
\ dNa2 /

This proves the theorem formulated in the introduction.
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