INEQUALITIES RELATED TO LIDSKII’S!
M. F. SMILEY

Introduction. The purpose of this paper is to present brief proofs of
many of the known linear inequalities involving the eigenvalues of
the sum of two hermitian matrices [1], [3], [6], [8] and [9]. We
derive quite easy proofs of the inequalities due to Lidskii [6] and [8]
to Amir-Moéz [1] and to J. Hersch [3] and B. P. Zwahlen [9]. Proofs
of Lidskil’s inequality appear in [4], [9] and [10]. Our interest in
this very old problem arose from a study of a recent result of F. John
[5]. Lidskit’s inequality immediately implies this result of F. John. In
fact, a slight strengthening of F. John’s result is (trivially) equivalent
to the inequality of Lidskii.

1. Conservation of eigenvalues and a proof of Lidskii’s inequality.
Let 2(X) be the set of all hermitian operators defined on a unitary
space X of dimension N. For 4 in Z(X), let a(4)=(a1, - - -, aw)
= (a(l), - - -, a(IN)) be the eigenvalues of 4 arranged in descending
order. If also B is in 2(X), we write a(B)=(6, - * -, Bw), a(4+B)
=(y, - -,yn)and e, ---,en;f1, -, fx; &1, - -, gn for ortho-
normal subsets of X such that Ae;,=ae;, Bf;=8if; and (4+B)g;
=vYigi for 1§'LéN.

THEOREM 1 (WIELANDT). If 124, <2,< + - + <i, =N, then
(A) 2 vG) £ 2 al) + 28
J=1 j=1 J=1

By use of Muirhead’s theorem one sees (cf. [8, p. 110]) that The-
orem 1 is equivalent to

(L) Lipskii's INEQUALITY. The vector (A + B) is in the convex hull
of the set {a(A)+a(B)P; P in Sy}, where Sy is the set of all N by N
permutation matrices.

We base our proof of Theorem 1 on the following well-known

CONSERVATION PRINCIPLE. Let A be in 2(X) and let X be a subspace
of X of dimension N—1. Define A in 2(X) by requiring that (Ay, y)
=(Ay, y) for yin X. Write a(4d) = (&, - - +, @(N—1)). Then

, (1) g oo g&(N—l) éa(N)
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(2) If X contains e1, - - -, e, then a;=a; for 1<j<k.

(3) If X contains ey, - - - , ey, then a;=a;_ for kSj< N.

Proor oF THEOREM 1. We use induction on N, noting that the
theorem is obvious if N=1 or if n =N so we may assume that 1, 7 <N.

Case 1. 1, <N. Let X be the subspace spanned by g, - -+, gn-1.
Let A and B be the restrictions of 4 and B to X, respectively. By
induction

2 96) £ 2 a6) + 2B
i=1 =1 i=1
The inequality (A) follows from (1) and (2) of the conservation
principle.
Case 2. 1<4,. Let X be the subspace spanned by e, - - -, ey. Let
A and B be defined as in Case 1. By induction

i’?(z}-— 1) = }1‘.5‘(1}‘— 1) + Z”:Ei-

j=1 j=1 j=1
The inequality (A) follows from (1) and (3) of the conservation
principle.
Case3.i1=1.Let S= {4, - - -, 4,} and let

T={N+1—ii€S1<i< N}
Then N&T and by Case 1

N—n

SOHiET)E X (@i ET) + X B

j=1

Apply this inequality to — A4, — B, reverse the sense, add > (v 1ES)
to both sides and use the additivity of the trace to get the inequality

A).
We turn now to the recent results of F. John [5]. Let Ry be the set
of all 1 by N real vectors. For ¢ CRy and Q in Sy, define

E(s, Q) = {4 in 2(X); a(4)Q in o},
and, with F. John,
Cle) = N(E(, Q); Q €Sx), D(o) = U(E(s, Q); Q € Sw).

TueorREM 2 (F. JoHN). If o is closed and convex, then C(o) is closed
and convex.

