DIFFERENTIAL SYSTEMS ON FIBERED MANIFOLDS
A. M. RODRIGUES

Let M and M’ be real analytic manifolds and p: M— M’ an analytic
map which is surjective and whose rank is equal to the dimension of
M’ at every point of M. We shall denote respectively by ps and p*
the maps induced by p on tangent vectors and differential forms.

LetZ and 2’ be analytic exterior differential systems defined respec-
tively in M and M’ and assume that for every differential form
w&EZ', p*w belongs to 2. Take a point xo& M and put x¢J =p(xo). Let
V’'? be an integral manifold of 2’ going through xJ. In this note we
give a condition for the existence of an integral manifold V? of 2
going through x, such that, for a suitable neighborhood U of x,,
p(0?) =0"*Mp(U).

The proof consists in a careful application to our situation of the
technic of the Cartan-Kihler theory. The situation we study here
appears in the theory of continuous pseudogroups (see [3, p. 125]).
For the definitions and results we use of the theory of exterior dif-
ferential systems we refer the reader to [1] and [2].

For any integral contact element E*(xo) of £ denote by J(E*(x,))
the polar space of E*(x¢) and by J'(E*(x,)) the subspace of J(E*(x,))
of all forms w_|XHA - -+ AX,, where w is a form of degree r+41
belonging to p*(Z’) and X3, - - -, X, are vectors of E*(x,).

Let F,, be the tangent space to the fiber of M at the point x¢ and
denote by J(Ek(xo))| F., the space obtained restricting the forms of
J(E*(x,)) to the subspace F;,.

Denote by E'?(xJ) the tangent space of V’? at xJ and assume that
there exists an ordinary integral element E?(x,) of Z such that
px(E?(x)) = E'?(x0). Assume moreover there exists a sequence E°(x,)
CEYxo)C - - - CE?1(xq) of regular contact elements con-
tained in E?(xo) and such that dim J(E*(xo)) —dim J'(E*(x¢)) =
dim J(E"(xo))| F., 0=k=p—1. Under these assumptions we shall
prove the following theorem.

THEOREM. There exists an integral manifold VP of 2 defined in a
neighborhood U of xo such that the tangent space V3, of VP at the point
%0 15 E?(xo) and p(0?) =0MNp(U).

Proor. Choose coordinates x%, 1 £¢<n’ in M’, defined in a neigh-
borhood of x{ and coordinates x%, ¥, 1<j<n in M, defined in a
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neighborhood of x, such that dx"“l E*(xq)= - - - =dxV ]E"(xo)
=dyf|E’°(xo) =0, 1=k=<p, 1=Zj=n (we shall use the same notation
for x* and x*op). Since the differentials dx?, - - -, dx? are linearly
independent on E’?(x,), V'? is locally defined by equations x*
=HMx!, -+ -, x?), p+1=ZN=Z#'. Since V’? is tangent to E'?(x{) and
dx*| E'?(x0) =0, (0H*/dx7),{ =0. Let V'* be the curve in M’ defined
by equations x?= - - - =x?=0,x*=H* (x,0, - - -, 0), p+1SA=#/,
and put E’*(xo) =px(E*(xo)). Clearly 0 =E'!(x,). We want to show
that there is an integral curve of £ which covers V1. Let 7!, + « «, 72
be a basis of the space of forms of degree 1 of 2’ at the point x4 and
choose forms §!, - - -, &1 such that 4!, - - -, 7, &, ..., &t is a
basis of the forms of degree 1 of 2 at the point x, (we denote the form
p*i* also by #%). Since x, is a regular point of ¥ there are forms
Y -, %, £ - - -, EPL defined in a neighborhood of x4 such that
they are a basis of the space of 1-forms of 2 in this neighborhood and
Ng =1 &, =E. Put

(1) m = o Ai(x)dri, 1Za=a,
=1

@) £ =Y Biw,9)dz’ + 3 Ci(x, 9)dy, 12828
=1 i=1

From the hypothesis, the matrix “C}8 (x, y)“ has maximum rank at
the point xo. Hence, the linear equations

8 n'! 8 oH» n 8 dyJ
3) Bi(x,y) + > B + 22 Ci(%,5) === 0
dx? i=1 dxt

A=p+1

can be solved with respect to some of the variables dyi/dxi. Assume
that they can be solved with respect to dy'/dx!, - - -, dy*/dx". In (3),
put, 2= - - . =x" =0 and replace the variables y*t1, - - ., 4 by
arbitrary functions Fs+(x!), - - -, Fr(x!) such that (dF*/dx!)=0,
s+1=k=n. Let F¥(x'), 1 £k <s, be the solution of the resulting sys-
tem with the initial conditions (dF*/dx');.0=0, 1 £k <s. Then the
curve x?= - - . =x?=0, x*=HMx%, 0, - - -, 0), y'=Fi(x)), p+1=5\
=<n’, 1£j<mn, is an integral curve of £ which covers V.

