VECTOR-VALUED SUMMABILITY METHODS ON
A LINEAR NORMED SPACE

L. C. KURTZ AND D. H. TUCKER

1. Introductions and definitions. Suppose X and Y are linear
normed spaces, B=B[X, Y] is the space of bounded linear trans-
formations from X into Y, and C is the space of X-valued continuous
functions on 0<¢=<1 with ||f]|¢ = maxogez1 ||f()]|x- An integral repre-
sentation theorem for the transformations 7€ B[C, Y] was recently
given by Tucker [8]. This representation theorem includes the classi-
cal Riesz representation theorem [6] as a special case. Hildebrandt
[4] and Hildebrandt and Schoenberg [5] have shown that the classi-
cal Riesz theorem is equivalent to the Hausdorff theorem [3] on
convergence-preserving Hausdorff summability methods. In this
paper we will discuss summability methods in the general setting of
the representation theorem given by Tucker, and show that the
representation theorem is equivalent to a general Hausdorff theorem.

We suppose that Y+ is the weak extension [8] of V.

DEeFINITION 1. The statement that 91 is a summability method
from X to Y+ means that 9 is a matrix (fm.) of elements of B.

DEFINITION 2. The statement that 9 is a convergence-preserving
method means that if {x,} is a convergent sequence of points in X,
then yn= 2w o fun(x.) exists in Y+ for each m, and { y,,,} is a con-
vergent sequence of points in Y+,

DEerFINITION 3. If L is a linear transformation from X to Y+, the
statement that 91 is regular relative to L means that 91U is convergence
preserving and has the property that if x, converges to x in X, then
Ym converges in Y+ to L(x).

DEFINITION 4. The statement that a summability method 9 is a
Hausdorff method generated by the sequence {u.} of points in B
means that 9 =pup, where u=diag (uo, 1, - - - ) and p=(pm.) is the
differencing matrix given by

m
Pmn = (—1)"( ) if n <m,
n

pmn = 0 1f > m.
A direct computation [3] shows that 91 is a Hausdorff method gener-
ated by {u,.} if and only if 9= An.), where
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m .
Amn = ( )A"‘_”p.n if n<m,
n

Amn = 0 if # > m.

2. Convergence-preserving methods. In this section we seek neces-
sary and sufficient conditions for 91 to be convergence preserving.
The resulting theorem includes the classical Toeplitz theorem [3] as
a special case. Consider the following conditions.

Condition A. There exists a number M such that if {x,} is a
bounded sequence of pointsin X, then H 32 f,,m(x,,)H vySEM sup,.” x,.“ x
for all non-negative integers p and m.

Condition B. If x& X, then for each non-negative integer #, fn.(x)
converges in Y+ as m— o. We will call this limit ¢,(x).

Condition C. If x€ X, then 7,(x) = D o fma(x) converges in ¥+ as
m— . We will call this limit L(x).

It will be shown in the next section that Condition A implies that
the function r,(x) defined in Condition C exists.

LemMA 1. Condition A implies that the numbers ||fmn|| 5 are bounded
uniformly in m and n.

Proor. Consider an fm.. If €>0 there exists x€X such that
ll€ll x=1 and ||fma|| 8 ||fma(x)|| v +e. If a sequence {x;} is defined by
x;=01if j#n and x;=x if j=n, then

3 funl®)

=0

7mn ()l =

=< Msup“x,-”x = M.
Y J

Thus ||fma|| 8= M +e¢, which implies that ||fma||s < M.
LeMMA 2. Conditions A and B together imply that c,EB[X, Y*].

ProoF. It is clear from definition that ¢, is linear. To show that
¢a is bounded, we consider y*& V* where Y* denotes the conjugate
space of Y. Then

Hm y¥fma(x)

m-—» 0

y

”c,.(x)Hy = sup
Hlw*ll =1

< sup  limsup [[y¥] [[fmn(=)
[yl 1 m— o

<5up oo [al|]x = M][][x

by Lemma 1.

