ON THE INTEGRAL MODULI OF CONTINUITY IN
L, (1<p<x=) OF FOURIER SERIES WITH
MONOTONE COEFFICIENTS

S. ALJANCIC

1. Introduction and results. Let f(x) be of period 27 and integrable
L, (1<p< ). The integral moduli of continuity of first and second
order of fin L, are defined by

wp(hif) = sup [fx + £) — @)

and

w(h;f) = Oigghilﬂx + ) + fl& — 1) — @],

respectively, where H |l denotes the norm in L,. The Lipschitz and
Zygmund classes A, and A} are then defined by w,(k; f) =0(k) and
wi(h; f) = O(h) respectively.

The problem of what can be said about the integral modulus of
continuity (of first order) of the functions of the class A} (1<p< ®)
was solved by A. Timan and M. Timan [6] for p =2 and in the gen-
eral case by Zygmund [7] in the following way:!

Ah|logk|UP for1 < p <2,

E AF = wy(k; é{
f » = wp(h; f) A,,h]loghlm for2 = p < .

Both estimates are best possible in general. Here we shall show that
the second estimate can be improved for a special class of functions.

THEOREM 1. If fEL, (1<p < @) has a cosine or sine Fourier series
with monotone coefficients, then

fE AF= wp(h;f) < Ah|log h|1e.

The example of the function f(x) = D s, n1/?=2 cos nx (1<p< »),
which belongs to A} and whose integral modulus w,(k; f) is
> C,h|log 1| Y/». Zygmund [7] shows that the estimate of Theorem 1
is the best possible.

Recently Aljanti¢ and Tomié [1] proved that if the sequence {p,,}
satisfies u, = un41—0 and for a fixed p (1<p< »)
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n—1 oo 1/p
(1) Z yi-lsy, = O(n*17u,) and { Z vp_zpj:} = O(n*'ry,),
y=1 yv=n

then
(2) wp(nY f) = A HPpa,
where f is the sum of either of the series
Lol 0
3) D HaCOSHE OF D upsSin .
ne=l n=1
We shall prove here a more complete result:

THEOREM 2. Let {u.} be a sequence which is monotonically decreas-
ing to zero and such that for a fixed p (1<p< »)

el 2
€)) 7 pm < .

ne=1

If f is the sum of either of the series (3), then

n—1 _ 1/p 0 . 1/p
(5)  wp(nhf) = A,,n—l{ > 2#3} + B,,{ v 2uf} .

=1 y=n

On account of A. Timan [5, p. 339]

n—1 1/p n—1
2p—2 p 1-1/p
{ 2: Fv} = Ap § : 14 My,
=1

v=1

the estimate (2) is included in that of (5). On the other hand, if
pa=n">with «>1—1/p,2 both (2) and (5) give the same estimate

wp(n~1;f) = O(n'=VP2) = O(n*~1/7u,) when a <2 —1/p,

but, for a=2—1/p, (2) cannot be applied because of (1), whereas (5)
gives

wp(n1; f) = O(n~log'/? n) = O(n*~2u, log /7 n).

As well as Theorem 1, the following theorem is partly based on a
special case of Theorem 2.

THEOREM 3. If pn = pn1—0, then

6) i n""zyi'; < o forafixedp (1 < p < )

ne=]

® o>1—1/p is necessary to guarantee the convergence of the series in (4).
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is a necessary and sufficient condition that the sum f of either of the
series (3)

(1) belongs to A, or

(ii) s equivalent to an absolutely continuous function whose deriva-
tive belongs to L,.

We remark that the results of Theorems 1-3 can be extended in an
obvious manner to higher moduli and derivatives respectively. For
example, for the modulus of order k, only the first term on the right
side in (5) is to be replaced by

n—1 1/p
(k+1)p—2 p
Ap.k"_k{ 2 I"} .

ym1

2. Proof of Theorem 2. We note first that condition (4) is both
necessary and sufficient that fEL, [8, Chapter XII, Lemma 6.6].
We shall prove the theorem for the cosine series, the proof for the
sine series being analogous.