Assume now, by induction, that we have lifted the manifold V’™!

defined by the equations x"= - .. =x?2=0, x*=H(x!, - - -, %™,
0, - - -, 0) to an integral manifold V™! of T which is tangent E*—1(x,).
Let %, -+ -, 421, &', - -+, ¥ be a basis of J(E™!(x,)) such that

#Yy -« -, 7%, is a basis of J'(E"~!(x,)). For a contact element Er(x)
sufficiently close to E"(xo), we can write
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dv | E@) = Yuds', r+1r<w,

=1

dy)\| Er(x) =, 'v":dxi, 1=55=5n
=1
Put
n’ n j ] .
L(E(x))——-—-l- Zu,—— %i—> 1=i=r,

p— e =1 0y’

and assume that
7% = (Lo(E"(%0)) A\ - -+ N\ Liy,(E"(%0)))_Jo, 1S a= apy,

where w is a form of degree ¢ in p*2’. For E"(x) sufficiently close to
Er(xo) define

1°(E7(x)) = (La(E"@) A - -+ A Li (E7(2)))_o.

Define forms £# in a similar way. Let

PE @) = 3 A, wyds

=1

EE@) = 2 Bils 3,108 + 2 G5l 3,94,
=1 J=
be the expression of these forms in local coordinates. Observe that
the coefficients are functions only of the variables x, y, #}, v/ with
1<5:<5r—1.

By hypothesis the matrix ||Cf|| has maximum rank at the point
Er(x0). Assume that the equations of V™! are x"'= - .. =x?=0,
»r=Hx!, ---,x~,0,---,0), y=Fi(x!, - - -, x7) and construct
the functions

PE@)LE®) = AT+ > A

A=r41

PEGLE ) = B+ 5 B+ Zc

A=r41

Consider the following system of partial differential equations, ob-
tained replacing in the above functions #} by 9x*/dx* and o] by
9y?/dxt:
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« ox ! « dxM\ 9x*
(4) Ar X, — + Z A)\ X, 3 = 0)
dx* A=r+1 dx*/ ox"
8 axr  yi Vooog ax*  9yi\ ax*
Br(x’y’—_" )'l" Z B)\<x’y)—f’ N
®) dxt Ox* A=rtl dxt Jx*/ oxT
n ax*  9yi\ oy’
E "> oxt ’ dx*/ dxr

We want to lift the manifold U’ defined by x™+i= ... =xr=0

x*=Hx', --+,x",0,---,0) to an integral manifold of Z. Observe
that the functions H*(x!, - - -, %7, 0, - - -, 0) are solutions of equa-
tions (4). Assume that the equations of V™! are x"= - - - =x?=0,
r=HMxY, - -+, x4 0,---,0), y¥=G(x, - - -, x1). Equations

(5) can be solved with respect to some of the variables dyi/dx";
assume that they can be solved with respect to dy!/dx", - - -, dy*/9x".
Put in (5),

dxrti dxP axr  9HMaY, - - -, xP)
ax” ox" ax" ox" ’
pF+H1=A=v,

and replace the variables y7 by arbitrary functions y7= Fi(x1, - - -, x),
s+1=j=<n, subjected to the restrictions (3dF?/dx%),...,00=0 and
Fi(gt, - - -, x4 0)=Gi(x!, - - -, ™), 1=i=r, s+1=5j<n. Let
yi=Fi(x!, - - -, x"), 1 £j<s, be the solution of the resulting Cauchy-
Kowaleswky system with the initial conditions Fi(x!, - - -, x™1, 0)
=Gi(x!, - - - ,x™ 1), 1 <j<s. Then, as in the Cartan-Kihler theorem,
the manifold Ur defined by the equations xr+l= ... =x7=0,
r=HxY - - -, x"), ¥ =Fi(x!, - . ., %), 1<j=<mn, is a solution of =
which covers V’r. The Theorem is proved.
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