ON SOME DETERMINANTAL INEQUALITIES
DAVID CARLSON!

1. We shall discuss two recent theorems by Marvin Marcus ([6,
Theorem 3]) and Ky Fan ([4, Theorem 1]) involving related determi-
nantal inequalities. We give improvements of their inequalities, and
show how they follow from the previously known special cases of the
theorems.

We deal with real or complex matrices 4 of order n. For any subset
B of {1, IR n}, we denote by 4 (8) the principal minor on the rows
and columns of 4 indexed by §; clearly the order in which the indices
of B occur is irrelevant. We define 4()=1. Now let 8y, - - -, B: be
subsets of {1, ceey n}, and % a positive integer between 1 and &; we
define

(A5 k5B, - - -, B) = (det A)"/A(By) - - - A(Bw),

if A(B;)#0,2=1, - - -, k. We may now state the theorems mentioned
above.

THEOREM A (MARcuUS). Let A be positive definite kermitian, and
Bi, - -+, By subsets of {1, - - -, n}.
Suppose eachi,1=1, « - -, n, occurs in exactly h of the B;. Then

¢A;h; By, -, B = 1.

A proof of Theorem A for totally positive (i.e., all minors positive)
and (nonsingular) M-matrices (cf. [7] or [3]) was given by Fan
in [4].

TueorReM B (FAN). Let A be a nonsingular M-matrix and B any
complex matrix for which

ai < |bul, i=1,-, n; by S |agl, 4,5=1,-+,n; i%].
Let By, - - -, By be subsets of {1, .- -,n}. If each i, 1=1, - - - | n, oc-
curs in at most h of the f3;, then
(2) S(A; 158, -, 8) = | G(Bs 3By, - -, B0 -

2. Now for our theorems. Given i, -+ -, Br, we define, for &
=1, <R,
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an = {i| 4 occurs in at least & of the 8;}.
We then define
Y(A;5B1, - -+, B = Aar) - - - Aew)/ABY) - - - A(Br),
(again, if 4(B8;)#0,7=1, - - - k). If k=2, we have

A(ar) A(ez) _ A(B1\J B2) A(B1M Ba) .
A(Br) A(B2) A(B1) A(B2)

(3) Y(A4;81,B8:) =

THEOREM 1. Suppose all principal minors of A are nonzero and
|¥(4; By, B2)| 1 for all B, Bo. Then, for all By, - -, B,

4) I\[/(A;ﬂly"'yﬁk)l =1

If each ¢ occurs in exactly % of the §8;, then
= - =a;.={1,~--,n}, A= - =y = &;

if, further, all principal minors of 4 are positive, we have Marcus’
inequality.
The condition |$(4; 81, B2)| <1 is equivalent by (3) to

| 4B N BIABY B)| = [AB)A®B)],

which is known to hold for positive definite, totally positive, and
M-matrices (cf. [3]). If all principal minors of 4 are positive, a char-
acterization of all matrices satisfying the hypotheses of Theorem 1
is given in [1].

THEOREM 2. Suppose all principal minors of A and B are nonzero,

and I‘p(A»Bly ﬂ2)| = IIP(B;BI) 62)! forallﬁly 62- Thenrfor all Blr st yBk)
©) |¢(A;51,"',3k)| = I‘I/(B;ﬁly""ﬁk)l'

To obtain Fan’s theorem, we need to use Proposition 3 of [3]
(which gives the case k=2 under the hypotheses of Theorem B) and
a remark which follows easily from two theorems of Ostrowski ([7,
Satz I and I11]; see also [3]):

REMARK. Let A and B satisfy the hypotheses of Theorem B. If a Cf
are subsets of {1, - ,n},then

A(B)/A(e) £ | B(B)/B(e) | .

Under the hypotheses of Theorem B, we have a;C {1, <., n},
i=1, -+, ha;=F,i=h+1, - - -, k. Therefore
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th
¢(A)Bl)yBk)=¢(A7h’)BI}’Bk)H ©
$=1 A(ac)

the conclusion of Fan’s Theorem now follows immediately.
Given By, - - -, B, subsets of {1, ce e, n}, we define

7€=nﬁi) i=1;"'7”'

If we assume with Marcus that each 7, =1, - - -, n, occurs in ex-
actly % of the 8;, then it is easy to show that, for 1#j, either y;=+; or
viy;=&; clearly, Uy, = {1, cee, n} We can now determine the
case of equality in Marcus’ theorem. 4 [y] denotes the principal sub-
matrix of 4 on the rows and columns indexed by 7.

