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1. The Hermite-Fejér polynomials Hn(f, x) are important approxi-

mating polynomials to a given real function/(x) defined on [ — 1, l].

For every positive integer »,

(1) H.(f,x) = Zf(*l  )AV\x)
k-l

where

Ak\x) - (1 - xxk ')[Tn(x)/{n(x - xk ')}]        (k=l,2,---, n),

T„(x) = 2     ll (x — Xk  ),        xk    = cos I-x I
k-i \   2m       /

(* - 1, 2, • • •, »).

For » = 1, 2, • • • , Tn(x) (the wth degree Tchebycheff polynomial of

the first kind) satisfies P„(cos d) =cos (nd), and we also have

(2) Ak\x) ^0   for * = 1, 2, • • • , n and every * £ [-1, l],

(3) ¿ AÏ\x) m 1,

(4) Hn(f, xín) = f(xk(n)        (k= 1,2, •■■,»),

(5) £r,'(/, 4"') =0        (* - 1, 2, • • •, »).

2. Suppose / is a real function, continuous in [ — 1,1 ]. Then a classi-

cal result of Fejér [l] states that Hn(f, x) converges uniformly to

f(x) on [ — 1, l]. As to the rapidity of convergence, E. Moldovan pub-

lished in [2] the estimate max_iSI£i \f(x)—Hn(f,x)\ ^2xco(«_1log»),

where 03 is the modulus of continuity of / in [ — 1, 1 ].

3. One of our purposes in this paper is to construct an analog of the

polynomial (1) for functions / of several variables and to study the

corresponding rapidity of convergence. Since the Romanian paper
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[2 ] is inaccessible to many readers and is also wanting, we shall prove

in Theorem 2 a result which is essentially the same as that published

by Moldovan. Theorems 1 and 2 will be used to obtain Theorems 3

and 4 concerning functions of several variables.

4. Theorem 1. Let f be a real function satisfying throughout [ —1, l]

\f(v)-f(u)\  ¿X|t-«|

where X is a positive constant.  Then for n = 1, 2, • • •   and every

*e[-i, 1],
(6) I /(*) - Hn(f, x) I  < 4X™-1(« + log »),

where ct = %+C—log 2 = 0.384 • • • , C being Euler's constant.

Proof. Let « be a positive integer and let — l^ac^l. We shall

prove (6). Let x = cos 0 (0 á 0 g ir), and let 0k = ((2k - l)/2w)ir

(k = l, 2, ■ ■ ■ , n). Since by (4), Hn(f, cos 6k) =/(cos Bk) for ¿ = 1, 2,

■ ■ ■ , n, we may assume d^0k, k = l, 2, • • ■ , n. By (3), (1), and (2)

\f(x)-Hn(f,x)\

2Z[i(x)-f(xk))]At\x) é2Z\f(x)-f(x;')\A¿'(x)

= Ê \f(x) -f(xin))\(l - xxin))[Tn(x)/{n(x - s*(n>)}]2

/fc-1

á X ± I * - *r I (1 - xxin))[Tn(x)/{n(x - xïn))}]*

n

= X»"2 2~1  I cos e - cos ek I (1 - cos 0 cos 0*)[cos (w0)/(cos 0 - cos 0*)]2
k-X

n

< X»"2 E I 0 - 0* I (1 - cos 0 cos 0*)[cos (w0)/(cos 0 - COS 0)t)]2
*-l

^ X»-2 Ë I 0 - 6k I [l - cos 0 cos 0* + sin 0 sin 0*]
t-1

• [(COS («0) - COS (M0*))/(COS0 - COS0*)]2

= X»-2 ¿ I 0 - 0* I 2 sin2 {(0 + 0*)/2} sin2 [n(Q + Bk)/2\
k-l

•sin2 {n(9 - eK)/2) sin"2 {(0 + 0*)/2} sin"2 {(0 - 0*)/2}

n

< 2X»-2 I) I Ö - 0*| [sin{«(0 - 0*)/2}/sin{(0 - 0*)/2}]2.
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Suppose «^4 and 0y<0<0J+i, 2¿j¿n — 2. Since |sin (»y)/sin y|
<» for every real y^O, +x, ±2x, • • • , therefore

I 0 - 0,| [sin{«(0 - 0y)/2}/sin{(0 - 0y)/2}]2

(7) + I 0 - 0y+11 [sin{»(0 - 0y+1)/2}/sin{(0 - 0y+1)/2}]2

<   I 0 - 0y I «2 +   I 0 - 0y+11 »2 = «X.