On account of the symmetry of f(x)

swp {4 [ +0 - 1@ i} 1,,,

o<t sh

= s { [Tl -n-s@ et [t —f(x>lpdx}"p,

0<tsh

the function of ¢ in the braces on the right side being pair. Hence, it
suffices to evaluate

I

I= {j:r]f(am_ut)—f(x)lzuix}l for0¢ < k.

Let h=m/2n. Owing to (¢ +Db)'/? Zal/?+b'/? (p>1), we have
x/n 1/p
Is {f | f(x +0) —f(x)l"dx}
0

+ {fllf(x £ 1) = 1) |7 daf Y en+n

By Minkowski's inequality
P 1/p
> wysin dntsinv(x + 36) dx}

*/n
nea{
0 V=]

©) xin|
+ {fo Igy,[cos v(x £ ) — cosx]

@

n—1

? 1/p
dx} = Iu + Ilz.
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As, by Hélder’s inequality,
n—1 n—1 1/p
Z vy = Aﬁnllp{ E Vzp ’ ﬁ} ’
y=1 =1
we get
x/n / n—1 P 1/p n—1 292 p 1/p
9 I, = t{f (Zm,) dx} = Apn‘l{ > p,} .
0 y=1 y=1

For the latter of the integrals in (8) we find in virtue of ¢t <7/2n

P 1/p
dx}

P 1/p
dx}

0

> wy COS v

v=n

L]

x/ntt
meif 2
T/n|
+ {f D 1y COS v
0 y=n
3r/2n
=< (21/p + 1) {f
0

) 3r/2m
3{2

m=n 3x/2(m+1)

iy COS VX

? 1/p
dx}

P 1/p
dx} .

m m
é Z Hy + Wx_lﬂm-*-l § Z My + %(m + 1)/1m+1,
y=n

y=n

IIA

D iy COS ¥x

y=n

As, for 3r/2(m+1) =x<3n/2m (m=n, n+1, - - - ),

Dy COS v

r=n

we see that

P @
I < 4p Z m=? ( 2om) + B, 22 mp_2l-‘:-

v=n m=n

Hardy’s inequality [3, Chapter IX, Miscellaneous theorems and
examples 346

) m ? o
w m—z(z c.) <K, 2w (Caz 05> 1),
me=] pe=] m=1

with C,=0 for m <n and Cn=u, for m =n, shows that the first of
these sums is majorized by the latter. Hence,

© _ 1/p
11) mgm{Z#%}.

V=n

If D,(x) denotes the Dirichlet kernel, an Abel transformation
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combined with Minkowski’s inequality gives

T P 1/p
Iz é {f dx}
x/n

(12) ? 1/p
dx} = Izl +Izz.

> aw[D(x + 1) — Dy(@)]

=1

1L,

By dividing the interval (w/#, 7) in subintervals (wv/(m+1), ©/m)
(m=1,.--, n—1) and applying D, (x) =0@(2) for 0=<x=7 and
D) (x) =0(x"?)+0@wx)=0wx™) for w/v<x=m, one obtains in
such a subinterval

> Aw[De £ ) — D(@)]

v=n+1

> aw[Dy(z + 1) — D(@)]

= t(Z"' > >AI"| D)/ (z + 6,8) |
y=m-+1

y=1

n

= 00) 3 8+ O — )1 S vhm,  (—1<6,<1)

y=1 p=m+1

because, on account of x=m/(m—+1), the second estimate for D, (x)
is applicable to every member in the latter sum. If we remember that
by Abel transformation

n

m m n
Z v:Ap, = 2 Z Vibyy Z vAp, = E M+ Mpmyy,
y=1 y=1 y=m+1 ve=m+1

and observe that, owing to ¢=<w/2n, the inequality (x—f)—1<2x"!
(x=2¢) may be applied in any of the mentioned subintervals, we get
at last the following estimate:

> Aw[Dy(x + 1) — D()]

veul

= 0@t) X vur+ O(tm) X uy + O(m?unm).
ya=l y—m4-1

Thus,

n—1 x/m

=X

m=1% x/(m+1)

= 0(®) {gm‘2 < i vuv>P + :g me=2 @1 u.)p + ni '

=1 me=]

> AwlDia + 1) — D@ | dx

=1
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By Hardy's inequality (10) with C,=mu, for m <n and C,=0 for
m=n, the first of these sums is essentially majorized by the third.

