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Let M and M' be real analytic manifolds and p: M—*M' an analytic

map which is surjective and whose rank is equal to the dimension of

M' at every point of M. We shall denote respectively by p* and p*

the maps induced by p on tangent vectors and differential forms.

Let 2 and 2' be analytic exterior differential systems defined respec-

tively in M and M' and assume that for every differential form

w£2', p*co belongs to 2. Take a point XoEM and put x0' =p(x0). Let

V'p be an integral manifold of 2' going through x0'. In this note we

give a condition for the existence of an integral manifold Vp of 2

going through x0 such that, for a suitable neighborhood   U of Xo,

p(v)=v''r\p(U).
The proof consists in a careful application to our situation of the

technic of the Cartan-Kahler theory. The situation we study here

appears in the theory of continuous pseudogroups (see [3, p. 125]).

For the definitions and results we use of the theory of exterior dif-

ferential systems we refer the reader to [l] and [2].

For any integral contact element Ek(x0) of 2 denote by J(Ek(x0))

the polar space of Ek(xo) and by J'(Eh(xo)) the subspace of J(Ek(x0))

of all forms co_\Xi/\ • • ■ /\Xr, where co is a  form of degree r + 1

belonging to p*(2') and Xi, ■ • • , X, are vectors of Ek(x0).

Let FXo be the tangent space to the fiber of M at the point xo and

denote by J(Ek(xo))\ FXo the space obtained restricting the forms of

J(Ek(x0)) to the subspace Fx„.

Denote by E'p(xi) the tangent space of V'p at xi and assume that

there exists an ordinary integral element Ep(x0) of 2 such that

p*(Ep(x0)) =E'p(x0). Assume moreover there exists a sequence £°(x0)

EEl(x0)E " ' ' EEp~l(xo) of regular contact elements con-

tained in Ep(x0) and such that dim J(Ek(x0)) — dim J'(Ek(xo)) =

dim J(Ek(x0))\ FXo, OSk^p — f. Under these assumptions we shall

prove the following theorem.

Theorem. There exists an integral manifold 1)p of 2 defined in a

neighborhood U of x0 such that the tangent space Vl0 of °0P at the point

xo is Ep(xo) and p(Vp)=V'pC\p(U).

Proof. Choose coordinates x\ 1 :Si:Sw' in M', defined in a neigh-

borhood of xi  and coordinates x\ y1', l^j^n in M, defined in a
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neighborhood of x0 such that dxk+x\Ekixo)= ■ ■ ■ = dxn'\Ekix0)

= dy'\Ekixo) =0, lfsk^p, l^j^w (we shall use the same notation

for x* and x'op). Since the differentials dxx, ■ ■ ■ , dxp are linearly

independent on £/p(x0), Vp is locally defined by equations xx

= HKixx, ■ ■ ■ , xp), p + 1 ̂ X^w'. Since V,p is tangent to E'pixo) and

dx*\E'pix0)=0, idPP/dx^J = 0. Let V'x he the curve in M' defined

by equations x2 = • ■ • =xp = 0, xx = H}- (x1, 0, • • • , 0), p + l^\^n',

and put E'*(x0)=P*(-E*(*o)). Clearly V*=E'xixo). We want to show

that there is an integral curve of 2 which covers V'1. Let rj1, • • • , rj"1

be a basis of the space of forms of degree 1 of 2' at the point x0' and

choose forms I1, • • • , I*31 such that jj1, • • • , rjax, f1, • • • , I"1 is a

basis of the forms of degree 1 of 2 at the point xo (we denote the form

p*?;* also by r)1). Since xo is a regular point of 2 there are forms

rjx, ■ ■ ■ , vax, (•*, • • • , £31 defined in a neighborhood of x0 such that

they are a basis of the space of 1-forms of 2 in this neighborhood and

< = «', fifc-l*. Put

(1) Ve = IZ A"iix)dxi,        1 g a ^ au
t=i

(2) i = i; 5-(x, y)d*' + £ C-(x, y)<*/, 1 ^ j8 g ft.
1=1 »■—1

From the hypothesis, the matrix || Cf(x, y)|| has maximum rank at

the point Xo. Hence, the linear equations

e *      a dH*        »     e dy'
(3) BBiix, y)+   IZ B, — + £ cfo, y) -/- = 0

*=p+i        ox1       3=i ax1

can be solved with respect to some of the variables dy'/dx*. Assume

that they can be solved with respect to dyx/dxx, • • • , dy'/dxx. In (3),

put, x2= • • • =x"' = 0 and replace the variables y8+1, • ■ ■ , y" by

arbitrary functions Fs+Xixx), ■ ■ ■ , F"ixx) such that idFk/dxx) =0,

s+l^k^n. Let Fkixx), l^k^s, be the solution of the resulting sys-

tem with the initial conditions idFk/dxx)xi=0 = 0, l^h^s. Then the

curve x2 = • • • = x* = 0, xx = ilx(x1, 0, • • • , 0), y' = F>ixx), p + l^\

^n', 1 Sjlkn, is an integral curve of 2 which covers V'1.

