THE RAPIDITY OF CONVERGENCE OF THE HERMITE-
FEJER APPROXIMATION TO FUNCTIONS
OF ONE OR SEVERAL VARIABLES

O. SHISHA AND B. MOND

1. The Hermite-Fejér polynomials H,(f, x) are important approxi-
mating polynomials to a given real function f(x) defined on [—1, 1].
For every positive integer #,

(1) B, %) = 3 /™) 47 )

k=1

where

A7@) = (1 = ) [Ta@)/ iz — )} R=1,2,---,n),

n— hid n n 2k_l
Ta(x) = 2 lI]:(a::—x,: )), x,f)=cos( r)

k=1 2n
k=1,2,---,m).
For n=1, 2, . - -, Ty(x) (the nth degree Tchebycheff polynomial of

the first kind) satisfies T,(cos 6) =cos (n8), and we also have
) A7) =0 fork=1,2 -, nandevery z € [—1,1],

B 4@ =1,
k=1
(n) (n)

@ Hu(f, o ) =f(= ) (k=1,2,---,n),
&) Hf;m)=0 (=1,2---,n)

2. Suppose f is a real function, continuous in [—1, 1]. Then a classi-
cal result of Fejér [1] states that H,(f, x) converges uniformly to
f(x) on [—1, 1]. As to the rapidity of convergence, E. Moldovan pub-
lished in [2] the estimate max_i4.1 | f(x) — Ha(f, x)| £2mw(n1log n),
where w is the modulus of continuity of fin [—1, 1].

3. One of our purposes in this paper is to construct an analog of the
polynomial (1) for functions f of several variables and to study the
corresponding rapidity of convergence. Since the Romanian paper
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[2] is inaccessible to many readers and is also wanting, we shall prove
in Theorem 2 a result which is essentially the same as that published
by Moldovan. Theorems 1 and 2 will be used to obtain Theorems 3
and 4 concerning functions of several variables.

4. THEOREM 1. Let f be a real function satisfying throughout [—1, 1]
|7@) = f@)| = [v— 4

where N\ is a positive constant. Then for n =1, 2, - .- and every

xe[-1,1],
©) | 72) — Ba(f, )| < Dan(a + log m),
where a=3%+C—log 2=0.384 - - -, C being Euler’s constant.

ProoF. Let n be a positive integer and let —1=<x=1. We shall
prove (6). Let x = cos 0 (0 £ 0 < 7), and let 6 = ((2k — 1)/2n)7
(k=1, 2, - - -, n). Since by (4), H,(f, cos ;) =f(cos ;) for k=1, 2,
.+« +,n,we may assume 0760;, k=1, 2, - - -, n. By (3), (1), and (2)

| f(x) — Ha(f, %)
- | T 1@ - 1M @ | = 3 1@ —

k=1 k=1

N Tu(@)/ {0z — w1

(n)

)| 4" (%)

(n)

- g_: | @) — 72t

)I a- xx,f")

A3 2= o] d — 22T/ e — )]

kel

=M | cosd — cos6i| (1 — cos 8 cos 6:)[cos (n8)/(cos 8 — cos 6)]*

k=1

< Mt Z”: | 0 — 6:| (1 — cos 8 cos 6;)[cos (n6)/(cos & — cos 6;)]*

< a2 2‘, |8 — 6| [1 — cos 8 cos 6 + sin 0sin 6]
-[(cosk(-f:o) — cos (n6))/(cos 6 — cosy)]?

= M2 Z | 0 — 6.] 2 sin? { (6 + 6:)/2} sin? {n(0 + 6:)/2}
-sin? {:(lo —6,)/2} sin~2 { (0 + 6:)/2} sin~2 { (6 — 6:)/2}

< Dt f_‘, |6 — 6. [sin{n(0 — 0:)/2}/sin{ (@ — 6:)/2}]%
k=1
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Suppose 724 and 6;<0<0j;1, 2<j<n—2. Since |sin (ny)/sin y|
<n for every real y#0, +m, +2m, - - -, therefore

|6 — 6;] [sin{n(0 — 6;)/2} /sin{(6 — 6,)/2}]?
(7 + | 6 — 81| [sin{n(0 — 6;41)/2} /sin{ (8 — 0;41)/2}]*
< |0-—0,~|n2+ |0—0;+1|n2=mr.

