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Kurosh has proved the following theorem [l], [2].

Theorem 1 (Kurosh). Let M be a class of rings with the property

that if FG9ft and I is a nonzero ideal of R, then I can be mapped homo-

morphically onto a nonzero ring in 9ft. Then there exists an upper radical

property determined by 9ft.

For definitions of terms used in this paper, see Divinsky [2].

However, it was unknown whether every class of rings determines

an upper radical property. The purpose of this paper is to solve this

problem. The construction is similar to those in [3], [4].

We will need the following theorem.

Theorem 2 (Anderson, Divinsky and Sulinski [2], [5]). If © is

a radical property, then for any ring R and any ideal I of R, the

©-radical of I is an ideal of R.

Theorem 3. Every class of rings 9ft determines an upper radical

property.

Proof. For each ring R, let Dx(R) = {7: 7 is an ideal of R}. Assum-

ing Dn(R) has been defined, let Dn+x(R) = {7: 7 is an ideal of some

ring in Dn(R)} and defined D(R)=\J[Dn(R):n = l, 2, • • • }. Let 9ft

be the class of all rings A such that A is isomorphic to some ring in

D(R) for some R in 9ft. If A is an element of 9ft, then there exists a

positive integer re and a ring R an element of 9ft such that A is iso-

morphic to a ring 7 in Dn(R). Therefore, if J is a nonzero ideal of A,

then J is isomorphic and hence homomorphic to an ideal J' of 7 and

J'G7>„+i(F) and hence J'G9ft and 9ft satisfies the hypothesis of

Theorem 1. Thus 9ft determines an upper radical property ©gjj and

every ring in  9ft and in particular in 9ft is ©gft-semisimple.

Next we want to show that ©jjjj is the upper radical property deter-

mined by 9ft. Let © be any radical property such that every ring in

9ft is ©-semisimple. For each FG9ft, by Theorem 2, every ring in

Dx(R) is ©-semisimple and by induction, every ring in D(R) is ©-

semisimple and hence every ring in 9ft is ©-semisimple. Since ©§; is

the upper radical property determined by 9ft, it follows that @C©Si-
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