INTERPOLATION ON FINITE OPEN RIEMANN SURFACES
E. L. STOUT!

I. In a previous paper [5], we have considered the question of in-
terpolation on finite open Riemann surfaces; it is our intention to
show in this note that the problem can be treated in an essentially
simpler way.

We shall suppose given a finite open Riemann surface, R. Such a
surface is, by definition, the complement in some compact Riemann
surface of a finite family of closed, pairwise disjoint discs each of
which we may assume to have an analytic simple closed curve as
boundary. A set ECR is called an interpolation set for R if given a
bounded, complex valued function « on E, there is a bounded holo-
morphic function f on R such that f| E=qa. It is convenient to denote
by H,[R] the collection of all functions which are bounded and
holomorphic on R.

For our characterization of interpolation sets in R we introduce a
functional dg(z, E) as follows: If 2&EE, then

dr(z, B) = sup{| f&)| : 1 € HalR), /| (B = {z}) = 0,[|f]le = 1]
where ||f||gk=sup{|f(w)|: wER} is the usual supremum norm.

II. We can characterize the interpolation sets for R in terms of the
functional dr as follows.

TuEOREM. The set ECR is an interpolation set for R if and only if
inf{dr(z, E): 2EE}>0.

Proo¥r. Denote by I' the boundary of R so that I' consists of a finite
collection of pairwise disjoint analytic simple closed curves. It is con-
venient to make use of an Ahlfors map for R, i.e., a function 7 con-
tinuous on R and holomorphic in R which is constantly of modulus
one on I'. The existence of such functions was established by Ahlfors
in [1]; an alternative proof of their existence is in [4]. It is easy to
see that dm, the differential of m, does not vanish on T', and thus =
acts as a local homeomorphism at every point of T'.

Let us suppose, initially, that E satisfies the following very strin-
gent condition: We assume the existence of discs VCVCW in the
ambient compact surface both of which meet I' in open arcs and
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which, moreover, have the properties that EC V and = is one-to-one
on W. The hypothesis of the theorem implies that for each sEE,
dwnr(z, E) > for some fixed 6>0 and all z&E. Consequently, by a
well-known theorem of Carleson [3, p. 203], the set E is an interpola-
tion set for WNR. (For this formulation of Carleson’s theorem, see
[5, Lemma 5.1].) It follows then that the set w[E] is an interpolation
set for 7[WNR]. Since 7 [E]Cw[V], and since = is one-to-one on W,
it follows from [5, Theorem 5.3] that w[E] is an interpolation set for
U, the open unit disc. But this clearly implies that E is an interpola-
tion set for R.

We now show how this very special case of our theorem implies the
general case. For each p &I there exist discs V,CV,CW, as above
such that ENYV, is an interpolation set for R. Finitely many of the
neighborhoods V,, denote them by V3, - - -, V,, cover I'. Since the
assumption of the theorem clearly implies that the set E is discrete,
it follows that all but finitely many points of E lie in UjL, V,. The
union of an interpolation set and a finite set is again an interpolation
set whence it suffices for us to prove E to be an interpolation set for
R under the assumption that ECUJ., V;. Let us write E=FE,\U - . .
UE,. where this is a disjoint union and where E;C V.

We shall prove the existence of functions by, - - -, bnCH,[R]
with the properties that ,bj, >e on E; and b; vanishes on E; if k#j.
Here € is some fixed positive number independent of j. Let us suppose
the functions b; have been constructed, and consider a bounded func-
tion « on E. Since E; is an interpolation set for R and since b; is
bounded away from 0 on E;, there exists h;& H,[R] such that #;(2)
=a(z)/b;(2) for all zEE;. If H= Y™, b,h;, then H is a bounded an-
alytic function on R which agrees on E with a.