Since y/sin (y/2) is strictly increasing in (0, x), we have y/sin(y/2)

<x/sin(x/2) =x whenever 0<y<x. For such y one has

y[sin(ny/2)/sin(y/2)]2 = y_1[y/sin(y/2)]2 sin2 (ny/2) < x*/y.

For k = l, 2, • • • ,j — l, 6 — 6k>(j — k)ir/n, and so

(0 - 0*)[sin{»(0 - 0*)/2}/sin{(0 - 0*)/2}]2 < x2/(0 - 0*) < »x/(/ -k).

Consequently,

£ I 0 - 0*| [sin{«(0 - 0*)/2}/sin{(0 - 0*)/2}]2

(8)v ' r-l 3-1

<»x £ (j —k)-1 = «x 23 *-1-
k-l k-l

Similarly,

¿   I 0 - 0*| [sin{»(0 - 0*)/2}/sin{(0 - 0*)/2}]2
(9) k-j+i

< «x £ [k - (j + i)]-1 = «x E k-1.
k-j+i k-l

From (8), (7) and (9) we obtain

¿ I 0 - 0*| [sin{»(0 - 0*)/2}/sin{(0 - 0*)/2}]2
k-l

(j-1 n-i-y       \

i + T,*-1+ E a-1),
k-l k-l /

and therefore

(10)     I /(*) - Hn(f, x) I  < 2XX»-1 (l + £ k-1 + "¿' JrA
\ k-l t-1 /

If « is even, then
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y-1 n-X—j /    q n—i—q \

E¿_1 +   E ¿-1á    max    ( E*_1+   E k'1)
k-l k-l lSo^n-3 \ km.i t_! /

= 2[l + 2-1+ •• • + {(»-2)/2}-1].

If n is odd, then

y—1 n—l-y /    q n—i—q        \

E¿-'+   E k~lû    max    ( E¿-1+   E ¿"O
Jfc-1 t-l lasân-3\t_i fc_i /

= 2[l+2-1+ • • ■ + {(n-3)/2}-*] + {(n-\)/2}-\

Thus

|/(*)-#„(/, s) |  < 2a™-1(1+2[1+2-1+ • • • +{(»-2)/2}-1])

if « is even,
(11)

\}(x)-Hn(f,x)\  < 2X7r»-1(H-2[H-2-1+ • • • + {(n-3)/2}~1

+ («-l)-1])    if «is odd.

One can show similarly, that (11) (with n^4) is true for every

other position of 6 in [0, w].

Since (Et-i &-1)-l°g q<C for q = 2, 3, 4, • • • , the desired in-
equality (6) follows from (11) for n even and ^4.

Consider the sequence

a, - ( E ¿-1) + (2?)-1 - log[(2? + l)/2]       (q = 2, 3, 4, • • • ).

For every q ̂  2 we have

«o+i - a, = etc-1 + (o + I)"1] - log[l + 2/(2o + 1)]

> \[rl + (? + I)"1] - 2/(2? + 1) > 0.

Since lima_oo aq = C, we havea,<C (q = 2, 3, 4, • • • ).

Suppose n is odd and >4. Setting q = (n —1)/2 we have C>a,

= l+2-1+ • • • +{(M-3)/2}-1+(«-l)-1-log(«/2), and (6) fol-
lows from (11).

Finally one can verify (6) for « = 1, 2, 3 by the same sort of calcula-

tions which led to (10).

5. Theorem 2. Let f be a real function, defined and bounded on
[-1, 1]. For every 56 ¡0, 2] let

«(«)= sup \f(v)-f(u)\.
-lSnS'ilf-vH
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Then for » = 2, 3, 4, • • •  we have

sup    I /(*) - Hn(f, x) I ¿ [2 + Air + enMn-1 log n)
-lgiSi

where en depends on n only and e„—>0 as n—* <».