The same holds for the second sum according to another inequality of
Hardy [3, ibid.]:

Z}lm-c(zc> <K, Z;m’"‘ Cn  (c<1,Cnz0,p>1),

if we choose ¢=2—p and Cp=pmn1 for m<n and C,=0 for m=n.
Hence,

1/p
(13) In < A,,n—l{ Z o f} .
y=1
Lastly,
*+7/2n 0 P 1/p
I, = Z{f > AwD,(x) dx}
x/2n p=n+1
L 1/p
= 0(,‘,.){ w dx} = O(n*zy,).
*/2n
As
-1, 1/p n—1 l/p
{ E Vzp 2 p;} > Mn—l{ E v2p—2} = C,,nz‘”pp.,.,
=1 re=1
one finds
n—1 1/p
(14) In < A,,n‘l{ > vz”‘zu’:}» )
y=1

Collecting in (8) and (12) the estimates (9), (11), (13) and (14),
from (7) follows Theorem 2.

3. Proof of Theorem 1. Recently, Konju$kov [4] called attention
to the fact that if fEL, (1 <p < ») has a cosine or sine series with
monotone coefficients,? then

(5) wp(nh f) 2 Con'~Vop,  (Cp > 0).

Konjuskov deduced (15) from his results about the relationship be-
tween the best trigonometric approximation of f in L, and the
Fourier coefficients of f. As (15), together with a special case of Theo-
rem 2, is essentially in the proof of Theorem 1, we give here a direct

8 He even supposed that for a fixed >0, the sequence #"u, is only almost de-
creasing. His result is not limited to the modulus of second order only.
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proof of (15). It is based on the following identity, easily verified:

19 = [ ) = 1) = 1o = D] Tmnle) 45 = 3 o sine o,

where T, »(x) = )., cos vx and fis a cosine series. If we set t=7/n
in (16) and choose m = [n/2], then
i 7z 1 2 m?
Dowpsin? — 2= — > v, 2 —pu(n — m+ 1) = Chpn.
— 2n N ,m n?

On the other hand, in virtue of Hélder’s inequality,

T 1/p
s e [+ w/n) + 166 = w/m) = 312 )
= A?””’“’J(""/”?f):

because (1/g=1—1/p)
f_:l Tn(%) [9d2 = Z{L*/”O(n‘l) dx + j;:nO(x-q) dx} = O(n+Y).

Hence, (15) follows.

The proof of Theorem 1 is now immediate. If u, are the coefficients
of f and wj(n~'; f) SA,m~, then, according to (15), w,<Bn2+1/»
and one has only to apply Theorem 2 in this special case.

4. Proof of Theorem 3. On account of the well-known theorem of
Hardy and Littlewood [2], which asserts the equivalence of (i) and
(ii) in the general case, we have only to prove that (6)=(i) and that
(i1)=(6).

(6)=>(i). Because of s,= Y " »?~%? < 0, an Abel transformation
gives

0

=3 5 (s, — $i1) = O(n~?).

y=n =n

Hence, the second term in (5) is also of order O(n~1), i.e. fEA,.
(ii)=>(6). The proof proceeds, with necessary changes, along the
same lines as the necessity part in the proof of Lemma 6.6 in [8,
Chapter XII], and is adapted for the sine series.
Let
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F(x) = fozf(t) dt = i 7, 1 — cos nx.

n=1

Then, even simpler than in the proof of the cited lemma, F(w/z) = Cu,.

If we set
cwy=[allr .
@= [ af 1wl

then F(x) £G(x). Hence, applying twice Hardy’s inequality [8,
Chapter I, p. 20], we get

had . fad . o x[(n—1) G x) P
> n’ 2;4: <4, n” 2Gp(7r/n) <4, [ ( )] ¥ Pdx
n=2 n=2 n=2"Y w/n X

G(x)
x

= A,,for[ ]px—pdx < A,L,r(‘frlf’(t)ldt)px—?dx

<4, [T1r@Pbar< s,
0

which completes the proof of Theorem 3.
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