We conclude the proof of the sufficiency of our condition by estab-
lishing the existence of the functions b;. In this proof we use the uni-
formization theorem. The universal covering surface of R is the open
unit disc, U. Let T: U—R be a uniformizing map, and let & be the
associated group of covering transformations. Denote by D the
canonical fundamental domain for the group ® so that D is a certain
open set together with a portion of its boundary which is mapped by
T onto R in a one-to-one fashion. Denote by E; the set T-![E;]N\D
and by E;’ the set T-![E;].

Let B; be the Blaschke product with zero set, the set J { EY: ksj)
and with simple zeros. It is the case that if § is a lower bound for the
numbers dg(z, E) for z in E, then lBj('w)l >4 for all w in E. To
establish this assertion, let & E;’ be given. There is fEH,[R] which
is bounded by one, which is at least § in modulus at the point T(z),
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and which vanishes on the set E— {T(z)}. Thus, the element fo T
of H,[U] vanishes on U {E;’: k?fj}, is at least ¢ in modulus at 2, and
is bounded by one. We can write f o T=BSF where B is a Blaschke
product, S is a singular function, and F is an outer function. Since
llf o T||u=1, it follows that |||y < 1. Also, S is bounded by one.
It follows therefore that | B(z)| is at least 8. The zero set of B con-
tains that of Bj, and since B; has only simple zeros, we may write
B =B;B’ where B’ is some other Blaschke product. But this obviously
implies that | B;(z)| is at least § in modulus. This calculation is
independent of the choice of z in Ej, so the assertion concerning B;
is established.

The function B; is not invariant under the group ®. It does, how-
ever, have the weaker property that IB,-I is invariant. This is a
consequence of the fact that if [z, w]=|(z—w)/(1—2&)| and if g is
a conformal mapping of the open unit disc onto itself, then [g(z), g(w) ]
= [z, w]. For the details, see [6, p. 510]. It is easily verified that the
map x from & to the unit circle given by x(g) = B;(g(2))/B;(z) is inde-
pendent of the choice of 2& U; moreover this map is a character of
®: x(g12:) =x(g1)x(g2). In the terminology of [2], the function B; is
automorphic with character x, t.e., B;(g(2)) =x(g)B;(2) for all g&® and
all zEU. If we now invoke Lemma 5 of [2], there is a unit C; of
H.[U] which is automorphic with character x: C;(g(2)) =x(g) C;(2).
Then | C;| > & on the set E;’ for some & >0. The function b defined
by b} (2) = C;(2) B;(2) is easily verified to be invariant under the group
@®. Thus if we define b; on R by b;=0b/0T~1, b; is a well-defined element
of H,[R] which vanishes on the sets E; for k>j and whose modulus
is at least 66’ on the set E;. Thus, we have established the sufficiency
of our condition.

The necessity follows from general Banach space considerations;
one may consult [3, p. 196] for the necessary argument.

II1. From the theorem of the preceding section, we shall derive a
second characterization of interpolation sets in R. We have that T,
the boundary of R, consists of a finite collection {1, - - -, ¥m} of
pairwise disjoint analytic simple closed curves. For j=1, - - -, m,
let v/ be a simple closed curve in R which, together with <, bounds
an annular region 4;in R. We suppose the 4; to have disjoint closures.

THEOREM. The discrete set ECR is an inierpolation set for R if and
only if E;=A;NE is an interpolation set for A; for each j.

Proor. If E is an interpolation set for R, then, @ fortiori, E; is
one for 4;.
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To establish the opposite implication, we shall show that if each E;
is an interpolation set for 4;, then for some fixed >0 and for all
2&EE, dr(2, E) > 6 so that the previous result may be invoked to yield
the result.

