A NEW GENERAL SERIES OF BALANCED
INCOMPLETE BLOCK DESIGNS

C. RAMANUJACHARYULU

0. Summary. Let v be any integer with s; the least prime power
factor, the other prime power factors being sz, - - -, Sm. Assume v is
odd and consider the cartesian product of the m Galois fields
GF(s1), - - -, GF(sm) of orders 51, - - -, s, respectively. Let x; denote
the primitive root of GF(s;), 1=1, 2, - - -, m. Then labelling the
points

j J J .
ai'flz(xl)x%""xm)’ ]=0,1,"',31—2;

and arbitrarily labelling the remaining points « of the product space,
defining addition and multiplication of a's coordinate-wise in their
respective fields, we take the initial blocks.

©, By, Bras, - - -, Brax—1)

(0, Baas, Bocra, + - -, Brctk—1)

0, Bo-1y/201, Be—1)/223, * * * 5 B—1)/221)
where 2<s; if m>1 and k<s; if m=1; 0=(0,0, - - -, 0) and B3;’s
are such that no two 8;'s add up to 0 ( =the null vector): The theorem
proved here is that by adding each of the points 3,,7=0,1, - - - ,9—1

of the product space to each of the above initial blocks we get a
Balanced Incomplete Block Design with the parameters

< vy —1 kov—1 k-k—l)
v, . .k,
2 2 2

which is a new series generalising the series given by B. J. Gassner
(Equal difference BIB designs, Proc. Amer. Math. Soc. 16 (1965),
378-380).

1. Introduction. Let G be an abelian group of order v. A set of &
distinct elements of G is called a difference set if the k-k—1 differ-
ences of the elements of D contain every nonzero element of G, A
times. These definitions are generalised and in place of a single set D,
one can take ¢ initial blocks of % elements each where the ¢-k-k—1
differences from the ¢ blocks contain every nonzero element of G the
same number of times.
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Let GF(s;) denote a Galois field of order s;,2=1, 2, - - - , m and x;
be a primitive root in the field. Let v be an odd integer with the fol-
lowing prime power decomposition:

1 Cm
v=p1 ...pm=sl.52...sm

where s;=pji;1=1,2, - - -, m.
Assume that s, is the least prime power factor of v and let 8 denote
a general element of the cartesian product G of the m fields

G = GF(s1) * - - - * GF(sm).
Let us label some of the 8’s by a’s as follows:

i i )
ajp1 = (%1, %2, * * *, %), F=0,1,-++,5—2,

a = (0,0, ---,0).
Let B denote the set of points:
B: (ag, a1, * + + , 0g—1)
where k<s;if m>1 and k<s; if m=1.
2. Some lemmas on B.

2.1. LEMMA. Let o and oy be any two distinct elements of B. Then
o, and a,—oq have multiplicative inverses defined.

Proof follows easily since no coordinate of either a. or a. — o is zero
and hence a multiplicative inverse exists for each coordinate in their
respective fields.

2.2. LeMMA. If a.EB, ¢#0, 1 and m>1, then a; ' & B.
For, otherwise if a d exists such that
QAeQd = Qetd = o
then
(2.2) ¢+d=0 mod{(si—1),(s2— 1), (55— 1) - -+, (5w — 1)} - - -

since ¢, d Sk1—1=s51—1 and ¢#d, and the fields are all odd; ¢c+d can
take at most the value 2(s;—1)—1. Thus if c+d=s1—1 then c+d
#0mod (s;—1)7=2, - - -, m. Hence in no case can (2.2) be satisfied.

2.3. ProposITION. A set T of (v—1)/2 points B;, j=1, 2, - - -,
(v—1)/2 can be selected from the product space G such that if B;E T,
—B;&T.
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3. THEOREM. From the initial blocks

Bi: (0, Bray, Bras, - - -, Brok—1)

Bs: (0, Bsar, Baatz, - - -, Bectk—1)
Bu_1y2: (0, Be—1y/201, Beo—1y/202, * * * , Bo—1)/206—1)
on adding B;,1=0,1, 2, - - -, v—1 to each element of each block a bal-
anced incomplete block design with the following parameters results in:
v =y,
9 — 1
b= v
2
?— 1
r=kh—0oH
2
k =k,
E—1
2
PRrooF. {Bj}, j=0,1, 2, -, 9—1 are the v elements of G: the

product space of the m fields taken as treatments. First we establish
that each initial block contains distinct elements then every two ini-
tial blocks are distinct if m>1 and finally that every treatment ap-
pears 7 times and every pair of treatments appears \ times.

If B; had contained two identical points then we should have:

Bija. = Bjaa, cHEdC |, k=1,
i.e.
Bj(ac — ag) = 0.

Multiplying by (a.—a4)~! we should have 8;=0 which is not true.
Hence B; contains distinct elements.
Consider

Bj = (0, Bjay, * + +, Biaw—1)
and
B; = (0, Biay, - - -, Biar—1)
If Bjo1 & B; then B; and B; are distinct blocks. If 8;a1€& B; then we
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show that ;01 & B;. Deny this and let Bjou =B, 1 =c<k—1. Then
Bion =P =Bjo:! (¥ =a for ey=af=(1,1, - - -, 1). But o' &B
and hence B € B;.

Thus the b blocks are distinct, we will show that each treatment
appears 7 times. Let 8 be any point in G. Consider the v blocks gen-

erated by B; for some fixed j, j=1,2, - - -, (v—1)/2. Let

B — Bjae =B, forc=0,1, - - k—1
then B appears in the k blocks {B;+8.}, ¢=0, 1, - - -, k—1. Hence
as j=1, 2, - - -, (v—1)/2 we observe that every treatment appears

in r=k—(v—1)/2 blocks.

Now we proceed to determine N. Consider any two points Ba.
#Zog1EB1. Let Bi(ac—aq) =fie. Then in the initial blocks B; the
corresponding difference is B;c. The differences {B,a, —B,a} j=1, 2,
-+ +, (v—1)/2 are all distinct. For if 8,0 =8;, a then multiplying by
o~ ! we should have j=j or if ;o= —B;a then again (8;48;)=0
which is not true by choice. Thus in the initial block the differences
between ¢ and d elements produce all the nonzero elements of G
exactly once. Given two points 8; and §; let 8;—83;=pf say. In the
initial block choose any two distinct points a. and «; then there

exists a unique 8;, [=1, 2, - - -, (v—1)/2 such that
B — Bia = B,
since *(ac—aa)Be, t=1, 2, -, (v—1)/2 gives all nonzero B’s

exactly once. In the set of v blocks generated by B, then, 8; and B;
occur together in exactly one block. Since we have Ci. pairs of
(ce, a) every pair of treatments appears in k-k—1/2 blocks.

An example of v=9, b= 36, r =16, k =4, A =6, constructed using the
4 initial blocks

©,1, -1,2); 0,2, —2, —1); 0,2+ 1, —x — 1, x — 1);
O, x—1,—x+1, —x —1);
in the field GF(3?) with the irreducible function x2+1=0:
(1234 (2316) 3128 (1453) 2691) (3872)
(1678 (2845) 3496) (1897) (2457 (36509
(4685 (5971) (6849) (4518) (5147) (692 4)
(4937 (5283) (6715) (4723) (5368) (651 3)
(7593) (8467 (9752) (7389) (8736) (926 5)
(7162 (8529) (9341) (7246) (8912 (9138 4)
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