
ON THE DIOPHANTINE EQUATION x*+y* = cz»
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1. When p is a regular prime, that is, prime to the class number of

the cyclotomic field k(Ç) defined by a primitive pth root of unity,

¿• = e2*i/P) tnen E Maillet [l], H. S. Vandiver [2], P. Denes [3], and

others, have obtained a number of results concerning the Diophantine

equation

(1) xp + yp = czp,

where x, y, z are nonzero rational integers and c is an integer satisfy-

ing several conditions.

If in (1), c is equal to 1, this equation is the so-called Fermât rela-

tion.

In the present paper we shall investigate the equation (1) for an

arbitrary odd prime p and for an integer c with (<j>(c), p) = i, where

<p(c) stands for the Euler's function of c and (<¡>(c), p) stands for the

greatest common divisor of <j>(c) and p.

To study the equation (1), it is convenient to divide the discussion

into three cases as follows,

Case I. x, y, z are prime to p,

Case II. x or y is divisible by p,

Case III. z is divisible by p.

In Case II, we obtain easily the following result:

Theorem. Let p be an odd prime and c an arbitrary integer. If

c*-x^\ (mod p2), then the equation (1) is impossible in integers x, y, z

in Case II.

The main purpose of this paper is to give two criteria for an integral

solution of the equation (1) in Case I with conditions (<p(c), p) = l

and c'~ífá2p-1 (mod p2).

2. Let p be an odd prime. Suppose then that

(1') xp + yp = czp

with x, y, z prime to p and (4>(c), p) = l. It can be shown that with no

loss in generality we may suppose that c is prime to p and is pth

power free, and that x, y, z are relatively prime in pairs.

Let k(Ç) denote the cyclotomic field defined by f = e2rilp, and put
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1—f=X. For integers a, ß in k(Ç) such that (a, ß, X) = l and a = ß

m 1 (mod X), we have the law of reciprocity for pth power residues [4 ]

(2) (jj (£) l = ^,       7 = 2 (-l)Hn(a)l^n(ß),

where

rá"loga(««)l
ln(°A =   -^^ for 1 g n ^ p - 2

L        dvn       Jp_o

and

N(a) - 1
lp-i(a) =•-(mod p),

N(a) denoting norm of a.

Let us write the equation (1') as

(3) (x + y)(x^x — x"~2y + • • • + y"-1) = cz".

First we prove the following lemma :

Lemma. If ((¡>(c), p) = l, the first factor x+y on the left hand side of

(3) is divisible by c.

Proof. Suppose that x+y is not divisible by c. Since (x, c) = l,

there exists an integer u such that xm= — 1 (mod c), (u, c) = 1. From

(1') and the hypothesis, it follows that (xu)p-\-(yu)p = 0 (mod c) and

XM +yM ^ 0 (mod c), consequently (yu)v = 1 (mod c) and yM ̂  1 (mod c).

On the other hand (yw)*(c) = l (mode). Hence we have <p(c) =0 (modp),

contrary to (<b(c), p) = 1.

Using (3) and the fact that (cz, p)=l, it is easily seen that

/x+y \
I-, x"-1 - xP~2y + • • • + yp-1 J = 1.

Hence the second factor on the left hand side of (3) can be written as

p-i

II (x + r"y) " wp,
m=l

where w is a factor of z, f a primitive pth root of unity.

Since each two of the ideals [x+fmy] (m = l, 2, ■ • • , p — 1), are

relatively prime, it follows that each of them must be the pth power

of an ideal in k(t). In particular [x+fy] = §IP, 31 being an ideal in k(Ç).
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Employing the law of reciprocity in (2) we obtain the following

theorems just as in the Fermât relation [5].

Theorem 1. Let p be an odd prime and c an integer with (0(c), p) = i.

If the equation (1') is satisfied in integers prime to p, then we have for

any factor r of x or y

r"-1 = 1 (mod p2).

Theorem 2. If the equation (1') is satisfied in integers prime to p

with (<KC)> P) = 1. provided x—y is prime to p, we have for a factor r of

x — y

r"-1 = 1 (mod p2).

We also have the following theorem:

Theorem 3. Under the same conditions as in Theorem 2, we have for

a factor r of x+y

rp-1 e= 1 (mod p2).

Proof. a = ix-\-Py)ix-\-Çy)p~1 is prime to r and its ideal is equal to

the pth power of an ideal in &(f). Hence we have

(4) (j)^) * = (7) = J*.    K = y^1 - i)/(* + y)p-

Since x+y = 0 (mod r),

(5) (—\ = Ç-^) = r'i(1+f)^i(r) •

From (4) and (5) we have rp_1 = l (mod p2).

We are now in a position to give criteria for an integral solution of

(1') in Case I with conditions ($(e), p) = i and cp~1j¿2p-1 (mod p2).

Theorem 4. If the equation (1') is satisfied in integers x, y, z prime to

p and if (0(c), p) = 1 and cp_1^2p_1 (mod p2), then we have

(6) 2P-1 m 1 (mod p2).

Proof. If x or y is divisible by 2, then the theorem follows immedi-

ately from Theorem 1. If x=y = 1 (mod 2), then x—y is divisible by 2.

Moreover x—y is prime to p, because if x—y is divisible by p, then

cp~1 = 2p~1 (mod p2), contrary to the hypothesis. Hence by Theorem 2

we obtain 2*-1 = l (mod p2).

Theorem 5. Under the same conditions as in Theorem 4, we have
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(7) 3*-1 =- 1 (mod p2).

Proof. Since one of xy, x—y, x+y is divisible by 3, the theorem

follows at once from Theorems 1, 2, 3 respectively.

The only primes p less than 106 for which the congruence (6) is

satisfied are £ = 1093 and p = 3511 [6], and 31092^1 (mod 10932),

33510^1 (mod 35112) [7]. Hence by Theorems 4 and 5 we obtain the

following theorem:

Theorem 6. If (<j)(c), p) = l and cp-1¿é2p~1 (mod p2), then the equa-

tion

XP -\- yV  —   CZP

is impossible in integers x, y, z prime to p for all odd primes p less than

106.

We shall give here some examples of c which satisfy the conditions

in Theorem 6.

(1) Choose c such that c = 2 + kp, (k, p) = 1, and (<p(c), p) — 1.

(2) (i) c = 2»+1, (», p) = l,p^l093, 3511;
(ii) c = 2(kip2+2)ni(k2p2+2)™ ■ ■ ■ (kip2+2)n<, where each of the

factors is a prime, wi+w2+ • • • +re»^0 (mod p) and £^1093, 3511.
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