By hypothesis, R is obtained from a compact surface R, by delet-
ing closed discs Vi, - - -, V,, where, say, the boundary of V; is the
curve v;. Let R;=RUV,U . . - UV, ,UV;,J - - - UV, so that R;
is a finite open Riemann surface which contains R. Let m: Ri— U be
an Ahlfors map for the surface R;. Since m acts as a local homeomor-
phism in a neighborhood of each point of v, it follows that for some
annulus 4/ contained in 4, and having +; as one of its bounding com-
ponents, we may write 4{ =Q;\U - - - \UQuy where for later notational
convenience we take our indices to be integers mod M and where

(i) each Q; is a closed curvilinear quadrilateral the boundary of
which meets 4; in an arc,

(ii) Q; and Q;;1 intersect in an arc connecting the components of
the boundary of 4/, and

(iii) m, is one-to-one on U {Qj: j=jo, - - -, jo+5} for each jo.

Since E, differs from EMNA{ by at most a finite set, E; is an inter-
polation set for R, if and only if ENA] is. We shall show ENA{ to
be an interpolation set for R;.

The hypotheses on the Q; together with the hypothesis on the set
E imply, as in the previous proof, that EN(Q:11\JQ:\JQ;41) is an
interpolation set for the surface R;. Consequently, there is 8; >0 such
that for each ¢=1, - - ., M, and for each zEENQ;, there is f.,
€ H,[R:] which is bounded by one, which is at least 8; in modulus at
z and which vanishes at all points of the set EN(Q:1\J0:\JQ:11)
other than z.

Next, we assert the existence of functions g, - - -, gy EH,[Ri]
such that for some a;>0, Igj(z)l >y if 2EENQ; but g;(2) =0 if
sEENQ; for k#j—1, j, j+1. Suppose the desired g; exist. It is
clearly no loss of generality to suppose them bounded by one on R;.
If zEENA{, then 2EQ; for some j. We have |g;(2)f;.(2)| >aup,
”gifj.z” <1, and that g;f;. vanishes on the set (ENA4})—{z}. Thus
the set EMA/ is an interpolation set for R;.

To prove the existence of the desired functions g;, we argue as fol-
lows. Let p and ¢ be interior points of the arcs Q;_1MdR; and Q;;1MNIR,
respectively. Let A be the arc of R, containing Q;/\dR, and having p
and ¢ as end points. Let M’ be an arc in Ry— R, with the same end
points. (Recall that R, is the originally given compact surface.) The
arcs A and N jointly constitute the boundary of a topological disc D.
The surface R obtained by forming the union of Ry, of D, and of the
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interior of A is again a finite open Riemann surface. It contains Q;asa
compact subset. Using an Ahlfors map for R}, we find that the set F;
=EN(QI\Y - - - UQ;2\JQ;42\J - - - \UQx) is a certain finite union
of interpolation sets for R{. Thus, this set is surely contained in the
zero set of some nonzero element of H,[R{ ]. The fact that Q; is com-
pactly contained in R/ now implies the existence of a function in
H.[R{] which is zero free on Q; and which vanishes on the set F;.
The restriction of this function to Ry will serve as the function g,
which we seek.

Thus, EMAY{ is an interpolation set for R; and so EMN A4, is also one.
Similar remarks hold for the sets EMNA; and the surfaces R;. It fol-
lows that there exist functions 4;& H,,[R;] which are bounded by one,
which vanish on ENA4; and which, for some §>0 independent of j,
satisfy Ih]l >d8 on ENA, for k#j. By making § sufficiently small we
can also assert the existence, for each 2&EEMA; of a function #;,.
bounded by one on R which is at least 6 in modulus at z and which
vanishes at every other point of ENA;. If 2&EMNA;, then the func-
tion hy - - - hjahj ki1 - - - ha is bounded by one, is at least 6™ in
modulus at z, and vanishes on the set (EMN(U4,))— {z} This esti-
mate is uniform in 2, so we may conclude from the previous theorem
that EN(U4;) is an interpolation set for R. Consequently, E itself
is an interpolation set for R.

IV. As noted at the beginning, these results are not new; it is the
proofs which are our concern here. In the original development [5],
our first theorem was obtained as an immediate corollary of our
second, but the proof of the second was much more complicated than
the present arguments. Several other characterizations of interpola-
tion sets can be derived from these results as in [5].
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