MULTIPLICATION THEOREMS ON
STRONGLY SUMMABLE SERIES

BABBAN PRASAD MISHRA!

1. Introduction.
1.1. Let {\,} be an arbitrary increasing sequence of positive num-
bers, such that

O< A <M< A< <A1 <Ap—®, as n—> ©,

and )., a, a given series.
We write

Av=a+a+a+ -+ a1+ a, Adw =0, forw=rh,
where £ is a convenient positive number.

If >0, N\, <w<N,41 then

Ax(w)=A,.=ia.=Za,

v=0 A <o

and for k>0

A@) = 3 (@ = M)

Ap<w
= kf (w — ) 1A\@) dt =f (w — D dAN().
0 0
We define A%(w) = Ax(w). We also define

) = 2 (@ — A Antn (k> 0)

Ap<w

© d
—f Ax(b) ?t[(w —OY]ldt (B> 1)

Il

Il

fw(w — O dAN() (k=1).

We have
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1.1) i(A*k("’))= 2.

dw wk wk+ 1

We use Bi(w), Bi(w) and Cj(w), Ci(w) for similar expressions in-
volving X o b, and D ., ¢, respectively.

1.2. If we associate summability by Riesz means of type N\ with
the series ) = ,a, and type p with Y ., b,, we may form the se-
quence of numbers »,, which are numbers N\,+u, arranged in increas-
ing order of magnitude, and associate summability by Riesz means
of type » with the series Y ., c., where

€= 2, @b,
Aptg=vn
Then we call Y =, ¢, the Dirichlet product of Y >, a, and >0 ba.
If N, =p,=n, then the rule reduces to Cauchy’s.

2. Definitions. The series _no @n is said to be summable (R, \, &),
where =0, to the sum s if

lim Ay(@)/o =s  (ck [3]).

W~ 0

If, in addition,

k
2.1) f " a (Ax(u))
h du \ uF

as w— «, then the series ) _..q @, is said to be summable [R, \, &, 7]
to the sum s, (>0,7=1, k> 1/r’), where r’ denotes the number con-
jugate to 7, i.e. #'=r/(r—1) [5]. We define 7’ to be « if r=1.

For the definition to be valid at all, the condition k> 1/’ is essen-
tial as pointed out by Boyd and Hyslop [2, pp. 94-95].

When r=1, [R,\, k] and [R, \, %, 7] denote the same method. Now
[R, N\, 0] summability is equivalent to convergence and

L4

du = o(w),

fxx| dA;:(x)l = 0(X), as X — oo,

The above condition is the same as

2 e = o(X)

A<X

[5]. We observe that on account of (1.1) the condition (2.1) is equiv-
alent to
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2.2) fhx

Again, since k>0 and A¥(«) is integrable (L) in the range (&, X) for
every finite X >k, the condition (2.2) is equivalent to

r

—k
Ax(u
() du = o(X), as X —> .

u

kr41

x
(2.3) f | Zf(u) |rdu =o(X ), as X—> o [5].
h

The assertion that the series Z,T:o a, is summable IR, A, 0| to s
means that ) ., a,=s (in the usual sense) and D ., |a,.| < .

It has been shown by Srivastava [5, p. 68, Theorem 9 and p. 61,
Theorem 1] that, for k=0, summability |R, A\, k| implies summabil-
ity [R, \, k] and so also summability (R, \, &).

3. The following theorems are known.

THEOREM 1. If Z;‘,Lo a, is summable (R, N\, k) to sum s, k=0, and
Z:=o b, is summable (R, w, 1) to sum t, then I n ocn is summable
(R, v, k+1+1) to sum st, (1=0).

THEOREM 2. If D2 a, is summable [R, \, k], k>0, to sum s and
> 2 o ba is summable (R, p, ) to sum t, then the series ) o Cn iS SUM-
mable (R, v, k+1) to sum st.

THEOREM 3. If Y2, a, is summable [C, k], where k>0, to s and
> w0 bn is summable |C, 0| to t, then Y o (@obntaib,a+ - - -
+a,bo) is summable [C, k] to st.

Theorems 1 and 2 are due to Chandrasekharan and Minakshisun-
daram [3, p. 100, Corollary 3.91 and p. 106, Theorem 3.96]. Theorem 3
has recently been obtained by A. V. Boyd [1]. We obtain in Theorem
A the analogue of Theorem 3 for the Dirichlet product. Theorem B
is concerned with summability [R, \, &, 7] instead of summability
[R, \, E].

We shall prove the following theorems.

THEOREM A. If D = oa, is summable [R, N\, k], where k>0, to s
and Z:=o b, 1s summable IR, Uy 0| to t, then Z;‘;o Cn 1S summable
[R, v, k] to sum st.

THEOREM B. If Y 2, a, is summable [R, \, F, r], where k>1/r" and
r>1, to s and Z:=o b, is summable |R, My OI to t, then Z:=o Cn 1S
summable [R, v, k, 7] to st.

We observe that Theorem B reduces to Theorem A when r=1. It
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may be mentioned that Theorem A of the present paper includes as a
particular case a theorem of Boyd [1] for strong Cesiro summability
on account of equivalence of summabilities [R, %, k] and [C, k] [2].