LeMMA 3. Condition A implies that D o Ca(n) exists in Y+ for
any bounded sequence {x,} of points in X.
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PRrOOF. Suppose 37, y3 € Y*. Then y may be extended to operate
on Y+ [8], and if €,=sgn y7ca(x.), we have

b4 Y4 yd
> I yi¥ca(xn) I = Y yicalenttn) = y&* 2 calentn)

n=0 n=0 n=0
yl ch(enxn) < ”y ”Y‘ Cn(enxn)
n=0 n=0
P
=il sup | 1m 32 3 funten)|
llypsll S1 Im—ow n=0

Z 1 mn(fnxn)

n=0

=< Hyi"Hy: sup 11m sup Hyznw
Hyg*ll =1

vrll =

=< ”yl*HY*M Sl:p ”xn”x.

It follows that yF Y 2_, ca(x,) converges absolutely, so D .o Ca(%s)
exists in Y+ for each xE€X.

LEMMA 4. Conditions A and C together imply that LEB[X, Y+].

ProoF. L is clearly linear, and the proof that it is bounded is essen-
tially the same as the proof of Lemma 2.

LeEMMA 5. If X is complete, then the space x of convergent sequences
{xa} of points in X with || {x.}||x=supa ||x.|| x is complete.
The proof of Lemma 35 is straightforward and is omitted.

We are now prepared to give a characterization of convergence-
preserving methods.

TuEOREM 1. If X is complete, then I is convergence preserving if and
only if Conditions A, B, and C hold.

Proor. We first show the sufficiency of Conditions A, B, and C.
Suppose x,—0 in X. If €>0, there exists a number N >0 such that
||x,.||x<e/4M and II ) c,-(x,-)lly+<e/4 if > N. Then

\}'m - iocj(xj) "
< | 3 ot - ]| > )|+ S e
J=0 j=n+1 Y+ J=n+1 Y+
< | 3 Yo = i@ LT Wsuwpllzflx + || X el
j=0 1>n j=n+1 v+

Now we pick # =n,> N. By Condition B we may pick m large enough
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so that each term in the first expression is less than e/4n,. Combining
this with the other estimates given above, wehave H Ven — Z;:,()Cj(x")“ v+
Zeno/dno+M(e/4M)+e/4 <eif m is sufficiently large. Thus y. con-
verges (to D ;2 ¢i(x;)) in Y*+. Now suppose that x,—x=6. If x,
=x,—x, then x,/ =0 and by the above argument, Y= D o fmn(%)
converges in Y+ to Y2, c;i(x!) as m—o. Then yn= D r o frn(%n)
= Dm0 frun(d %)= Do frun(®d )+ 20 frn(%) =Ymtrm(x). But
this converges in Y+ to » >, c;(x/)+L(x). Therefore, y. converges
in Tt to Do) F L) = Dt i)+ (L— Do c) (%) =3
Hence Conditions A, B, and C are sufficient.

Now suppose that 9 is convergence preserving. Suppose {x.}
= {x} , then %,—% SO Ym= D o fma(x) converges in Y+, i.e., Condi-
tion C is necessary.

If we let x,=x if n==F and x,=0 if n#k so that x,—40, then y,
= Y2 o frn(%a) =fmi(x) converges in Y+. This gives the necessity
of Condition B.

Condition A requires a different approach. We use the fact that
Y+ is imbedded isomorphically and isometrically in Y** [8]. Define
transformations Fp, of x into Y** by F,., {x”} =Y 2_o fmn(%s), where
this is considered as a point in Y**. F,, is clearly linear. Since