Proof. Let « be a positive integer. Let x0, xi, • • • , %h (N^l) be

reals with — l=x0<2Ci< • • • <¡cjv = 1. Let/„ be the function with

domain [ — 1, l] such that /„(**) =f(xk), k = 0, 1, • • • , N and such

that/„ is linear in each [xk-i,xk](k = l,2, • ■ ■ , N). If Xk-i¿u<v¿Xk

for some k, then

I AW -AW I /(» - «) - l/<*) -/(**-i) I /(** - **-i)
^ «(s* - xk-i) ¡(xk - x*_i) g X

where

X =   max [a>(xk — xk-i)/(xk — xk-i)].

Therefore \fn(v)— fn(u)\ ¿\(v—u) whenever — l¿u<v¿í. ByTheo-

rem 1 we have throughout [ — 1, l],

(12) I /„(*) - HR(fn, x) I  ¿ 4XXW-K« + log »).

One easily verifies that throughout [ — 1, l],

(13) \f(x)-fn(x)\    ¿p

where p = maxi£kSN«(**—xk-i). Therefore, by (1), (2) and  (3) we

have throughout [ — 1, l],

(14) I Hn(f, X) - Hn(fn, x) \    ¿   £   \f(^) ~ fn(£*) \  A? (x) ¿ p.
k-l

From (12), (13) and (14) we get

(15) sup   I /(*) - H„(f, x)\  ¿2p + 4XXM-H« + log n)
-lgigl

and so

sup   \f(x)-Hn(f,x)\
-láxgl

¿ inf < 2 max di(xk — Xk-i)
-l-X,<Xl- •■<ZN"1;N—1,2,8,•••   \      létáJV

+ 4 max  [u(xk — xk-i)/(xk - xk-i)]im-1(ct + log«)> .
is*sjv ;
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If we take in particular for some positive integer N, xk = — 1

+ (2k/N) (k = 0, 1, • • • , N), then from (15) we obtain

(16)      sup    |/(*) - Hn(f, x) |  ^ 2o>(2/N)[l + ttíW^« + log »)].
-laiSi

Thus

sup    \f(x)-Hn(f,x)\  ^    inf     {2w(2/N)[l + TNn-i(a + logn)]}.
-lglSl JV=1,2,-..

Suppose m^2, and let N be the integral part of l + (2K/log n). Then

(16) yields

(17) sup     | f(x) - H„(f, x)\  ^ [2 + 4x + inR«-1 log »),
-îâiÉi

where eB = 27rw_1[a+log w + (2a«/log «)].

6. Consider now a real function f(xi, x2, • ■ • , xp) defined for

— 1 úxk^l, & = 1, 2, • • • , p. Let »i, n2, • • • , np be positive integers

and set

H«lt....»,,(/, xu x2, ■ ■ • , xp)

(18) ^ Ä (n,) (n„)       (Bl) („,)
- 2^   ■ ■ ■   l^fixhx  , ■ • ■ , Xhp )Ahl   (xi) • ■ ■ Ahp (xp).

äx-i hp~i

The polynomial (18), which reduces to an Hermite-Fejér polynomial

when p = l, has properties analogous to (4) and (5). Thus, for

jfe = l, 2, • • • , p, let jk he a positive integer ^nk. Then a repeated

application of (4) yields easily

,,    (»o (»,). _ .f (ni C",)
"ni.nj, •••,np\J) -^/l     >  ' > ̂ ip    J   ~ I\Xh    '  '      ' > ̂ Jp    /•

Also, if p^2, and if l^k^p, \újúnk, then

(19) (—- #„,.„„.. ..„,(/, *i,--, xp) ) - 0.

