ON HIGH INDICES THEOREMS
J. S. RATTI
1. A series -
D o
Nl

is said to be lacunary if all its terms are zero, except perhaps for a set
of indices

0<n<n< -
which satisfy the condition
niy1/ni = ¢ > 1, i=1,2,---.
Throughout, let {\,} be a sequence of positive numbers such that
1= <<

and let Za,. be the given infinite series.
The series 2 a, is said to be summable (4, \) if

1.1) flx) = Z a» exp[—An2x]

converges for x>0 and lim f(x) as x—0 exists and is finite.
The Dirichlet series (1.1) is called lacunary if the A, satisfy the
condition

(12) )\n+1/)\néq>1, n=1,2.--.

The series ) a, is called | 4, A\| summable if the series (1.1) con-
verges for x>0 and f(x) is of bounded variation in (0, «).
We write

A =Y (¢ =) 'an

A<z

f " — DA,

I

D) = A = 3 an,

A<z
A:(x) =0 forx=<1and k> — 1.
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We also write

Ba(®) = X (x — Au)* Antn.
A<z
The series Za,. is said to be summable (R, \, k) to the sum s, if
lim x~*A*(x) =s as x— « ; the series is said to be absolutely Riesz
summable with index m, or simply ]R, A, k| = summable if

m

Z TN @) dr< o

[
xm—l
1 dx
where £>0, m=1, and km'>1 (1/m+1/m’=1). The first theorem
of consistency for |R, A, k|,,. summability has been proved by
Mazhar [4].

We say that the given series Y _a, is summable IR, N\, kB, 'y| m if

i )| dr< w

© d
xm'y+m— 1
1 dx

where k>0, km’'>1, k>~vy—1 and v is a real number.
|R, A\ k, 0| = summability is the same as IR, \, k’ = summability.

2. The Hardy-Littlewood “high indices” theorem [1] asserts that
for a lacunary series Abel summability implies convergence. Zygmund
[6] has shown that if Y a, is summable |A, A| and the \, satisfy
(1.2) then Y a, is absolutely convergent.

Waterman [5] generalized Zygmund’s result and proved the fol-
lowing theorems.

THEOREM A. If the series f(x) = D_a, exp [—N\.x] is lacunary, m>1,
and

f (A — et /() rdy < o0
0
then

2 ol < e

n=1

THEOREM B. If the series f(x) = Y a, exp [—N\ux] is lacunary, m>1,
1<B8=m, and

f O |f'(@) |mde < o

then
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Z |dn[m m—ﬂ

n=1
The following theorem is due to Hardy and Riesz [2].

Tueorem C. If Za,. is summable (R, \, k) and N,’s satisfy (1.2),
then Y a, converges.

3. We prove the following theorems.

THEOREM 1. If (i) D_a. is summable | R, N, k| m,

(ii) f(x)= D a. exp [—N.x] converges for x>0, and

(iii) the N, satisfy (1.2), then ) | anl'”< ©.

THEOREM 2. If Za,. 1s summable | R\ &, 'y| m 0<yY=1—1/m, and
the \, satisfy (1.2), then Y| a.|™ " < .

I wish to thank Professor Waterman for suggesting the problem

and for his valuable guidance.
3.1. The following lemmas will be used to prove our theorems.

LemMA 1 [3]. If B¥(x) is the (R, \, k) sum of the series Y an\,, then
for k>0

d —k k —k—1_k—1

— (x Ax(x)) = By (%).

dx
LemMaA 2 [2], [3]. If k> —1, p>0, then
re+p+1) RaoN
T + 1)r(p>f =0 A0

LEMMA 3. If > a., is summable | R, \, k|, then it is also summable
| R, N\, b|wm for h>E.

ProOF oF LEMMA 3. Summability | R, N, | . of 2 a, with Lemma 1
implies

A7 () =

f T B ) [T e < o0,
1

and to prove the lemma it is sufficient to show that

f T By @) [T de < oo

1

Let h=k+p, p>0. Applying Lemma 2 to the series _a.\, we have

B lx) = M f "o — "By ) a.
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Throughout this paper M denotes a positive constant which is not
necessarily the same at every occurrence.
Applying Hélder's inequality, we have

B i) "= M { fl “w— )" BT lmdt} { fl o — t)p_ldt} "
< M7 f w0 BT e

Therefore

f x-—mh—ll B),:—l(x) lm i
1
<M f T gy f G — 0" B | de
1 1
=M f | By ) |" de f x— 0" % ™ da
1 t

m dt

=M f 7N B
1
<

LEMMA 4. Let y>u, m>p=1. If X a, is summable | R, N, k, v|m
then it is also summable IR, Nk, u| -

ProoF oF LEMMA 4. Under the hypothesis of the lemma we have
to show that

I = f xm‘_pk—ll Bx_l(x) " dx < o.
1

Using Hoélder’s inequality with indices m/p and m/(m—p) we have

© m plm ® e 1—-p/m
I { f xm-'"k‘l[ B,;_l(x)l dx} { f v dx}
\ 1 1

where
= pm(y — u) >0
m—p
and the conclusion follows immediately.

LeMMA 5 [2]. If f(x) = D a. exp [—Nax] converges for x>0 then
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i) = M2 f e " dr.
1
4. Proof of Theorem 1. From Lemma 3 we have summability

| R, \, k| m of 2 a, implies its summability | R, N, k+1|m. Thus we
have

(4.1) f wx""k‘”'"] Ba(@)|"dw < .

Applying Lemma 5 to the series f'(x) = — 2_a.\, exp [ —Anx] we have

F) = — M2t f Ba()e ™ dt
Let
I =j; (1 — =)™ f/(x) | dx
< j; °G(e:c — 1)t f(x) |m da.
Thus

f B¥(t)e~=t dt
1

Let us choose p such that 1<p<m/(m—1); this is possible since

m>1. Let 1/p+1/p'=1.
Applying Hélder’s inequality to t-integral of (4.2) we have,

I < Mf (e - l)m.1 km+m dx {f IB'{(t) |me~m”pdt}
1
0 m—1
. { f e~m'ztlp’ dt}
1

§ Mf (ez . l)m—lka-H f l B)\(l) |m —mzt|p dt
0
= Mf | B;(t) Im dtf (ez — l)m'lx"'"‘f-le—mz;/p i

= Mf le(t) Im R 2dtf (e - m_l. e

4.2) I<M f (65 — 1)m—lyhmtm g
0
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Since for t=1, e*/t—1 Ze*/t, we have
® —mk—m—1 k m *® km+1 —(m/p— z
I<Mft |B)‘(t)|dtfx+e D o,
1 0

The x-integral converges since m/p—m-+1>0. This together with
(4.1) implies I < .

Thus all the conditions for Theorem A are satisfied: the conclusion
follows.

REMARK. For m=1, i.e., when Ea,, is summable IR, A, k|, condi-
tion (ii) of Theorem 1 is redundant. In this case summability | R, A, k|
obviously implies summability (R, N\, k) and if the \,’s satisfy (2.1)
then by Theorem C, D _a, converges.

Proor oF THEOREM 2. The proof is analogous to that of Theorem 1,
except that the condition (ii) of Theorem 1 may be omitted. This is
justified by Lemma 4 and the remark above, and the conclusion fol-
lows from Theorem B of Waterman.
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