TueoOREM 3. Under the hypotheses of Theorem A, we have equality in
(1) if and only if A is a “direct sum” of the A[v,] (i.e. a;;=0 unless
{1, 7} C, for some g).

3. Proof of Theorem 1. By hypotheses the theorem is true for
E=2; assume it is true for 2, - - -, k—1. Let Qu: be the collection of
subsets with # elements from {1, <., k}. It is easy to see that

an= U (N B

wEQpE VEW
and oy DazD - - - Day. Now we define

aw = U (N B);

0’ €Qp k-1 1€’
of Dag D+ - - Daj_;and apDay forh=1, - - -, k—1. Note that
ai—1M Br = ax
af M (e \J B) = ans\J (ad 1N ) = am} W1
al \J (are1\JBr) = af U B ’
ail U Br = ay.

<, k=2

Now by induction and the result for k=2,

| 4B - - - 4B ABY) | = | Aad) - - - Aled-) A |
2 | Aaf) - - - Alados) Ald-1\J ) Aa) | 2
= | Aa) - - Alew) |,

which is equivalent to (4).
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4. Proof of Theorem 2. By hypothesis the theorem is true for
k=2; assume it true for 2, - - - , k—1, Now

I Ay | | IT 4Can) IT ACed) IT AGad U ga)

he=1 _ h=1 h=1 hw=2

k T & —1 —2
I1 4 I1 46 I A(ed) T A(ad U Bs)
he=1 h=1 h=1 h=2

Aor) A(ai-1\J Bx) 22 A(ans1) A(ad \J Bi)
A(ad-)ABr) w2 Alard) A(ar 1\ Br)
Al d@) B Adad)
Aal) Aaz Y Bi) i<1 A(Ba)

and by the inductive hypothesis, multiplying inequalities for the
corresponding factors for 4 and B, we are done.

Proor oF THEOREM 3. Suppose ¢(4; k; B1, + + -, Br) =1; under the
hypotheses of Theorem A, this is equivalent toy(4; By, - - -, Bx) =1.
It is sufficient to prove that if y=v,= {1, s, p} =ﬂ}'_, B;, then

a,=0if1=Zp, g>pori>p, g<p. But now for each go> p, there exists
a B, 1>h;say i=h+1, such that go&Bhs1, YN\Br1= . If we consider
the inductive procedure we used in Theorem 1, at some stage in the
chain of inequalities (we may omit the absolute value signs)

ABY) -+ - AB) = - - - = A(ay) - - - Aaw),
we have,as 31N - - - NBr=vand Yy \Brn=,
AL\ - I B - A() ABard) - - - A(BY)
2 ABL\Y - I Bw) - Ay Y Bagr) - - - ABw).
If ¢(A; h; By, - - -, Be) =1, we must have
AWM ABr) = Ay \Y Birtn),

which implies (cf. [5, Vol. I, p. 255]) @i, =a,,:=0 for i<p (iE%).
Suppose 4 is the “direct sum” of the 4 [v;]. Each 8; and hence each
a; is a union of 4,; thus

AB) = II 4G, A(e) = JI 4.

Yg<8i Yocag

Since each index occurs % times, each A4 (y,) occurs & times (both in
the numerator and denominator of ¢(4; k; B, - + -, Bx)). Thus we
have equality in (1).
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5. Remarks. Classical determinantal inequalities have recently
been generalized in two different ways. In the first, Marvin Marcus
and others have considered “generalized matrix functions” (cf. [6],
[10], [11]). The author thanks Marvin Marcus and the referee for
pointing out (independently) that this note is related to [11]. The
inequality (13) of Theorem 5 of [11] is, like Theorem 3 of [6], sharp-
ened by Theorem 1.

In the second type of generalization, Ky Fan considers real-valued
functions f on a distributive lattice L which are “subadditive”:
flaA\B)+f(aVB) =f(a)+f(B) for all @ BEL. For matrices A with
positive principal minors and satisfying the hypotheses of Theorem 1,
the function f(a) =log 4 () is subadditive on the lattice of subsets of
{ 1, - - -, n} In this setting Fan has generalized a classical identity of
Szész [9], [12] and (after seeing a preprint of this note) unified and
generalized our Theorems 1 and 2 [8].
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