3 funl)

n=0

< (S i) el o

F,., is bounded. Now, if {xn} is a fixed convergent sequence, since
9N is convergence preserving, Fm,,{x,,} converges in Y** as p— oo,
Call the limit F,,{x,}. Fn is linear, and by the uniform boundedness
principle there exist numbers K, independent of p such that
“FMP”BIX'Y"*] =K. Therefore, FmEB[X, Y**] and ” Fm“B[x,y"] <K...
Again, since 9N is convergence preserving, ym = Fm{%.| converges in
V** as m— 0. Call this limit £{x,}. £ is clearly linear. By the uni-
form boundedness principle there exists a number M such that
” F,,,”B[x'yu] =M for all m. Thus L&B [X, Y**] and %’B“BKX-Y"] =M.
The statement that “Fm”B[x‘yn] é M says that | :=ofmn(xn)l|yn
S M sup, ||%|x, e, || Do fmn(®a)||v+< M sup, ||| x, which is
Condition A. We may also observe at this point that if we restrict £
to constant sequences {x} and consider the ranges of £ and F, as
Y+instead of Y**,wehave £ {x} =1liMm e F,,{x} =liMmawn Z:_of,,.,,(x)
=1liMm e ra(x) = L(x).

[ Emp{ | oo =

p
= 2 (| fmall iz vemil ]| 2
y n=0
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3. Regular methods. As in the classical case, Conditions A, B, and
C can be altered to give a characterization of regular summability
methods. Specifically, we consider these:

Condition A’. There exists a number M such that if {x.} is a
bounded sequence of points in X, and m is a non-negative integer,
then || 2ou g frn(%a)|| v+ £ M supa ||| 2.

Condition B’. If x€X and # is a non-negative integer, then fu.(x)
converges in Y+ to @ as m— .

Condition C'. If x€X, then 7,(x) = Y = fma(x) converges in ¥+
to L(x) as m— .

It is clear that Conditions B’ and C’ imply Conditions B and C.

LeMMA 6. Condition A is equivalent to Condition A’.

Proor. Suppose A holds. Consider y*& V'*, {x,,} a bounded se-
quence of points in X, and m a non-negative integer Set e,
=sgn_ y*fma(xs). Then OI y*f. —0 ¥*fmn(€ns)
=y* Zn=ofmn(enxn) = Iy* Zn=0fmn(enxn) i <“3’£Y‘M SUpa “xn“x It
follows that y* Y 2_ fma(xs) converges, i.e., O mofmn(%Xa) exists in
Y+. We estimate its norm as a point in ¥Y+:

men(xn)
n=0
vd D
= sup |lm y* D fun(x)| = sup lim |y* D fn(%n)
Hysl| 21 9> n=0 [ytl| 21 p— n=0
< sup lim [|y*|s Z fun(xa)|| S sup hm ||| ws 1 sup”x,.”x
Hysl| =1 po = Y llwsll =1 >

I\

Msup”xn”x.
n

This is Condition A’.

Now suppose that A’ holds and {x,} is a bounded sequence of
points in X. Consider a new sequence {x,.’ } defined by x,. = x, if
n<pand x; = 0 if n>p. Then

s swpllaile 2 3 sup e 2 | S mtetd)| = | Estet)]
Zofmn(xn

This is Condition A.
Observe that if Condition A holds and {x,} is a bounded sequence
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of points in X, the proof of Lemma 6 shows that the infinite sum in
Condition A’ exists. If we take {x,} = {x}, it shows that the infinite
sums in Conditions C and C’ exist. We state this formally as a lemma.

LEMMA 7. Either of the Conditions A or A’ imply that Y o fun(Xn)
exists in Y+ for any bounded sequence {xn} of points in X.

THEOREM 2. If X is complete, then I is regular relative to a linear
transformation L from X to Y+ if and only if Conditions A’, B’, and
C’ hold.

ProoFr. We have noted that Conditions A’, B/, and C’ imply Con-
ditions A, B, and C. In fact, ¢,(x) =0 and limy., 7.(x) =L(x) in Y+,
By Theorem 1, 91 is convergence preserving, and, since ¢,(x) =6, 9N
is regular relative to L. Therefore, Conditions A’, B/, and C’ are
sufficient. Recall that Lemma 4 applies so that L is a bounded trans-
formation. The necessity of Conditions A’, B/, and C’ is proven the
same as in Theorem 1 except for trivial modifications.