Assume now, by induction, that we have lifted the manifold V'T~X

defined by the equations xr= • • • =xp = 0, xx = HKixx, • • • , xr_1,

0, • • • , 0) to an integral manifold TJr_1 of 2 which is tangent £r_1(x0).

Let rjx, ■ ■ ■ , rj0*-1, lx, ■ ■ ■ , f^1 be a basis of J(£r-1(x0)) such that

ij1, • • • , i?*"-1, is a basis of J'iEr~1ixo)). For a contact element £r(x)

sufficiently close to £r(x0), we can write
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dx | E\x) = 53 Uidx\       r+UHd',

x r "

dy I E (x) = 53 "t^* »        1 = i = w-
i=l

Put

£.,(£(*)) = ^- +   £ «< "^7 + £ »' ~» l^^f,

and assume that

r = (Lh(E<(xo)) A • • • A Lit_A\E*(xo)))Jp,      1 ^ a ^ ar_i,

where co is a form of degree t in p*2'. For ET(x) sufficiently close to

E'(xo) define

na(E'(x)) = (Lh(E*(x)) A • • • A Lit_i(E'(x)))_y>.

Define forms £" in a similar way. Let

n'

i\ (E (x)) = 53 ̂ tC*! w)<&e ,
•=1

n' n

£ (e"(x)) = 53 #.•(*, y»«, »)<*** + 23 wfo y»«»»)<*/,
,-i i-i

be the expression of these forms in local coordinates. Observe that

the coefficients are functions only of the variables x, y, u\, v\ with

lgt^r-1.
By hypothesis the matrix ||Cf|| has maximum rank at the point

Er(xo). Assume that the equations of *0r-1 are xr= • • • =xp = 0,

xK = Hx(x1, • • ■ , *r_1, 0, • • • , 0), yj=F'(x1, • • ■ , xr) and construct

the functions

va(E(x))(Lr(Er(x))) = A: +   53  Am,
X=r+1

i(E\x))(Lr(E (*))) = bI + 53 ̂ r + 53 dv
X-r+1 j=l

Consider the following system of partial differential equations, ob-

tained replacing in the above functions u\ by dx^/dx* and v{ by

dy'/dx{:
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a (     3xx\        £,      a (    dxx\ dxx
(4) A Ax,— )+   zZ  Adx,—-)-= 0,

\   3x*/    x^i    \   aWa*"

s /        dxx     y' \        ^     3 /        dxx     dy>\ dxx
5r(«,y,—:>—. 1+   Z-, BAx,y,—:>—.)—

\     dx*   dx>/    x^i    \     a»*   oWoV

(5) +tcAy,^,^)^-o.
y_i       \ dx»     dxy dx'

We want to lift the manifold V'r defined by xr+1= • • • =xp = 0

xx = iP-(x1, • • • , xr, 0, • • • , 0) to an integral manifold of 2. Observe

that the functions PPixx, • • • , xr, 0, • • • , 0) are solutions of equa-

tions (4). Assume that the equations of VT~X are xr= • • • =xp = 0,

xx = IP1(x1, • • • , xr-\ 0, • • • , 0), y> = G>ixx, ■ ■ ■ , xr~x). Equations

(5) can be solved with respect to some of the variables dyj/dxr;

assume that they can be solved with respect to dyx/dxr, • • • , dy/dxr.

Put in (5),

dxr+x bxp dxx       dLPixx, ■ ■ ■ , xp)

dxT dxr dxr dxr

p + l£\£n',

and replace the variables y3' by arbitrary functions yi=F'ixx, • • • ,xr),

s+l^j^n, subjected to the restrictions (dEJ'/dx')(o, •■• , o> = 0 and

F'ixx, • • • , xr-x, 0)=GJ'(x1, • ■ • , x'-1), l^i^r, s+l^j^n. Let

y'—F'ixx, • ■ • ,xT), l^j^s, be the solution of the resulting Cauchy-

Kowaleswky system with the initial conditions F'ix1, • • ■ , x'-1, 0)

= G3ixx, • ■ • , xr_1)i 1 t^j^s. Then, as in the Cartan-Kahler theorem,

the manifold *Ur defined by the equations xr+1 = • • • =xp = 0,

xx = i?x(x1, • • • , xr), yi=F'ixx, • • • , xT), l^j^n, is a solution of 2

which covers V'r. The Theorem is proved.
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