AN INEQUALITY FOR THE ELEMENTARY SYMMETRIC
FUNCTIONS OF CHARACTERISTIC ROOTS

MARVIN MARCUS! AND HENRYK MINC?

In a recent paper [1] Frank obtained the following interesting re-
sult: if A4y, + - -, A, are hermitian positive semidefinite n-square
matrices and uy, - - -, un are arbitrary complex numbers then

det(imA,-) =< det(i | i A,-).

=1 1=1

M

Clearly any complex n-square matrix A can be expressed (not
uniquely) in the form 4= Y 7, u:4.. In the present paper we give
an alternative, substantially simpler proof of Frank’s theorem, and
also discuss the case of equality.

For any n-square matrix X let E;(X) denote the kth elementary
symmetric function of the characteristic roots of X.

THEOREM. Let Ay, - -+, An be positive semidefinite hermitian n-
square matrices and p1, + + * , Um be any complex numbers. Set
(2 A =2 pd
=1
and
6) §S=2 |ul 4.
t=1
Then, for each k=1, - - -, n,
4 | Ex(4)| = Ex(S).
In case Ay, - - -, An are positive definite, equality in (4) can occur if
and only if the numbers p, + - -, um are real nonnegative multiples of

the same complex number.

We first prove a preliminary result. Let V,(R) denote the space of
complex n-tuples and for w, and w, in V,(R) let (w1, w,) denote the
standard inner product in V,(R).
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LEMMA. Let B be a complex n-square matrix and vy, - « + , vz be a fixed
orthonormal set in V,(R). Let C={(c;;) = ((Bvs, v;)) and suppose that
©) | By, w)| =1

for all unit vectors u in V,(R). Then every characteristic root of C lies
on or inside the unit circle.

Proor. Let x=(x1, - - +, ) be a unit vector in V,(R) and let

Uz = i %9; € Va(R).

g1
Since ||«|| =1 we have
mn mn
(4, us) = (Z %505 Z x:'vi)

J=1 J=1

m

= 2. x:&(v, v)

$,j=1

m
=2 | =l

=1

= 1.
In other words, u, is a unit vector in V,(R). Hence, by (5),
(6) | (Bu., u)| = 1.
We compute that

(Buz, u.) = (B i %504, i x,~v,->

=1 =1

Z %:%;(Bv;, v;)

$, =1

m
= Z x:%iciy

t,j=1

= (Cz%, %).

Thus, from (6),
™ | 2, 8| =< 1.

Now choose % to be a unit characteristic vector of C corresponding to
the characteristic root A; (of course,  is also a unit vector). Then (7)
immediately implies
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(8) [A| = 1.
CoRrOLLARY. If C and B are the matrices defined in the Lemma then
) | det (C)] = 1.

We are now ready to prove our main result. Let Ci(X) denote the
kth (Grassmann) compound matrix of X [2, p. 16]. Thenif v, - - -, v
is any set of k& vectors in V,(R) it is well known [2, p. 62] that

(10)  (CuX)u A\ - Ao A - A w) = det ((Xv;, v)))

where the indicated inner products are the standard inner products
in the respective vector spaces.

PROOF OF THE THEOREM. For the purposes of proving (4) we may
assume (by the standard continuity argument) that .S is nonsingular
and hence positive definite hermitian. Let S~'/2 denote the positive
definite square root of S~ and set B=S"1245"1/2, We prove that
[ (Bu,u) ] =<1forany unitvector . For, since the matrices S~1/24 ,5~1/2,
t=1, - - -, m, are positive semidefinite, we have

| (Bu, u)l = l (S—1/248 12y, u)|

l <S"”2 i weA S 2y, u)

t=1

I

Z pe(S~1V2 4,512, u)

t=1

(11) = f) | pe| (51124,5-1%u, u)

t=1

= (50 5 Ll 4571, )

t=1

= (S-1/255~V12, u)

= (I.u, u)
=1,
It follows from the lemma that if vy, - - -, v; is any orthonormal set
of vectors in V,(R) then
(12) | det ((Bviyv))| = 1.
Thus from (10) and (12) we see that
(13) | (Ce(S—12AS- Vo A - - - Awym A - - Aw)| S L.

Lete, - + -, €, be an orthonormal set of characteristic vectors of the
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positive definite hermitian matrix S corresponding respectively to
the characteristic roots o1, *+ + -, os. Then, if w=(w, - -, wk),
12w < »+ + <wip=<n, is any increasing sequence of & integers chosen
from 1, - - -, n, we have

(Ck(S-INAS—llZ)ewl /\ ce /\ Cupy Cwy /\ c /\ ewk)
= (Ck<A)Ck(S_l/2)e«u /\ ttt /\ Cuyy Ck(S_I/Z)ewl /\ s /\ ea:k)
= (Ci(A4)S %y N\ - -+ N STV2%,,, S™V2% N\ - - - NS 2%,,)

-1/2 -1/2 -1/2 -1/2

= (Ck(A)G‘ul Tt Ouwy eul/\ c e /\ €uiy Ouy * ot Ouy ewl/\ AR /\ewg)

k
= H o-"’t(ck(A)e‘"l /\ c /\ewka ewl/\ ttt /\ ewl‘)'

f=1

Thus from (13)

k
(14) (Ck(A)ewl AN Neay o A\ N ewk) = H Owge

t=1

Now, it is known that if ¢, - - -, e, form an orthonormal basis of
Va(R) then the N=(C; Grassmann products o /\ * ** Neay,
1= < - -+ <wi=nm, constitute an orthonormal basis of the space
of N-tuples. Hence from (14) it follows that [2, p. 18]

| Ex(4)| = | er(Cu(4)) |
=20 Ce(A)ewy A -+ = N Cupy €y A+ -+ N €up)
(15) < Z | Cold)ewy A -+ A oy A+ -+ A e |
=1

W =l
= Ek(S).

If equality holds in (15) then it must also hold in (11) and this in
turn implies (in case 4,, - + -+, A, are positive definite and therefore
(S-124,S-V2y, u)>0,¢=1, - - - ,m,) that us, - + - , um have the same
amplitude, i.e., they are nonnegative multiples of the same complex
number p. Conversely, suppose that u;=cp, ¢, 20, t=1, .-, m.
Then

| E(4)| =

E, (u iCtAt>l = | #l"Ek(i c,A,)

t=1 t=1
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= Ek(i | ul c,A,) = Ex(S).

te=1

COROLLARY. Let A and S be defined as in the Theorem and let X,

denote the k-square principal submatrix of X lying in rows
0= (01, ", w), 12w < orwp S 1.

Then

(16)

2 det (4.) | = 2 det (S.).

In particular, for k=1 we have

(17) | tr (A)] = tr (),
and for k=n
(18) | det (4)| = det (S).

The inequality (18) is due to Frank [1].
ProOF. These results follow immediately from the identity [2,

p. 22]

Ex(X) = > det (X,).
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