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0. Summary. Let v be any integer with si the least prime power

factor, the other prime power factors being s2, • ■ • , sm. Assume v is

odd and consider the cartesian product of the m Galois fields

GF(si), • ■ • , GF(sm) of orders si, ■ • • , s„ respectively. Let xt denote

the primitive root of GF(s<), i=l, 2, • ■ ■ , m. Then labelling the

points

aj+i = (xi, Xi, ■ ■ ■ , xm),       j = 0, 1, ■ ■ • , si — 2;

and arbitrarily labelling the remaining points a of the product space,

defining addition and multiplication of a's coordinate-wise in their

respective fields, we take the initial blocks.

(0, /?iai, 8ia2, ■ ■ ■ , 0iak-i)

(0, fi2ai, 82a2, ■ ■ ■ , 82ak-i)

(0, 6(v-i)/2ai, 6(v-i)j2a2, ■ ■ ■ , 8(v-i)izak-i)

where k^si if m>l and k<si if m = l; 0 = (0, 0, ■ • • , 0) and B/s

are such that no two B/s add up to 0 (= the null vector): The theorem

proved here is that by adding each of the points Bj, j = 0, 1, • • • , v — I

of the product space to each of the above initial blocks we get a

Balanced Incomplete Block Design with the parameters

/    vv — 1    k-v — 1        k-k — 1\
[v,-, k,-)
\ 2 2 2      /

which is a new series generalising the series given by B. J. Gassner

(Equal difference BIB designs, Proc. Amer. Math. Soc. 16 (1965),

378-380).

1. Introduction. Let G be an abelian group of order v. A set of k

distinct elements of G is called a difference set if the k-k — 1 differ-

ences of the elements of D contain every nonzero element of G, X

times. These definitions are generalised and in place of a single set D,

one can take t initial blocks of k elements each where the t-k-k — l

differences from the t blocks contain every nonzero element of G the

same number of times.
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Let GF(s,) denote a Galois field of order s;, i= 1, 2, ■ • • , m and x<

be a primitive root in the field. Let v be an odd integer with the fol-

lowing prime power decomposition:

<1 'm

v = px   ■ ■ ■ pm  = Sl'S2 ■ ■ ■ sm

where s,=$<; * = 1, 2, • • • , m.

Assume that si is the least prime power factor of v and let /3 denote

a general element of the cartesian product G of the m fields

G = GF(ji) * • • • * GF(v>.

Let us label some of the j3's by a's as follows:

dj+i = (xj, x2, • • • , xm),       j = 0, 1, • • • , si — 2,

ao = (0, 0, ■ • • , 0).

Let P denote the set of points:

B: (a0, ai, • • • , a*_i)

where k^si ii m>l and k<si if m = l.

2. Some lemmas on B.

2.1. Lemma. LeZ ac and a<j 6e aray two distinct elements of B. Then

ac and ac—an have multiplicative inverses defined.

Proof follows easily since no coordinate of either ac or ae—aa is zero

and hence a multiplicative inverse exists for each coordinate in their

respective fields.

2.2. Lemma. If acEB, c^0, 1 and m>l, then ar1^^-

For, otherwise if a d exists such that

acatd = ac+d = ao

then

(2.2)    c + d = 0 mod{isi - 1), (s2 - 1), (j, - 1) ■ • ■ , ism - 1)} • • •

since c, d^ki — 1 ̂ Si —1 and c^rf, and the fields are all odd; c+d can

take at most the value 2($i — 1) — 1. Thus if c+d = Si — 1 then c+d

7^0 mod (5, —1) t = 2, • • • , m. Hence in no case can (2.2) be satisfied.