Indeed, the left-hand side of (19) is identically equal to

e n aï:\x.)
Ag—1,2, • • •,nq)q^l,2, • * • ,p,q^k    *—l;«^Jb

■I — 2-/(»»i > • • • > **, M** (**) )
\axk nk=i /Xk~xMAjfc=l /*4«*y(nJfe)

which is =0 by (1) and (5).
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From (3) one gets

JZ    •  •  •    1Z  Ahi    (*l)  •  •  • A*,' (xp)  -  1-
*!-l »,-1

Consequently, by virtue of (18), if p^2,

f(xl,  • • ' ,Xp) - Hni.....np(f, Xi,  ■  ■  • , Xp)

ni np (1(1

- JZ • • ■ JZ [f(*i, ■•-,**)-/(*»? ,-'• ,Xk, )]
A,-l hT-l

Alni)r   \ >f("»V   \
•Ahl  (x{) ■ ■ ■ Ahp  (xp)

"l np       p , ,

=   2-,     ■  ■  •    2-,    2-,  [/(**!    »  •  •   • » **,-!    » *r»  •  '  • » Xp)
hi-1 hp-l   t-1

- f(xH  , ■ ■ ■ , *»*' , xT+i, ■ ■ ■ , Xp)] II Ah]' (x.)
<-i

-ÍZ Z \ZZ  \S(*h\  •   •   • , »»Xi1 1 Xr,   •  •  • , Xp)

-f(*h> '• ',*¿'\*r+U "',*»)]¿kr   (*r)>      II     At'\x.).
J   i-l^r

Here and below f(xhni), • ■ • , x^-*1, xT, ■ ■ • , xp) means f(x\, • • • , xp)

if r=l, and f(xg>, • • • , x£\ x~+i, ■ ■ ■ , xp) means f(x%>, ■ ■ -, x£?)

if r = p.

7. Theorem 3. Let f(xi, x2, • ■ • , xp) (p~^2) be a real function de-

fined for — 1 gx*^l, Jfe = l, 2, • • • , p. For r = 1, 2, • • • , p,let\Tbe a
positive constant such that

I f(xi, ■■ ■ , XT-i, v, xr+i, ■ ■ ■ ,Xp) - f(xi, ■ ■■ , XT-i, u, xr+i, ■ ■ • , Xp) I

¿ X, I v — u I

whenever the xq, u, and v are all in [ —1, 1]. Let »1, »2, • • • , np be

positive integers. Then

I f(Xi, Xi,   ■   ■   ■  , Xp)   -  Hni,ni.....np(f, Xl, Xi,   •   ■   ■  , Xp) I

-i.
(20)

< ZZ 4Xrx»r (a + log nr)
T-1

throughout the cube — l=x* = l, k = l, 2, • • • , p.

Proof. Let x\, Xt, ■ • • , xr be points of [ —1, l]. We shall prove

(20). For r = l, 2, • • • , p, we have by (3), (1), and by Theorem 1,
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Er,,   ("l> (»r-l) ..
\J\Xki   i  '  "  ' i *»r-i    » *rj  '  '  ' J *P/

,,   (ni) (nr) ,      («,).    .

— /(*»!    ,-••,*»,    , *r+l,  •  •  • , XP)\AhT    (Xr)

< 4Xfir»r (a + log nT).

Since for f ™1, 2, • • • , p,

E ri ¿íto-i
Aç=l,2, • • • .n9;3=l,2, • • • .p.qyér    »=l;s^ír

and each summand is 2: 0, therefore by the last paragraph of section

6. (20) holds.
Similarly, from Theorem 2 we obtain the following

Theorem 4. Let f(xi, x2, • • • , x„) (p 2:2) be a real function defined

and bounded for — 1^**^1, Jk™l, 2, • • • , p. For cuery o£ [0, 2] and
every r ( = 1, 2, • • ■ , p) let

ur(d) = sup | f(xh ■ ■ ■ , Xr-i, v, xT+i, • • ■ , xp)

- f(xi, ■ ■ ■ , Xr-1, u, xr+h ■ ■ ■ ,xp)\,

where xi, • • • , xr-i, xr+i, • • • , xP, u, v vary in [ —1, 1] with 0^v—u

^S. Let «i, n2, ■ • ■ , np be positive integers 2:2. Then

SUp |/(*1, Xi,  ■  ■  ■ , Xp)   -  Hn1,ni,--..np(f, *1, Xt,  ■   •   •  , Xp) \
-lSuSi

*-l,2,---,P

p _J

á E [2 + 4"" + «nrK(»r   log Mr),
r-1

where each e„ (n = 2, 3, • • • ) depends on n only, and e„—>0 as w—► <».
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