
A NOTE ON  QUASI-ASSOCIATIVE ALGEBRAS

KEVIN MCCRIMMON1

By "algebra" we will mean nonassociative algebra with identity

over a field $ of characteristic 9*2. We do not assume finite dimen-

sionality. If 21 = (3£, •) is an algebra on a vector space X and XG$

then the \-mutalion of 31 is

2t(x) = &,  x)

where a new multiplication on 36 is introduced by

(1) x-xy = \x-y + (1 — \)yx.

A mutation 35(X) of an associative algebra for X^l/2 is called a

split quasi-associative algebra. An algebra 2f is called quasi-associative

if it is a form of a split quasi-associative algebra, i.e., there is a

splitting field £0$ and \E&, X^l/2 such that the extension 2ln is a

X-mutation of an associative algebra 35 over 12:

(2) 2In = ©cx).

Quasi-associative algebras play an important role in the theory of

nonassociative algebras [l, pp. 581-584]; [2, pp. 192-193]. Although

the split quasi-associative algebras have a natural representation,

the nonsplit quasi-associative algebras have always seemed to need a

similar treatment. It is the purpose of this note to relate them in a

natural way to associative algebras, Jordan algebras, Lie algebras,

and involutions.

The idea is roughly the following. If 21 is a nonsplit quasi-associa-

tive algebra we will find a split quasi-associative algebra 35<x> (for 35

associative) with an automorphism * such that 21 is the subalgebra

of fixed points:

21 = §(35<x), *).

The automorphism * of 35(X) will at the same time be an involution on

35. Conversely, if 35 is an associative algebra with an involution *

and a suitable element X in its center then

21 = £(35(X>, *)

will be a nonsplit quasi-associative algebra.

This correspondence between nonsplit quasi-associative algebras
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and associative algebras with involution depends on the scalar X and

the associative algebra 35, and these are not uniquely determined by

the representation (2). Indeed, if 35* is the opposite algebra (anti-

isomorphic) to 35 then

(3) 35(X) = 35*<1-X).

To obtain a natural one-to-one correspondence we must consider not

only nonsplit quasi-associative algebras 21 and associative algebras

35 with involution * but also a choice of X; what we obtain is a cor-

respondence between pairs (21, X) and triples (35, *, X).

Instead of X it will be technically more convenient to work with

(4) A = 2X - 1.

The square of this element

(5) 5 = A2

is called the discriminant of the algebra 21 and is an element of the

base field $ intrinsically determined by 21. Indeed, we have the follow-

ing interesting characterization of quasi-associative algebras.

Theorem. If % is a quasi-associative algebra there exists a nonzero

element 5G* such that the associators [x, y, z] in 21 and [x, y, z]+in%+

are related by

(6) [x, y, z] = (1 -8)[x,y, z]+.

Conversely, if 21 is an algebra in which (6) holds for some 5^0 then 21

is quasi-associative.

If we agree to set 6 = 1 in case 21 itself is associative then 5 is

uniquely determined by 21, and 21 is a split quasi-associative algebra

if and only if 8E&2 is a square in $.

Proof. If 33 is an arbitrary algebra and we use (1) to compute the

associators [x, y, z](x> in 93<X), [x, y, z] in 93, and [x, y, 2]+ in 33+ we

obtain the relation

[x, y, z]<*> = X(2X - l)[x, y, z] + (1 - X)(2X - l)[z, y, xj

+ 4X(1-X)[x,y,z]+.

In particular, if 58 = 35 is associative and 21 is quasi-associative as in

(2) then (7) reduces to (6) with 5 defined by (4) and (5). This also

shows that 8E$ is uniquely determined if 21 is not associative since

we can find elements in 21 for which the left side of (6) does not van-

ish.

Conversely, suppose (6) is satisfied for some 5^0 and let p be a

root of the quadratic equation 4ju(l —fi) = 1 — 5_1 in an extension field
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S2=<£(/x). Applying (7) with X, 33 replaced by u, 2la and using the

hypothesis (6) together with the observation that [z, y, x]+ =

— [x, y, z]+ by commutativity, we wind up with the formula

[«, y, «]w = U(2m - D(l - 5) - (1 - p)(2u - 1)(1 - S)

+ 4M(1 -p)}[x,y,z]+

for the associator in 21a'- Now by construction

M(2M - 1) = \{2n - 1 + r1),

(1 - u)(2u - 1) = 1(2/* - 1 - o-1), 4M(1 - m) = (1 ~ r1);

so the term in braces is

«-'(l - 8) Ar (1 - 5-1) = 0

and hence 35 = 2la' is associative. The general transitivity relation

(8) {21<X>} w = 2l(xO*>,   xoM = 1 - X - it A- 2\u

for mutations then implies

2la = ^1) = 2rrX,= {2I(a)}<X)=3)(X)

as in (2) for

X = u/(2u - 1) (note 5 9* 0 => u 9* J),

and 21 is quasi-associative.

Finally, if 21 is split the discriminant is 1G3*2 if 21 is associative and

A2Gd>2 by (4) and (5) otherwise. Conversely, if 5G^2 then either

8 = 1, in which case 21 is associative and trivially split, or else A and

X are in $ by (4) and (5). In this case /x=X/(2X —1) is also in <t>, hence

S2 = $(/i)=*and by the above 21 = 2la = 35(X) is split.