4. Equivalence of the Hausdorff moment problem and the Riesz
representation theorem.

DEFINITION 5. The statement that {u.} is a moment sequence
means that the Hausdorff method generated by {u.} satisfies Condi-
tion A of Theorem 1.

LeMMmA 8. {u,.} is @ moment sequence if and only if there exists an
M independent of m and x, such that

Z<m> A"y 2,
n=0 n

for each bounded sequence {x,.} of points in X.

< M sup||x||x
Y n

Proor. By Lemma 6, Condition A is equivalent to Condition A’.
Applying A’ to the Hausdorff method generated by {u,.} yields

’ Z kmn(xn) E (m) A"y X,
n=0 I n=0 n
Z(m> A"y, 2,
na=( n

b ad

M sup ”x,,“x =
n Y+

Y

Conversely, if

Z(m)Am—n n*%n
n=0 n

Condition A’ holds and thus Condition A holds.

< M sup x| x,
Y n
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We now make formal statements of the representation theorem
and the moment problem.

Statement S,. 1f TEB[C, Y], then there exists a function K(¢)
€B[X, Y*] with the w-property such that Tf= [dK(¢)-f(¢) [8].

Statement S;. If {u.} is a moment sequence, then there exists a
K({)EB[X, Y*] and satisfying the w-property such that u.x
= [(dK(t) - (tx) for xEX.

The proof showing the equivalence of S; and S; utilizes the next
two lemmas about Bernstein polynomials. Slight modifications of the
classical arguments will give proofs for our context.

Lemma 9. If fEC, then
m(m n
5uft) = S (7)ot = iy ()
n=0 n m
converges uniformly to f on 0=t =<1.
LeMMA 10. If Pi(t) =xo+xit+ - - - +xut* (,EX), then Pr(t)EC

and Pi(t) = Bn(Pi(t)) — 251 pa(t)/mi (k2 2, n=1), where pu(t) is a
polynomial with coefficients in X and is independent of m.

Tucker [7], [8] has shown that a given TEB[C, Y] induces a
unique JEB[CR, B] where CR denotes C when X is the real field,
with the property that T'(f-x) = (3f) -x where f&ECR and x&€ X.

TueoreM 3. If X and Y are complete, then Statement S, is equivalent
to Statement S,.

PrOOF. Assume S; holds, and suppose that {u,} is a moment
sequence. For ¢ real and x& X, define a transformation T mapping
t¥x into uxx, and, similarly, define 3 mapping ¢* into ux so that T(¢*-x)
=3(*) -x=mex. Define T linearly so that T(Pi)=T(D k. xnt")
=3k MnXa= D o 3(t") -x,. We first show that T is bounded as a
linear transformation from X-valued polynomials into Y.

o= 5(2)elro -2
£ (0w £(0) ()

Therefore,
£(3)ew(3) ()

= M”f”c’

| TBaf||r =

y = M sup
n

X
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by Lemma 8, since {p.,.} is a moment sequence. By Lemma 10,
” T(Pk)”yéu TBm(Pk)“y-l- Z;;i (l/m’)ll ijk(t)“}', where p;(t) is in-
dependent of m. If €>0, there exists M>0 such that ||T(Py)||r
é“TB,,,Pk”y+e§M “Pk”c+€- This gives the boundedness of T on
polynomials Py. If, then fEC || T(Bnf—Buf)||y < M||Bnf—B.fl|c
implies that {TB.f} is Cauchy in Y, since {Bnf } is Cauchy in C.
Since Y is complete, TB.(f) converges. Call its limit Tf. T is clearly
linear on C and ||T(f)||¥=M||fllc. Now, by Si, there exists K(z)
€ B[X, Y*] with the w-property such that Tf= [(dK(t)-f(¢). In par-
ticular, if f(£f) =¢"x, then T(t"x) =u.(x) = [odK () - (t"x).

We now show that S; implies S;. Here we suppose a continuous
linear mapping T of Cinto Y is given. This T generates a unique 3,
which maps CR into B[X, Y]. Define u,= 3(t*). Then 3(t»(1—£)™")
=Am—n,. . We wish to show that { /.c,.} is a moment sequence.

