BASIC SETS OF POLYNOMIALS FOR GENERALIZED
BELTRAMI AND EULER-POISSON-DARBOUX
EQUATIONS AND THEIR ITERATES!

E. P. MILES, JR. AND EUTIQUIO C. YOUNG

1. Introduction. This paper concerns basic sets of polynomial solu-
tions for the class of partial differential equations in m variables,
m=2,

7 m—1

=1
where

Di= 9" /9x: + (ai/2)(0/0%) with a;Z 0;5=1, -, m.

The iterated operators Lf are defined by the relations
1w = LILW),  s=1---, k=1,

When ay= -+ - =an-1=0 and a,>0, L;j(x)=0 is known as the
Beltrami or the Euler-Poisson-Darboux (EPD) equation according
as j=0or j=1. If @, =0 too, then Lo(#) =0 and L,(#) =0 become the
Laplace and wave equations, respectively. Basic sets of polynomial
solutions for the Laplace and wave equations have been given in a
number of papers [1]-[5]. In [6] Miles and Williams obtained basic
sets of polynomials for the Beltrami and EPD equations from their
result in [3]. In [7] the result of [3] was extended to form basic sets
for the iterated Laplace and wave equations. Here we derive basic
sets for (1) from the basic sets given in [7].

The Miles and Williams basic set of homogeneous polynomials
of degree n for the k-fold iterated Laplace equation Afu=0
(A= Y™, 3%2/0x%) may be represented by

. 27+om
[(n—am) /2] . .
n ] + arn/2 1, @ @y, - Xm
QD Haooay = O (—1)’( [ ]>A (21 )
=0 [am/2] (2j+aun)!
where a;, - - -, @, are nonnegative integers such that Y." a;,=n

and an, =<2k—1. In particular, when ¢,=0, Hy, ... ,,_,0 is harmonic,
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that is, it satisfies Au=0. We shall prove that if for every index
7 (1 =2¢=n) such that @;>0 we restrict the a; to be nonnegative even
integers and replace x2 by

3) xfzm = 18- Q= 1) x%"
' A+ a) - 2si— 1+ ay)

then (2) gives a basic set for L§(u)=0 (or Li(x)=0 if the factor
(—1)7 is deleted).

2. Basic set for Ly(u) =0, s=1, 2, - - -, k. We first observe that
any polynomial solution of (1) must be even in the variable x; when-
ever a;>0, 1 <7<m. Indeed, suppose ;>0 and suppose that u(x)
is a polynomial solution of (1) which contains odd powers of «;,
x=(x1, -+, %n). Let P(x’), a polynomial of xy, - - -, x;1, Xj41,

-, %m, be the first nonvanishing coefficient of x**' when u(x) is
arranged in ascending powers of x,. Then the coefficient of x2**!~%
in Liu)=0 would be Q2un+1)- - -(2un—2k+3)2n+a;) - - -
(2n+a;—2k+2)P(x'), a nonvanishing function.

We assume that at least one of the «;’s is not zero. In fact, by
changing subscripts if necessary, we can assume a;= - - - =a,=0,
0p1>0, - -+, @n>0, 0Sp=<m—1. Let a1, - -+, @p, Tp41, " * *, T
be a set of nonnegative integers satisfying the condition

LI

P m

(4) Sai+ X 2i=N, rnSk—1,
=1 i=p+1
and let
N [(N—2rm) /2] ili+ Tm

Pﬂl-"'v"‘pv'p+:-""7‘n;= Z (_1)
B 7==0 Tm
(3) 242

i, a1 ap 2piy W —1 Xom
B e N e

Qj+ 20

Denote by T; (p+1=<i<m) the operator which replaces ;" by
x) (see (3)) in every term of the polynomial (5) and put T'=T,4

. T,..2 Then the operator T applied to (5) replaces each factor
x¥pit - - - xB» by x@®rY .. x¥m. Moreover, from the fact that

