THE LOCAL FINITE-AREA PRINCIPLE IN
THE HALF-PLANE!

DANIEL WATERMAN

1. The familiar finite-area principle of Fejér asserts that if the
image of |z| <1 under the analytic mapping w=f(2) = ¥ ¢ a.2" is of
finite area (counting multiplicities), then D a.z" converges a.e. on
|z| =1 and uniformly on closed arcs of continuity. This result was
localized by Zygmund [3] and by Lusin [1] who considered the
image of a region bounded by a simple Jordan arc in lzl <1 and an
arc a<0=p of |z| =1. They showed that if a,=0(1) then the con-
clusions of the Fejér theorem hold relative to the arc [e, 8] and, for
a,=o(n*), k> —1, convergence can be replaced by (C, k) summabil-
ity. It should be noted that the Tauberian conditions in this result
are necessary in order that there be a point of convergence (or
(C, k) summability) on iz[ =1.

The result we will establish is a localized finite area theorem for
functions analytic in a half-plane.

THEOREM. Let f(s) = [¢ e**dvy(x), where s =0 +1r, be analytic in the
half-plane 0 >0. Suppose that

(Ao) a(e) = sup. | y(x 4+ k) — (%) | = o(1).

Let Q be a region in 0>0 bounded by a segment [ia, i8] of =0 and a

Jordan arc. If
fflf/l2dadr < o,
Q

Then [y e~*=dvy(x) converges a.e. on the segment (ic, 18) and uniformly
on any closed subsegment of continuity. If (Ao) is replaced by

(Ax) a(x) = o(#*), k>0,
then convergence is replaced by (C, k) summability in the conclusion.

It should be noted that (A,) is a necessary condition for conver-
gence of the integral at one point of ¢ =0, but (As), contrary to (5,
p. 335] is not necessary for (C, k) summability. A counterexample
is given in §3.
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2. We turn now to the proof of the theorem. We consider only the
case of (C, k) summability. Clearly there will be no loss of generality
if we assume that y(x) =0 for 0 £x < and that 0 <a << 2.

Let 1 and v, be the odd and even extensions of ®(y) and 9(¥)
to (— o, ®). Set ¢ = (y1+4y2)/2 and t = —7. Proceeding formally we
have

f e dy(x) = f ez do(x) + if e**(—1isign x) do(x).
0

—x% -0

Clearly ¢ satisfies condition (Az) and, by an integration by parts, it
may be seen that

v = [ Tyase)

satisfies condition (Agy1).
Let & and p denote positive integers which will be chosen as large as
is needed. We define

2 = [ arase,  we = [ arao)

and

F@) = fwe“’dtbh_l(x), F*(t) = fwe“‘d\h(x).

—00 -—00

Clearly ¥, = —i®;_; and so F*(t) = —iF(¢).
Let A(¢) be a function of period 27 and in class C? such that

ANE) =1 forast £6,
=0 for0<i<a<a and <b<t<2nm

Let us now consider the formal hth derivative of the Fourier series
of F¥\, SW(F*¥\)= ) ®_B.ei*t with B,=o(n**). Clearly S$(FM\)
= —48(F*\) and so

S=1(F)\) = Z baeint
with b, =o0(n*) and 8,= —nb,. Let

g(z) = Z barinleint + 4 Z (—1 sign n)brirleint = Z ag®
—= = -

where ¢, =2b,, z=re't. Then
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D nbarinleint + 4 Y- (—i sign n)nb.rivleint = Y 2banzt = zg'(2).

— —w 0
Applying the method employed by Zygmund in [4, Theorem 9] to
the function ¥ we see that, as w— o, the differences

fwxeilz d(f)(ﬁ/) —_ Z B"eint

—w In|lsw

f xeitz(—isign x) dp(x) — 2, Bu(—isign n)eint
—w Inlsw
are uniformly (C, k+1) summable in [a, 8], the first difference to
zero and the second to a finite value.
We observe now that

@) = — [ eeiee] 2] doo);

—o0

9(f'(s)) = f e~°lzleitzix dp(x).
Since the uniform Cesaro summability implies uniform Abel summa-
bility we have

]

9(f'(s)) — > nbneintrr — 0,

iR(f'(s)) — D nba(i sign n)eintr!nl — finite value
uniformly on [a, 8] as 0= —log r—0+. Hence for some ¢>0 there
is an M >0 such that

@O+ Mz 2@ 2> 1/2|g@G) |2

for a=t=<B and 0<o= —log r<e.
Thus there exists an M’>0 and a region &’ in |2z| <1 bounded by
the arc a <t <B of |z| =1 and a simple Jordan arc in |z| <1 such that

fﬂ,fl ¢ (2) |*rdrdt < M'+2fﬂf|f’(s)|2dad-r< .

Since ¢, =o0(n*), the localized finite area theorem of Zygmund is ap-

plicable. Thus D¢ baeint is (C, k) summable a.e. on (a, §) and uni-

formly on closed subarcs of continuity. This implies the same for
2o baei*tand D2, (—q sign n)b.eint.
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If we now apply the method of Zygmund to the function ¢ satisfy-
ing condition (Ax) we find that the differences

f el dp(x) — Z b,eint,

—w |n]|sw
f e'=(isign x) dp(x) — D ba(3 sign n)eint
—w In|sw

are uniformly summable (C, k) in [a, 8], the first to zero and the
second to a finite value. The summability properties of the integrals
are then the same as those of the series, which establishes the theorem.

3. Consider now the function
y(x) =0 fn=x=n+1-—1/2%
=20 fnt+l—-1/<x<n+1
for n=0,1,2, - -.Then

(oA} fow dy(x) = lim (1/w) j;wj;ud'y(x) du

= lim (1/w) fw'y(u) du =1

since

[o] = fowv(u) du < [w] + 1.

But

sup l y(x + k) — 'y(x)| = 20 £ o(x).

0sSh=1
Hence [; e~*=dy(x) is (C, 1) summable at s=0, but y(x) does not
satisfy condition (A;) contrary to [5, p. 335].
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