Z<m>Am_" n*¥n =
n=0 \ Y

m

g(: > 5(n(1 — Bym") -

7L E()ramm

< /7] suplJ=lz

Y

Y

the last inequality following from a theorem on convexity (see Dun-
ford and Schwartz [1, p. 410]). By Lemma 8, {u.} is a moment se-
quence. By Statement S,, there exists a K(f{)EB[X, Y*] with the
w-property such that u.x= [(dK(¢)- (t"x). Now suppose fEC. From
the linearity of 3 and the continuity of T, it follows that If
=1iMmow TBn(f) =limp., [(dK () - Bo(f). Gowurin [2] hasshown that
if K(t) satisfies the w-property, and fEC, then [(dK(f)-f(¢) exists in
Y+ completed. Denote this completion by Y+. If we consider
limp.. [o3dK(f)-Ba(f) as a point in this completion,

< (WoK)|| Buf — fllc,

fo ldK(t)-B,,,f— fo ldK(t) f

s0 lim,,.., [¢dK (t) - Bnf exists and is equal to [3dK(¢)-f(t) in Y+. But
since T is continuous, T B.,.f converges to 7f in Y. Therefore the con-
vergence of the integral [(dK(f)-B.(f) to the integral [(dK(¢)-f(¢)
actually occurs in Y, i.e., Tf=[;dK(f)-f(¢) in Y. This completes the
proof of Theorem 3.

The proof of Theorem 3 provides a partial answer to a question
raised by Tucker [8]: For what functions K(t) EB[X, Y+] and hav-

-
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ing the w-property will the transformation Tf= [idK(f)-f(t) actually
map C into ¥?

COROLLARY 1. If X and Y are complete, a function K(t)EB[X, Y]
having the w-property will generate a transformation TEB|[C, Y] if and
only if the sequence {un} given by p,=3(t*) = [(dK () -t* is a moment
sequence.

In Theorem 4 and its subsequent remarks we assume X and Y are
complete.

TaeorREM 4. A Hausdorff method is convergence preserving if and
only if it is generated by a moment sequence.

Proor. The proof one way is trivial because if the method is con-
vergence preserving it must satisfy Condition A of Theorem 1. This
is the definition of a moment sequence. Suppose, then, that H =pup
where {u.} is a moment sequence, i.e., Condition A is satisfied. Condi-
tion C is also satisfied because

5 hmn(e) = 5 (™) 8t = e,

n=0 n=0

which is independent of m. In fact, the L of Condition C is u, for this
case. We need only to show Condition B is satisfied, that is,

m
Amn(x) = (n > Am—nﬂn.x

converges in Y+ for each #n as m— . By Theorem 3, there exists
K(t)EB[X, Y*] such that p.x= [;dK(t)-(t~x). If F*EB*[X, V+],
F*K(t) is of bounded variation on 0=¢t=<1 [8]. Suppose y*& V*.
Y*un(x) = fitdy* (K (1) -x). Since y*[(-)x]EB*[X, ¥*], y*[K () -] is
of bounded variation on 0=<t=<1. Therefore, the sequence { y*un(x) }
is a real moment sequence and must satisfy Condition B for the
classical Toeplitz theorem [3], that is,

. m
lim ( ) A" (y*u,x)
m—o \ 7
converges. This may be written
. m
lim y* ( ) Ay x
m—s o n

converges, which says
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. m
lim A™ . x
m— o n

exists in Y+, This is Condition B. Since we now have all three condi-
tions of Theorem 1, H is convergence preserving.

We may summarize the results of this section as follows. The fol-
lowing three statements about a Hausdorff method H(u) are equiv-
alent.

(1) {mn} is a moment sequence.

(2) H(u) is convergence preserving.

(3) There exists a function K such that K({) EB[X, Y*], K has
the w-property, and u.x= [(dK(¢) - (t*x) for each xEX and #=0.
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