The actual correspondence mentioned in the introduction is con-

structed as follows. To a pair (21, A) where 2f is a nonsplit quasi-

associative algebra and A a particular square root of its discriminant

5 we associate a triple (35, *, A) consisting of an algebra 35, a linear

map * of period 2 on 35, and an element A in the center of 35. The

algebra 35 is defined as the mutation of a certain extension of 21:

(9a) 35 = «?'    where fi = *(A), u = i(l + A"1).

Since Q is a quadratic field, an automorphism * of fi=rI>-r-d>A is com-

pletely determined by taking A*= —A, and this extends to an auto-

morphism *<g)l of 2la = fi®21:

(« ® a)* = a>* <g> a,    (a A- /SA)* = a - 0A
(9b)

for co G fi, a E 21, a, 0 E $•
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The element in the center of 35 is just a scalar multiple of the identity:

(9c) A = Al.

In the reverse direction, given an associative algebra 35 with in-

volution * and an element A of the center with A*=—A, A2G$li

A2G^21 we associate to the triple (35, *, A) a pair (21, A) consisting

of an algebra 21 and an element A in an extension field of <i>. The

algebra 21 is defined as the subalgebra of a certain mutation of 35 left

fixed by *:

(10a) 21 = £(35<x\ *)    where X = |(1 + A).

The assumptions about A insure that it belongs to a quadratic ex-

tension ft=<i>(A)C35:

(10b) Al = A.

Theorem. The correspondence set up by (9) and (10) is a natural

one-to-one correspondence

(21, A) ~ (35, *, A)

between the nonsplit quasi-associative algebras 21 with discriminant A2

and the associative algebras 35 with involution * which satisfy [35, [35, 35] ]

;^0 and which contain an element A in their center satisfying A* = —A,

A2G*L A2G$21.

Under this correspondence the Jordan algebra of *-symmetric ele-

ments of 35 is just the symmetrized algebra of 21

(11) 2T+ = §(35, *)

and the Lie algebra of *-skew elements is isomorphic to the skew

algebra of 21

(12) 8t-^@(SD, *).

Proof. First assume we are given (21, A). Then (6) holds for 8= A2,

and in the proof of the first theorem we saw that 35 = 21& is associa-

tive since 4u(l -fi) = (1+A"1)(1-A-1) = 1 - A"2 = 1 - S"1. Since * is

an automorphism of 2ln and p* = I —p. we see that for x, yG35 = 2ln

(xy)* = (x-„y)* = x*-„*y* = x*-i_„y* = y*-„x* = y*x*

and * is an involution on 35. Clearly Al is an element of the center

satisfying A* = — A, A2 = 81G*L and A2G*21 by the first theorem

since 21 is nonsplit. Finally, we have the formula

(13) 4[x, y, z]+ = [y, [x, z]]

in an associative algebra 35. Since 21 is not associative and associators
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in 21+ and 35+ coincide, (6) shows [35, [35, 35]]9*0. Thus the triple

(35, *, A) defined by (9a), (9b), (9c) is of the required type.

Conversely, suppose we are given (35, *, A). Then X = |(l+A) has

X* = 1 —X, so the fact that * is an involution on 35 implies

(x-xy)* = y*-x*x* = y*-i_xx* = x*-*y*

and * is an automorphism of 35tX). Thus 2I = §(35(X), *) is an algebra.

Since A is a skew element of the center we have 35(X) = §(35CX), *)

+ @(35(X\ *) = 21 + 2IA = Sla and fi =$(A) is a splitting field for 21. Since
59*1 and [35, [35, 35]]9*0 we see by (13) and (6) that 21 is not asso-

ciative, so it is quasi-associative with discriminant 5. By the first

theorem, SG^2 implies 21 is nonsplit. Thus the pair (21, A) defined by

(10a), (10b) is of the required type.

The correspondence (21, A)—>(35, *, A)—>(2l, A) is the identity since

the resulting algebra is §(35(X), *) where ® = %£\ so by (8) 35(X) =?Ia,

and hence by (9b) §(2la, *) =21. Going the other way, the correspon-

dence (35, *, A)—>(2I, A)—>(35, *, A) is the identity since the resulting

algebra is 2I&° where we saw that 2I = £(35(X), *) has 2la = 35(X) and

hence by (8) 21a° = 55> and since the resulting involution on %a = fi(g>2l

agrees with * on 21 (both are the identity) and on fi (A* = —A). Thus

the correspondence (21, A)<->(35, *, A) is one-to-one.

To prove (11) we note that both sides consist of the *-symmetric

elements with the multiplication induced by 35cx)+ = 35+. To prove

(12), we have noted that ©(35, *)=2IA, and the map a—>aA is an

isomorphism of 2l_ onto 2IA because of the formula [x, y]= [x, y]sA

relating the commutator in 21 with that in 35 by means of (1) and (2).

In closing, we remark that the theorem reduces the classification

of simple nonsplit quasi-associative algebras to the classification of

simple associative algebras with involutions of the second kind. In

fact, the simple nonsplit quasi-associative algebras are precisely the

§(35(X), *) for simple associative 35 with [35, [3535]] 9*0, * an involu-

tion of the second kind, and X 9*\ an element of the center such

that X+X* = l. Two such algebras £>(35(X), *) and §(@("\ *) are iso-

morphic if and only if either 35 is isomorphic to @ and \ = p or 35 is

anti-isomorphic to @ and X = l— p.. (These are just the cases sug-

gested by (3).)
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