Since y/sin (y/2) is strictly increasing in (0, ), we have y/sin(y/2)
<m/sin(w/2) =7 whenever 0 <y <. For such ¥ one has

ylsin(ny/2)/sin(y/2)]* = y~[y/sin(y/2)]* sin? (ny/2) < %/y.
For k=1,2,--:,j—1,0—0,>(j—k)7/n, and so
(6 — 6,)[sin{n(8 — 6:)/2} /sin{ (6 — 6:)/2}]* < x*/(8 — &) < nx/(j —F).
Consequently,

1
> |0 — 6] [sin{n(® — 6)/2} /sin{ (6 — 6.)/2}]?

k=1

(8) 1 1
<nr ), (G—k)'=nxr 2 kL
k=l k=1

Similarly,

| 0— 6| [sin{n(6 — 0;)/2}/sm{ (6 — 6.)/2} ]2
@ e

< nr E =G+ D] ?r=nr X k1.

ki3 k=1

From (8), (7) and (9) we obtain

g |0 — 6| [sin{n(6 — 6:)/2} /sin{ (0 — 6:)/2}]?

n—1—j
< mr(l + Zk—l + > k-l)

k=1 k=1
and therefore
n—1—§
10) |fe) — B, )| < 2m-*(1+2k~1+ > i),
k=1

If n is even, then
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1 n—l—j q n—2—g
2E'+ 3 F'S max (Zk“+ > k“‘)
k1 kw1 159373 \ kel k=1
=2[14+24 .- - + {(n — 2)/2}"].
If n is odd, then

~1 n—l—j ] n—2—q
et r s mx (T3 )
k=1 kw1

k=1 15¢Sn—3 \ kw1
= 20142+ - - -+ {(r=3)/2}] + {(n—1)/2}".
Thus
/@)~ B (f, 0) | < Dam'(42[14271+ - - - +{(@m—2)/2}-1])
if n is even,
| f@—Half, )| < 2een 2 (142[14274 - - - +{(n—3)/2}-!
+(@m—1)"1]) if # is odd.

(11

One can show similarly, that (11) (with #24) is true for every
other position of 6 in [0, 7].

Since (D 421 k1) —log ¢<C for g=2, 3, 4, - - -, the desired in-
equality (6) follows from (11) for # even and 4.

Consider the sequence

wm(Z )+ o~ gl + /2] @=2,3,4--0).

k=1
For every ¢=2 we have
8et1 — g =3[ + (¢ + 1)7'] — log[1 + 2/(2¢ + 1)]
>+ g+ 1) -2/(2+ 1) >0.
Since lim, ., a;,=C, we havea,<C (¢=2, 3, 4, - - -).
Suppose 7 is odd and >4. Setting ¢g=(n—1)/2 we have C>a,
=142"1+ - - - +{(n—3)/2}"'+(n—1)~1—log(n/2), and (6) fol-
lows from (11).

Finally one can verify (6) for =1, 2, 3 by the same sort of calcula-
tions which led to (10).

S. THEOREM 2. Let f be a real function, defined and bounded on
[—1, 1]. For every 6|0, 2] let

w(®) = sup | 1) — f(w) |

—1SusSesS1;y—uss
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Then for n=2, 3, 4, - - - we have
sup_ |7 — Bu(f, )| S [2 + 47 + eao(n log 7)

where e, depends on n only and €,—0 as n— .

Proor. Let n be a positive integer. Let xo, x1, - - -, xxy (N=1) be
reals with —1=x,<x;1< : - - <xy=1. Let f, be the function with
domain [—1, 1] such that f,(xs) =f(xi), #=0, 1, - - -, N and such
that f, is linear in each [xi_1, x:] (k=1,2, - - - , N). f ;s 1 Su<v<x,
for some k, then

| fa®) — fa@) | /(0 — ) = | f(m) — f(me1) | /(e — @)

S (@ — %) /(26 — %e-1) S A
where

A= max [w(@ — %1)/(t — )]
1SESN

Therefore | Fa(®) —fa(u) | S\(v—u) whenever —1 <4 <v=1. By Theo-
rem 1 we have throughout [—1, 1],

(12) | £2(%) = Ha(fay 2)| < DAan—(a + log n).
One easily verifies that throughout [—1, 1],
(13) | f(2) — fa®) | S

where p=max;srsny w(¥: —xr—1). Therefore, by (1), (2) and (3) we
have throughout [—1, 1],

(n) (n)

<w|mm@—mmmlsQUm)—Mm

)| 47 (@) < .

From (12), (13) and (14) we get
(15) sup |f(x) — Ha(f, 2)| < 2u + wn—(a + log n)
-1S5z51

and so
sup | f(x) — Ha(f, %) |
—-15z31

=< inf {2 max w(x% — %i-1)
—1mze<z1* - <IN=1;Nul,2,8, - 1SkEsN

+ 4 max [w(@ — %—1)/(® — 1) ]7n~(a + log n)} .
1sksN '
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If we take in particular for some positive integer N, xp=—1
+(2k/N) (=0, 1, - - -, N), then from (15) we obtain

(t6) _sup |f@) = B 2)| S 26@/M[t + =Nna + log m)]

Thus
sup |f(®) — Ha(f,2)| S inf {20(2/N)[1 + #Nn(a + log n)]}.
—~13z351 N=1,2

e oo

Suppose # =2, and let N be the integral part of 14-(2n/log n). Then
(16) yields

(17) sup_ | 7(x) — Ha(f,®)| < [2+ 47 + ex]w(n~logn),

—-13523
where €, =2mn"[a+log n+(2an/log n)].