Proor. Since C(c), D(o) and E(o, Q) are all closed if ¢ is closed, it
will suffice to prove
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(L") If o is convex, Q& Sy, AEE(a, Q), BEC(0) and 0=t=1, then
(tA+(1—-1)B)EE(0, Q).

Proor. Applying (L) to t4 and (1 —¢)B, we see that a(t4 + (1 —¢)B)
is in the convex hull of the set {ta(A)-}-(l—t)a(B)P; PGSN}. By
hypothesis, a(4)Q and a(B)PQ are in ¢ for all PESy. Because ¢ is
convex, a(tA+(1—t)B)Q is in ¢. This proves (L').

Not only does (L) directly imply (L’) but conversely and equally
directly (L’) implies (L). To see this, first note that one may add
arbitrary multiples of the identity map I of X onto X to A and B
without affecting the validity of (L). Hence we may assume that
trace A >trace B=0. By (L), a(4+B)=a((1/2)(24)+(1/2)(2B)) is
in the convex hull of the set {Za(A), 2a(B)P; PESy } Hence

) a(4 4+ B) = 2sa(4) + 2(1 — 5)B

for 0<s=<1 and B in the convex hull of the set {a(B)P; PESy}.
Summing coordinates in (4), we see that s=1/2, a(4 +B) =a(4)+8.
This proves (L).

2. Some inequalities of Amir-Moéz. In this section we use (L)
and our conservation principle to give a very direct inductive proof
of the generalization of (L) due to Amir-Moéz [1].

First let us introduce some convenient notation and terminology.
If (4):44=%=< - .- =<i, is a monotone sequence of positive integers,
write (I): 1 <I,< - - - <I, for the least properly monotone majorant
of (7). We call (I) the cover of (i) or we say that (I) covers (3). If also
():1=5= - - - =j. is a monotone sequence of positive integers and
N is a positive integer, we call the pair (3), (j) N-admissible if and only
if n<N and k,=%,+j,—1 = N—n-+s for 1 £s<n. When the pair (7),
() is N-admissible, we write (z) o (j) = (K) for the cover of (k). Note
that I1,,, J,, K, = N which explains our term N-admissible. Using the
notations of §1, we may now state the inequalities of Amir-Moéz as
follows.

THEOREM 3 (AMIR-Mo%z). If N is a positive integer; (), (j) is an
N-admissible pair with covers (I), (J), respectively, while (K) = (1) o (j),
then

(A-M) ZHK) £ BT + X BUY.
am=1 8=1 =1
Proor. We use induction on N, noting that for N=1 or for n=N
the theorem is trivial and we assume 1, n <N.
Case 1. I1>1 (or J;>1). Let X be the subspace spanned by
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es, - - -, eyanddefine 4, Bon X asin the proof of (L). Since4; >1, (¢')
=(4—1, -+, i,,—1) is a monotone sequence of positive integers
whose cover is (I')=(l1—1, - - -, I[,—1). Since 7,>1 for 1 =s=<n, we
easily see that (¢'), (j) is an (N —1)-admissible pair and J, <N —1.
Since k1 >1, we see that (1) o (j)=(K')=(K:—1, - - -, K,—1). By
induction we have

(5) 2K Z": a(l.) + 2"‘, BU).

a=1 s=1 s=1

Our conservation principle yields v(K,) =4(K,—1)=9(K/), a(l.])
=a(l,—1)=a(l,) and B(J,)=B(J,) for 1=<s=n. Thus (A-M) for
D), (J), (K) follows from (5).

Case 2. 1, =j1 =1. Define ¢ as the greatest integer such that I,=s for
1=<s=tand u as the greatest integer such that J,=s for 1 =s<u. By
interchanging (z) and (j), as necessary, we may assume that « <t. We
see that ¢t <# by means of the following

REMARK. If we replace 7, by 7/ <14, for 1 <5 =<, then the pair (¢'), (§)
is N-admissible if the pair (z), (j) is N-admissible. If K = (') o (j), then
K/! =K, for 1=s5s=n so that v(K/)=2vy(K,) for 1=s=n. If (I'), the
cover of (¢') is the same as (I), then (A-M) for (I'), (J), (K’) immedi-
ately yields (A-M) for (I), (J), (K)=(z) o (j). Let us refer to this
process as irrelevant reduction of (7).