D;-T:=T9?/0x% and D;-Tw= Ty D, for j=k, we see that

2 We are indebted to the referee for suggesting this notation and pointing out that
the operator T is a special case of a well-known operator treated by Lions, Operateurs
de Delsarte et problémes mixtes, Bull. Soc. Math. France 84 (1956); Proposition 2.1,
p- 65.
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» m
Lo T = <Ea2/axf+ > D,~> Tper- - - Tn

=1 1=p+1

L4 m
TZa2/ax§+ > Tpsr-- - DTi- - Ty
i=1

1=p+1

Y4 m
(6) =T 0 oxi+ 3 Tpur- - Tid [0xs - T
i=1 i=p+1
L oy 2 2
=T> 8 /0%, + T Y, 9 /dx;
i=1 i=p+1
= TA.
Now let
N N
) Qar. - agrmirs- - orm = T(Pay, e rpsns- - vrm)-

We assert that (7) forms a basic set for L§(u) =0.
LEMMA 1. Lo(QX. . aprprrs- - -irme1.0) =0.

This follows from (6) and the fact that Pg,...,,,p,,pﬂ,...,,m_l,o is
harmonic.

- _ NN-2s
LEMMA 2. Li(QN .. o i urmeris) = 0<2s

ag, o\ 8pTptls * * * yTm—1,07

<2(k—1)=N.
Suppose that
i, N N—25
LO(Qa;, CEN S SR ':"m—l-f) = Qal: CE A PR SN 2}

0<2j<2(k—1)SN, a1+ - - +ap+2rps1+ - - - +2rma+2j=N.
Then for a1+ - - - +a,+27p1a+ - - - +2rn,1+2(G+1)=N, we have
L Q0 aprpesse - imerit) = LA[Lo(T(Pay. - apurpis, - imes,ia)) ]
= Li[TAP,,...coprpin- - rmon it1]
= LiTPE s s
see (6) of [7],

= L’:)(Q:i’_'z. 18 Tp+1yt 'rm—lrj)
N—2—2j5
= Qal, .. '.Jap.rpﬂ, © o Pm—1,0
where a1+ - - - Fap+2rpnt+ - - - F2r 1 +2j=N-2.
Now we verify that (7) forms a basic set for L§(x)=0. Consider
first the case 2(k—1)<N. From Lemmas 1 and 2 it follows that all
members of (7) satisfy the equation L§(z)=0. So we need only to
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show that (7) has the correct number of independent polynomials.
For a given integer N =0, it is clear that (7) has as many independent
polynomials as there are distinct ways of choosing the setay, » - -, @p,
Tp+1, © © +, 'm which satisfies (4). Let

w=y, Ay, oaprpin. o ®

a+ - - Fap+27pa+ - - - +2r,=N,0=p=<m—1, be any homo-
geneous polynomial of xy, - - -, x,, of degree NV, N=2(k—1), which is
even in the variables x;, p+1=7=<m. Here we have already replaced
each x}* by x®. Then every coefficient Aa,, ... aprp1.-- -, Of # can

be represented, apart from constant factor, as

a) ap (2rp41) 2r,\
1 *Xp Xpp1 R )

a ap Tp+l T
Aayeeoapryineomm ~ (A1 - - &) DY - - D,

where d;=98/9x,;,i=1,2, - - -, p. If LE(u)=0, so that

13 k! 2a) 20, _Tpi1 Tm
Dmu=—<z d ---dp’Dp:,--.Dm>u
arl - - aplrppa! -0 s !

where a1+ - - - +ap+rpn+ - - - Frn=4k with r, =k —1, then every
derivative of the form (d - - . d¥Dp# - - - Di*)u can be written
in such a way that D,, occurs no more than (k—1) times. Thus, if
L{(u) =0, all coefficients of u are linear combinations of the coeffi-
cients A, .. aptprrs- - stmory 0S2Sk—1, where s14 - - - +s,+ 261
+ - - - +2z= N which coincides with (4). Therefore, for 2(k—1) = N,
the set (7) is correctly numbered and hence forms a basic set for
Li(u)=0.

In the case N<2(k—1), it is clear that all the members of (7)
satisfy L{(«) =0. In order to prove that (7) has the correct number
of polynomials, we examine (4) with 7,,<[N/2] under the following
cases.