I am grateful to Dr. (Mrs.) Sulaxana K. Gupta and Dr. Pramila
Srivastava for their kind suggestions during the preparation of this
paper. I am also indebted to the referee for valuable suggestions ac-
cording to which I have modified my paper.

4. We require the following lemma.

LEMMA. Suppose that 1 <r <  and k>0. Then, if the series I - an
is summable (R, \, a) for some o> 0 to the sum s, and

X
[ 1B au=ox"™, as x— =,
h

then it is summable [R, \, k, r] to the sum s.

This result is analogous to Flett's Theorem 7 [4] on strong Cesaro
summability. The lemma follows by combining Corollaries 1 and 2
to Theorem 8 of Srivastava [5, p. 66].

5. It is convenient first to prove Theorem B.

Under the hypothesis of the theorem, » . ,a, is summable
(R, \, k) to the sum s and Y ., b, is summable (R, g, 0) to the sum ¢.
Applying Theorem 1, we deduce summability (R, », k+1) of D> ca
to the sum st. Hence by the lemma it is sufficient to prove that

kr+41
), as X — oo,

X K T
(5.1 f,. | Co(w) | dw = o(X

For w#N,4pu,,
—k
Cow) = Z (@ = Ap — 1) '(N\p + 1e)asbq

Aptu<w
= Z Kabq Z (@ = Ay — wg)*a,
He<w Aptug<w
+ Z b, Z (@ = Ap — ug)*N\pa,p
Be<w Aptpg<w
1 k
= Z pebg——— Ar(w — He)
pe<w (w - l"'q)
1 —k —k
+ Z Mebg A)‘(w - #q) + Z qu)x("-’ — ko)
pe<w (w - /-‘q) ng<w

= Pi(w) + Pa(w) + P3(w),
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say. Hence, by Minkowski’s inequality, it is enough to prove that, if
P(w) is any one of Pi1(w), Ps(w), P3(w), then

x

(5.2) f | P(w) | dw = o(X*+Y), as X — .
h

We observe that

4G AN — w)} X ()}

#g<w

| Pie) | =

Applying Hélder’s inequality for sums with indices r and 7/, we have

6.9 1215 { Z ol Be -l { lal} "

He<w Be<w

We have, since Y, b, is summable IR, M, 0] ,
[P s M Z 8] Do —wa |,
#e<w

where M is a constant.
Hence

x r x —k r
Jolr@lasan [ % 10T do.

#e<w

Interchanging the order of integration and summation, we get

x —k r
MY |8, | Ax(o — po) | do

x r
f | Ps(w) | do <
h no<X Bg
=M 3 | b, o(X*r)
Be<X
= o(XFrt1),

by virtue of the hypothesis.
We further observe that

r

| Prw) | =

S {ubo M} X (b}

pe<w (w — ko)

Applying Hélder's inequality for sums with indices r and 7', we have
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{2 o 2=t} {5 1}

Piw)| =
(5.4) P = ! (@ — uo)"
Ax(w a !
= ~1)E|”qb|_|_"_(_.__”ﬂ_.
(0 — w)"

Hence, by using Theorem 1 of Srivastava [5] and the hypothesis of
the theorem,

An(w — g
[Tir@ras 5 lual [ oy L2E=mL,

#<X (w - I‘q)'

lIA

O(X'—l) Z lﬂqbql f 0(1)(w — ”q)r(k—l)dw
B<X By

o(X™Y) Z l#qbql o(Xr=D+1)

pq<x

o(X 1) o(XT¢=0%1) 37 | ugh, |

<X

Il

I

0(Xkr+l) ,

provided > 1/r'.
Similarly we can prove that

x
f | Po(w) | do = o(X*+1), as X — .
A
Thus collecting our results, we have
x
f | 6’:(@) |"dw = o(Xk'“), as X — «,
h

This completes the proof of Theorem B.

6. Proof of Theorem A. The proof of this theorem follows immedi-
ately from Theorem B by omitting the last factors in (5.3) and (5.4).
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ON HYPONORMAL OPERATORS
1. H. SHETH

1. An operator T defined on a Hilbert space H is said to be hypo-
normal if T*T—TT*20, or equivalently if || T*x|| <|| Tx]| for every
xCH. An operator T is said to be seminormal if either T or T* is
hyponormal. If T is hyponormal, then T —zI is also hyponormal for
all complex values of z.

The spectrum of an operator T, in symbols ¢(T), is the set of all
those complex numbers 2 for which T"—zI is not invertible. A complex
number z is said to be an approximate proper value for the operator
T in case there exists a sequence x, such that ||x,|| =1 and || (7T —zI)x.]]
—0. The approximate point spectrum of an operator T, in symbols
II(T), is the set of approximate proper values of T. The numerical
range of an operator T, denoted by W(T), is the set defined by the
relation

W(T) = {(Tx, 2): ||« = 1}.

Cl (W(T)) will, as usual, denote the closure of W(T). An operator S
is said to be similar to an operator 7T in case there exists an invertible
operator 4 such that S=A4'TA.

In this note, all the operators will relate to a Hilbert space H.

We shall prove the following theorem.

THEOREM. Let N be a hyponormal operator. If for an arbitrary op-
erator A, for which 0ECl (W(A)), AN=N*A, then N is self-adjoint.
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