2.3. Proposition. A set T of (d-1)/2 points Bh j-1, 2, • • • ,

iv— I)/2 can be selected from the product space G such that if fS,-ET,

-ft€r.
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3. Theorem. From the initial blocks

Bi: (0, /3iai, /3ia2, • • • , j8ia*_i)

B2: (0, j82ai, /32a2, • • • , |82aA_i)

P(r-i)/2: (0, /3(,_i)/2ai, /3(„_i)/2a2, ■ • • , ^(,_i)/2a*_i)

ora adding /3,-, i = 0, 1, 2, ■ • • , w—1 Zo eac/j element of each block a bal-

anced incomplete block design with the following parameters results in:

v = v,

V - 1
b = v-

2

v - 1
r = &->

2

A- 1
X = /fe-

2

Proof. {(3/}, j' = 0, 1, 2, • • • , t>—1 are the v elements of G: the

product space of the m fields taken as treatments. First we establish

that each initial block contains distinct elements then every two ini-

tial blocks are distinct if rat>l and finally that every treatment ap-

pears r times and every pair of treatments appears X times.

If Bj had contained two identical points then we should have:

0jOtc = facta,        c 9* dE {l, ■ • ■ , k — l},

i.e.

&(«. - ad) = 0.

Multiplying by iac — cu)~l we should have /3, = 0 which is not true.

Hence Bj contains distinct elements.

Consider

Bj = (0, foal, ■ ■ ■ , fra*-i)

and

Bi = (0, faai, ■ ■ ■ , /8,-ot_i)

If (IjaiEBi then Bj and B{ are distinct blocks. If /3/ai£Pi then we
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show that BiaiEBj. Deny this and let Bjai=Bauc, l^c = k — l. Then

Biai = 8jaTla\ = Bja7l (a2=ai for ai = a\ = (l, 1, • ■ • , 1). But a7l EB

and hence B&i EBj.

Thus the b blocks are distinct, we will show that each treatment

appears r times. Let 8 be any point in G. Consider the v blocks gen-

erated by Bj for some fixed j, j=l, 2, ■ ■ ■ , (» —1)/2. Let

8 - 8jac = 8c   for c = 0, 1, ••    , k - 1

then 8 appears in the k blocks {Py+p\,}, c = 0, 1, ■ ■ ■ , k — 1. Hence

as j=l, 2, ■ ■ • , (v —1)/2 we observe that every treatment appears

in r = k — (v —1)/2 blocks.

Now we proceed to determine X. Consider any two points Biac

9*adBiEBi. Let Bi(ac — ad) = 8ioc. Then in the initial blocks Bj the

corresponding difference is Bja. The differences {Bja, — Bja} j=l, 2,

■ ■ ■ , (v —1)/2 are all distinct. For if 8ja = 8j> a then multiplying by

a-1 we should have j=j' or if /3ya= — 8j>a then again (j8y+/3y)=0

which is not true by choice. Thus in the initial block the differences

between c and d elements produce all the nonzero elements of G

exactly once. Given two points p\- and Bj let Bi — Bj = B say. In the

initial block choose any two distinct points ac and ad then there

exists a unique Bi, 1=1,2, ■ ■ ■ , (v —1)/2 such that

8iac — 8tad = 8,

since +(ac—ad)8t, t = l, 2, • ■ ■ , (w —1)/2 gives all nonzero B's

exactly once. In the set of v blocks generated by Bt then, Bi and Bj

occur together in exactly one block. Since we have Ck,2 pairs of

(ac, ad) every pair of treatments appears in k-k —1/2 blocks.

An example of v = 9, b = 36, r = 16, &=4, X = 6, constructed using the

4 initial blocks

(0, 1, -1, x); (0, x, -x, -1); (0, x + 1, -x - 1, x - 1);

(0, x — 1, —x + 1, —x — 1);

in the field GF(32) with the irreducible function x2 + l =0:

(12 3 4) (2 3 16) (3  12 8) (14 5 3) (2 6 9 1) (3 8 7 2)

(16 7 8) (2 8 4 5) (3 4 9 6) (18 9 7) (2 4 5 7) (3 6 5 9)

(4 6 8 5) (5 9 7 1) (6 8 4 9) (4 5 18) (5 14 7) (6 9 2 4)

(4 9 3 7) (5 2 8 3) (6 7 15) (4 7 2 3) (5 3 6 8) (6 5 13)

(7 5 9 3) (8 4 6 7) (9 7 5 2) (7 3 8 9) (8 7 3 6) (9 2 6 5)

(7 16 2) (8 5 2 9) (9 3 4 1) (7 2 4 6) (8 9 12) (9 18 4)
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