Casel. N=2n,n=0.

Suppose first that p =2g; then for each s, 0 <s=#, where s replaces
7m, only 2o of the a;’s can be chosen as odd integers with 0 <v < [g, n].
Here [g, n] denotes the smaller of the integers ¢ and n. Hence, writ-
ing a;=2r;if a;is even and a¢;=2r;+1 if a; is odd (1=7=p), we have
a+ - - - +ap,=2n+ - - - +2r,42v so that (4) becomes 7+ - - -
+7n_1=n—s—v. Now for each s, 0 <s=<n, the set (7) has

lenl N2gQ\Nfm+n—2—s5s—7v
£ G )
om0 \20 m— 2

independent polynomials, since for each of the
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2q
<2v>
ways of choosing 2v of the a,’s odd the set P ..., . is seen to be
generated by the monomials «f - - - afx®ryt - - - xEr7 with @
+ .- Fap,=2n+ -+ +2r,42v, where ¥ ... xZ=3 are the
individual terms appearing in ( D_m7! x?)n—s=*. Therefore, for N=2n
and p =2g¢, the set (7) consists of

rolenl 2N /m4+n—2—5—0
® AW )
8=0 v=0 v m— 2
independent polynomials homogeneous of degree 2n. Here
:)
b
is interpreted as zero whenever a <b.
If p=2g+1, then (7) will have

nolenl g4+ IN/mtn—2—s5s—1v
©) 35 > )

5=0 v=0 2v m— 2
independent polynomials homogeneous of degree 2x.

Case 2. N=2n+1, n=0.
In this case p0. This means that no polynomial of odd degree

can satisfy L§(u)=0 when a;>0, i=1, 2, - - -, m. Again, suppose
first that p=2¢; then 2941 of the a;’s must be chosen odd, 0<v
<[¢—1, n]. Hence we can write a1+ - - - +a,=2n+ - - - +27,
+2v+41 and again (4) reduces to i1+ - - - +7,_1=n—s—v. By the

same argument as in Case 1, we see that (7) has

(10) ilq‘iﬂ( 2q )(m+n—2—-s—-~v)

8=0 v=0 2'1)+1 m—2

independent homogeneous polynomials of degree 2n+1.
For p=2¢g+1, (7) consists of

(1) ilq'z"l<2q+l><m+n—2—s—v)

S S\ +1 m—2

independent homogeneous polynomials.

Noting that for fixed » the summands corresponding to s>#n—v
are all zero, we can carry out the summation with respect to s in the
formulas (8)-(11). In fact, from (8) for example, we obtain
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i[q'z"l<2q>(m+n—2——s—v> '§1<2q)
s=0 v=0 27) m — 2 - v=0 2'0
rtimtn—2—5s—0 @rl 720\ fm+n —v—1
2 ( )= £G( )
2=0 m — 2 v=0 27 m — 1

the number of independent polynomials in (7) when N=2n,n<k—1,
and p=2q. Indeed, when N <2(k—1) the basic set elements in case
N=2n and p=2q could be chosen for each v, 0<v=< g, n], as the
individual monomials x§ - - - x%x2?{' - - - a%m, a1+ - - - Fa,=2n
+ - - +2r,+2v, where 22" - - . x¥= are the individual terms ap-
pearing in ( 2™, x?)»= which has precisely

<m +n—0v— 1)
m— 1
elements. Members of basic set for the other cases can also be chosen
in the same manner thus proving that (7) is correctly numbered.
Therefore, for given integers N=0, k=1, and the associated sets of
nonnegative integers ai, + : -, Qp, Tpi1, * -, Tm satisfying (4),

(rn =N if N<2(k—1)), the set of polynomials given by (7) is a
basic set for Lg(u)=0.

3. Basic set for Li(x) =0. The corresponding basic set of poly-
nomials for L¥(x) =0 under the same assumption on the a;’s as before
may be deduced from (7) upon replacement of x,, by ix,. We have the
same formula as (7) except for the absence of the factor (—1)7. This
fact can of course be established by the same procedure as in §2
using (5) with the factor (—1)7 deleted.
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