Now suppose that :=#n. By irrelevant reduction of (i) we may re-
place (z) by 2,=1 for 1=s<#n. But then K,=J, for 1=s<#n and
(A-M) follows from (L). We may assume that t<#z and j,1>u-+1 so
that u+N+1—J, 1 <N.

By irrelevant reduction of (¢) and (j) we may assume that 7,=1 for
1<s=<tandj,=1for 1=s=<u. Choose an N —1 dimensional subspace
X which contains g1, - - -, g and f(Ju41), - - -, f(NV). Define 4, B as
inCasel.Let ()=, -+ * yJwjuri—1, -+ + ,jn—1).Since ju1—1>u
= J., the cover of () is (J)=(J1, -+ +, Juy Jupr—1, - - -, JTo—1). A
similar argument using also ¢,41>¢+1 if u=¢ shows that (K’)
=@)o(J)=Ky, -+, Ky, Ku1—1, - - -, K,—1). We may assume
that I, <N since 4, N—n+s+1—j, for 1=s=<n shows that I,
<N+1—j, so that I, = N gives j,=1, t=u=n and (A-M)
is a very special case of (L). By induction (A-M) holds for (1), (J'),
(K’). Using our conservation principle, we easily see that (A-M)
holds for (1), (J), (K). This completes the proof of Theorem 3.

3. The Hersch-Zwahlen inequalities. We conclude with a brief
proof of the inequalities recently derived by J. Hersch [3] and B. P.
Zwahlen [9].
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The statement of these inequalities is somewhat complicated.
Consider (k)= {1<ki<k< - <k, <N} and 0<p<ps< - - -
<pm=p; 0=qu<g2< - - - <q,=q with p+qg=n, t=m or t=m—1,
and ¢:1=0 only if m=1 and pr=p=n. Let po=go=0, p(m+1)
=g(t+1) =n and k(n+s) = N+s for s>n. Define, with Zwahlen,

th=k(s+q¢)—¢ forp,<s=py1, O0=r=m;
and
Js=k(s+ pry1) — prya forg<s=gy1, O0=r=t

THEOREM 4 (HERSCH-ZWAHLEN). If the foregoing definitions hold,
then

(H-2) Sk = 3 ali) + 386G,

s=1 =1 8=1

ProoF. We begin by observing that the case g1 =0 is merely (A) in
its equivalent complementary form. As usual, if n=N, (H-Z) is an
equality. Hence we may assume that ¢; >0 and that # <N. We use
induction on N noting that the theorem is true for N=1. We define
v to be the greatest integer for which k(n—s+1)=N—s+1 for
1<s5=<v. We may have v=0 which occurs if and only if k(n) <N. We
define u# to be the greatest integer for which k,=s for 1<s=<u. We
may have #=0 which occurs if and only if k(1) >1. Observe that
v4+u<n<N-—1. The definition of # and Zwahlen’s definitions of the
sequences (z) and (§) yield uniquely determined nonnegative integers
w and 2 such that u=w+3, 4,=s for 1 Ss<w and j,=s for 1<s5=2
while 7(w+1) >w+1 and j(z+1) >z+4+1. We may choose a subspace
X of dimension N —1 containing the vectorses, « -+, e, f1, - * * , fs as
well as g(N—v+1), - - -, g(N). Define 4, B, C as usual on X. If we
replace N by N—1 and &, by k,—1 for # <s and use Zwahlen’s defini-
tions as well as our inductive hypothesis, we obtain an inequality like
(H-Z) with the corresponding replacements. But, since & =a, for
1<sswand a(s—1)2a, forw<s=<n;B,=B,for 1<s<zand f(s—1)
=8, for z<s=<n; while v,=%, for 1=<s<n—v and vy.,=5(s—1) for
n—v<ss=n, (H-Z) follows from the corresponding inequality for A
and B.
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