ON THE MULTIPLICATION OF TENSOR FIELDS
W. GREUB AND E. STAMM!

Let M be a paracompact n-dimensional manifold of class C¥t!,
T(x) the tangent space of the point x& M and T'(x)* the dual space.
A real valued (p+r7)-linear function ®(x) with p arguments in T(x)
and 7 arguments in T'(x)* is called a tensor of type (p, r) at the point
x. The tensors of type (p, 7) at x form a linear space T,(x). The prod-
ucts of two tensors & T (x) and ¥ E T;(x) is defined by

(BU)(x; &1 - - - Eppoy £ - - - EF7FY)
= &(x; &1 - - - Ep, EX - - - E¥T)
W(@; Epr1 - - Eprg, XL - - EFTY),
L ET(), € T)*

A tensor field of type (p, r) and class C* on M is an assignment of
tensors of type (p, r) to the points of M such that the components
with respect to a local coordinate system are C*-functions. The set
of all tensor fields of type (p, r) and class C* is a module T} over the
ring F of C*-functions on M. The multiplication of tensors induces a
multiplication of tensor fields in an obvious way. Now consider the
F-bilinear mapping

T X Thy— Tpeq

which is defined by the multiplication. This bilinear mapping induces
a F-linear mapping

b Th® Th— Tore

such that
e Q@ V) = &-V.
We shall prove in this paper the following
THEOREM. h: T;® T3— T, 18 is an isomorphism.

For the sake of simplicity we restrict ourselves to covariant tensor
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fields, i.e. tensor fields of type (p, 0) and write T, instead of . How-
ever, the argument can be carried over word by word to the general
case.

Before giving the proof of the theorem we state some corollaries
and show how they can be deducted from the theorem. We are in-
debted to the referee for the suggestion to include the Corollaries 3
and 4.

CoROLLARY 1. Let (T,)* be the dual of the F-module T?. Then
.k 8. ¥ r LR
(Tp) ®(T) =(T,® 1T .
PRrooF. There exists a canonical F-isomorphism
T T %
¢p: (Tp) — T:’

(cf. Helgason, Differential geometry and symmetric spaces, Academic
Press, New York, 1958; p. 15). Since all maps in the diagram

Tyt e @y 28 et L
li
* r+e
(7@ Ty ——s (25" 22 g2
are isomorphisms it follows that

748

()" o (dka) 0o (85 ® b0)
is an isomorphism of (77,)*®(T,)* onto (T, ®T)*.

COROLLARY 2. The abstract pth tensorial power @ T is isomorphic to
T, under h.

Proor. This follows immediately from the theorem.
Symmetric Tensors. Let S: @ ?T1—@®7? T; be the operator of sym-
metry defined by

1
S ® - - - @wp)=FEwa(l)® ce e ® @@

where ¢ runs through all permutations of p objects. The symmetric
product V* T is defined to be the F-module Im S C®~ T;. Denote
by 4: V? T17—@®~* T} the inclusion homomorphism. On the other hand
consider the submodule S, CT), of symmetric tensors; let 7': S, — T,
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be the inclusion homomorphism. ® is in S, if and only if for any per-
mutation ¢ and any vector fields ;, - - -, £, we have (6®) (&, - - -, &)
=P(Ew, - b)) =PE - -, Ep).

CorOLLARY 3. The F-isomorphism h: @» Thv—T, induces an F-
isomorphism h: N» T1—S, such that hoi=14' o k.

Proor. One easily verifies that Im(ho7)=Im ¢ ; then defines
h=1"'ohoi. q.ed.

Exterior Forms. The pth exterior power A? T; is the quotient F-
module @7 T1/N where NCQ®? T is the submodule generated by
the elements ®&®*? T such that 7® =& for some transposition 7.
The operator @ of antisymmetrization is defined by

1
QP = ;" ZV: GG'O'CI),

where o runs over all permutations of p objects and ¢, is the sign of
the permutation ¢. Let NyC®? T be the kernel of @. According to
Bourbaki, A4lgébre, Chapter 111, p. 60, 2¢ edition, we have N CN;.
But on the other hand by Proposition 3 in Bourbaki, loc. cit., p. 58,
for any ®EQ®7» 71 and any permutation ¢, we have ®—¢,-cPESN.
Therefore

> (P —€ed) EN

or pld—a@PEN. Hence, if PEN;, then PEN. Whence N1=N.