6. Consider now a real function f(x1, xs, - -+, x,) defined for
—12x:51,k=1,2, .-, p. Let my, n, - + -, m, be positive integers
and set

Hnl.- .ﬁp(f: X1, X2yt 0y xp)

(18) A, (m1) (np), , (1) np)
Z Zf(xhll y " " % hp’ )Ah’:l ( l) A}i,’ (x,).
hy=1 hp=1

The polynomial (18), which reduces to an Hermite-Fejér polynomial
when p=1, has properties analogous to (4) and (5). Thus, for
k=1, 2, - - -, p, let ji be a positive integer =<m:. Then a repeated
application of (4) yields easily

(n1) (np) (n1) (np)
Hnlﬁ:.---m’(f; Xjy 5" J,’) f( Xip 5" f,’ )

Also, if p=2, and if 1k =p, 1 <j=m;, then
a
(19) ('—— H"xvﬂz vvvv "p(f’ 2 PR xp)) =0.
Ox PR}
Indeed, the left-hand side of (19) is identically equal to

> I 457

hg=1,2,¢++,ngiq=1,2,- - - ,p,guk s=1;8pk

(n1) (ng), ,(np)
( Zf(xhll y " h:')A": (xk))
Tz 0

A%k hpm1

which is =0 by (1) and (5).
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From (3) one gets

"

E Z A(nx) . (u,)( )_ 1.
Ry=1 hy=1
Consequently, by virtue of (18), if p=2,
f(xlv ] xp) "1. . .np(f’ X1, * 0, xp)
o (n1) (np)
=3 o Pl m) — S oy )]
hy=1 Ap=1
(n. n
A,.,"<x1> - A7 ()
' (n1) (ne—1)
EZZEU(xh y "t hrr-x yxr)"'sxp)
hy=1 hp=1 r=1

(n1) (n,) (n)
_f(xh: )"')xhr'7xf+ly'° xp)]IIA ’

=1

z & (n1) (np—1)
EE Z {Z[f(xhl s by 3 %yttt Xp)
¥ D QH#ET

r=1 hg=1,2,---,ng;qg=1,2,--- hym1

) (ny) (ne) 2 (ne)
—fQn e wn, T, c e, 29| A, .)} II 4" @)

s=1; 856r

Here and below f(x("‘) e, wD g, - - - xp) means f(xy, ¢ - -, %)
if r=1, and f(x("') c e, xg"), Xrg1, * * +, %p) means f(x™, . - ., x,(,’;'))
if r=p.

7. THEOREM 3. Let f(x1, %3, - -+, %) (p=2) be a real function de-
fined for —1=x,<1,k=1,2,---,p. Forr=1,2,--.,p,let N\ bea
positive constant such that

If(xlr oty X1, Uy Xy ,xp) —f(xl; oty X1y Uy Xpgay 0 0, xP)I
SN o — ul

whenever the x,, u, and v are all in [—1, 1]. Let n1, ng, - - -, 1, be
positive integers. Then

(20) If(xl, %3, * 0y %p) — Hupng, -, n,(f, X1y Xy * * x,,)|

’ —
<X D, 1(a + log n,)

r=1
throughout the cube —1<x,<1,k=1,2,- .-, p.

ProoOF. Let x1, %3, - - -, %, be points of [—1, 1]. We shall prove
(20). Forr=1, 2, - - -, p, we have by (3), (1), and by Theorem 1,



1276 0. SHISHA AND B, MOND

(n1) (ne—-1)
E[f(hllr" lr:lixn"';x?)

A1

(n1) (ny) (n;)

'-f(xhn PRI PR 7 8% PRR N )xﬁ)]A

()

< 4)\,1m,_1(a + log n,).
Since for r=1,2,.-.,p,

P n
> I 47) =1
Ag=1,2,: - \ngigq=1,2, -« -, p,qsér s=L;aptr
and each summand is 20, therefore by the last paragraph of section
6. (20) holds.
Similarly, from Theorem 2 we obtain the following

THEOREM 4. Let f(x1, 2, * - -, %p) (p=2) be a real function defined
and bounded for —1<x,<1,k=1,2, - - -, p. For every &[0, 2] and
everyr (=1,2,---,p)let

w(8) = suplf(xly Sy Bl Uy X1y 0 Xp)
_f(xl) Sty Xty Uy Xpgly 0, xp)l )

where Xy, + -+, Xp1, Xr1, * * * , Xpy U, V1Y in [—1, 1] with 0Sv—u
<0. Let ny, ns, - - - , ny be positive integers =2. Then

sup 'f(xl, Xey ©c xp) - H"lv”!t"’-"p(.f’ X1y X2y * 0, xp)l
—137:3S1
k=1,2,++p

P
<Y 2+ 4r + e Jar(nr log n),
el

where each e, (n=2, 3, - - - ) depends on n only, and e,—0as n— .
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