Now let h: ®?» T1—T, be the isomorphism of our main theorem,
m:®? T1—A? 17 the canonical projection homomorphism and
@': Tp,—A4,CT, the antisymmetrization map in T, A, consists of
the antisymmetric tensors or global p-forms.

COROLLARY 4. h: ®? T1'—T, induces an F-isomorphism h: \? T
—A, such that hor=@' o h.

Proor. We have shown that Ny= N or equivalently ker @ =ker 7
=N. It is easy to verify by computation that ko @= @' o k. Then
k(ker ) =h(ker @) =ker @' and this proves that % exists and is an
isomorphism.

We proceed to the proof of the main theorem.

LemMA 1. Let U, be a system of coordinate neighborhoods on M such
that

UeNUsg= ifa®p
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and A be a compact subset of U,. Then there exists a system of n tensor
fields w*& Ty such that the n tensors w'(x) are linearly independent for
every xE U, Ae.

Proor. In each U, there exists a system of # tensor fields & of
order 1 in U, such that the tensors @.(x), (=1 - - - ) are linearly
independent at every point x & U,. Now let %, be a C*-function on M
such that the carrier of %, is compact and contained in U, and that

he =1 in A..

Define , by

; {haa: in U,
0 inM—U,
and ' by

Then w'is a tensor field of order 1 on M. Now let x&U, 4} be an arbi-
trary point. Since the compact sets 4, are mutually disjoint the point
x belongs to precisely one of them, say to A.. This implies that

(@) = ha(®)bulx) = da(2)
i.e., the tensors wi(x) are linearly independent.

LemMmA II. Consider the sets U, and A. given in Lemma 1. Then
there exists a system of n tensor fields w*E& Ty with the following prop-
erty: Every tensor field ¢ © T, whose carrier is contained in Uy A. can
be written in the form

P 3) WP R
)

where the N,,...,, are scalar functions on M whose carriers are contained
in U, A

Proor. Choose a system of open sets B, with compact closure
such that

AGCBGCEaC Ua.

Applying Lemma I to the compact sets B, we obtain n tensor fields
w'& T, such that the tensors w(x) are linearly independent for every
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xEU, B.. Hence, we can write

(1) (@) = 2 Nopeem, ()01 (x) - - - w(x), xE U B,
(») a

where the coefficients are C*-functions in U, B.. Since the carrier

of & is contained in U, 4. the same must be true for every function

Xsy...s, Hence, a system of C*-functions M\,,...,, can be defined on

M by

Nopeeory in U B,,
Then
@ B(2) = 20 My (D)"i(@) - - w()

(v)

for every point x& M. In fact, if x&U, B,, the relation (2) follows
from (1) and otherwise both sides of (2) are zero.

LemwMma II1. With U, and A. as in Lemma 1 consider any 2r tensor
fields €T, and VIET, where the carriers of the ®7 are contained in
UoA .. Then the relation

3) Z ®iWi=0

I

implies that
> ®i @ ¥i=0.
i

ProoF. Choose the B, as in Lemma II and let w® be the tensor
fields constructed in Lemma II. Then ®/ can be written as

B = 3N @ W,
)
It follows from (3) that
4) > )\{,,...,pw”l <t =0,
i o

Since the tensors wi(x) are linearly independent for every x&Ua Ba
the relation (4) implies that



1966] ON THE MULTIPLICATION OF TENSOR FIELDS 1117

3) > )\il...,p(x)\lff(x) =0, x € U B..

by Lemma II the carrier of X,...,, is contained in U, 4. and hence
in Uy Be. Thus (5) holds for every xE M, i.e.

ALY =0
i
Now the bilinearity of the tensor product yields

S QU=3 (in,...,,wn . -w) ® v
i

i )
j )
— (wn. . .wx'p®z:)\,l...,,"‘1’>=0.
7

LemMMA IV. Let M be a paracompact n-dimensional manifold. Then
there exists a locally finite covering by open sets VEwherek=0,1, - - -, n,
(no=m) and a €3 (3 index sets) subject to the following conditions:

(i) VEis compact,

(ii) V¥ is contained in a coordinate neighborhood,

(iii) VEINVEi= for a=8.

PROOF. Since M is a manifold, we may consider the covering { U }
consisting of all relatively compact coordinate neighborhoods. M is
paracompact and hence there is a locally-finite refinement {S} of
{U}. As a paracompact space, M is normal; M has dimension 7,
hence {S} has a refinement {R,} of order <#. (See C. H. Dowker,
Amer. J. Math. (1947), p. 211, together with W. Hurewicz, Dimen-
sion theory, Princeton Univ. Press, Princeton, N. J., 1941; Theorem
V8, p. 67.) Again, since M is paracompact, there is a locally finite
refinement { W, } of {R,} with index set a subset of the former index
set and W,CR,. For if {Zp} is a locally-finite refinement of {R,.
choose u(B) such that ZgC R, and put Wu=U,@=s Zs. Then { W,
is locally finite and of order #,<#. There exists a partition of unity
{¢x} with carrier ¢, CW,. Of course carrier ¢, is compact. Given
k+1 different indices o, - - -, pux put @=(uo - - - ux) and consider
the sets

k .
Ve = {xl r& M, d’n(x) < Min [¢no(x)a ] ¢#k(x)] nFE g, ;I-‘k}-
Each Vis open and V2N V3= for aB. Furthermore,

Vf, C (carrier ¢,g) M - - - M (carrier ¢,,).
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Hence V is compact and contained in some W,. Therefore it is con-
tained in a coordinate neighborhood. Since the order of the covering
{W,.} is no, for E>n, the sets V% are void. The sets V¥ (0=k<n,)
cover M since for every x & M some ¢,(x) >0. The covering { V:‘} is
locally finite since { W,.} is and hence it has all desired properties.

THEOREM. The homomorphism h is an isomorphism onto T py,.
Proor. Consider the covering
ny k
(6) M = U U Va
k=0 «a

constructed in Lemma IV. Since M is paracompact and the covering
{ V,f} is locally finite we can choose an open subset WZ in each V}
such that

0 WeC Va

and

(8) U uw =n
k=0 a

It follows from (7) and the property (i) in Lemma IV that the closures
W5 are compact.
Put

W'=UW. (=0---n)

and let f* be a partition of unity subordinate to the covering { Wk},
Given an arbitrary tensor field Q& T, consider the tensor fields
Qkt=fQ. The carrier of Q* is contained in W*. Applying Lemma TI
with

—k

k
Us=V, and A, = W,
we see that Q% can be written as
k k
O] Q = Z)\,,l...,p+qw"1 RNl ar
(v)
where w’& T and )\,f,,,yp .= F. Introducing the tensor fields

Pricccvp = (yrt . . . wl'p;
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Wvptis s vptq = w?Ptl o . . (yPpie

we obtain from (9)

k
= D Mooy g®1 T TR
()

(Z)\n ppe®1P @ ‘I”'”‘”'""P"’q)'

o)
Summation over K yields
Q= h( Z Z )\v, ppe®T? @ \I/"pu-~vp+q).
k=0 (v)

This relation shows that % is an onfo map.
To prove that % is one-to-one suppose that

h( I \IN') =0
i
where
& T, and VW E T,
Then ) ; ®-7¥i=0 and multiplication by f* yields
> frdiri = Q.
i

Since the carrier of f*b7 is contained in W*CU, W we can apply
Lemma III with

Ue=Ve and 4, =
We thus obtain

kacpJ'@\I/i:O

i

and summing over &
> Q Wi=0.
i

The above theorem is thereby proved.
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