THE EXISTENCE OF GAUGE FORMS
ON AFFINE VARIETIES

RICHARD L. FABER

1. Introduction. One way of defining the Tamagawa number of a
linear algebraic group G is to start with a gauge form [1] on G, i.e.,
an invariant highest degree algebraic differential form which is every-
where holomorphic and nonzero. In this paper we consider the exis-
tence of an everywhere holomorphic and nonzero form of highest
degree on an arbitrary nonsingular affine variety V defined over an
arbitrary field k. It is proved that a variety which is a complete inter-
section possesses a gauge form. Some comments are made on the
general case.

2. Preliminaries. Let VCQ" be a nonsingular 7-dimensional variety
defined over a field & contained in a universal domain Q. If x = (x;, %2,
-, %,) is a generic point for V over k, we identify k(x) with the
function field, 2(V), of V, and let D be the k(x)-space of k-derivations
of k(x). The elements of F=Hom (D, k(x)) are called algebraic
differential 1-forms over k on V; the elements of A*F are the algebraic
differential 7-forms over & on V, or briefly, the r-forms over k. We
define the map d: k(x)—F by df(x) (D) =Df(x) for f(x) Ek(x), DED.
Let ' be a point of V. A separating transcendence base #, &,
- - -, t, for k(x) over k is called a local coordinate system at x’ if, for
each 1,
(1) t;E0., the local ring at x’, and
(2) the derivation d/d¢; maps O, into itself. (2) is equivalent to the
statement that dx;/9¢;E0,, for all j. Given such a local system, any
r-form w has a “local expression” at x’ of the form

w=¢@dL Ndlz A\ - - - N db,

for some ¢(x) Ek(x). w is called a gauge form (over k) on V if at every
point x’ of V it has such a local expression in which ¢(x) &0, and
o (x") #0, i.e., ¢p(x) €0, the group of units in O,..

3. Complete intersections. Let VCQ+¥ be a nonsingular r-dimen-

sional affine variety defined over k by equations Fy, Fy, - - -, Fy in
E[X]=k[Xy, - -+, Xuyn] and let x=(x1, %, - - -, %,.n) be generic
over k. If {il, Tgy * i,} is a subset of {1, 2, - - ,r+N}, we shall
denote its complement by {4}, 45, - - -, iy}.
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Now let x’ be any point of V, and suppose
A(Fy, - -, Fn)/0(Xiryy - - oy Xing)ar # 0.

Then the same determinant evaluated at the generic point does not

vanish, and so x;, - - -, x,, is a separating transcendence base for

k(x) over k. To show it is a system of local coordinates at %', it suffices

to prove that 9dx.,/0x; €0, for 1=u=<N, 1=\=r. But since dx,,,
- - -, dx;, are a basis for the space of 1-forms,

) dxy, = )‘z:l(ax;»“ [0xi)dxy, 1=p=N.

Moreover, for eachm=1, 2, - - - , N, the equation 0=dF,,(x) implies
N r

) — 2 (OFm/3X )i, = 2 (9Fn/0X) 024
B=1 A=1

Since det ((OF",/&X;,“))ZEO}, the result follows from (1) and (2).
Now denote by o(z) the sign of the permutation sending (1, 2, - - -,
r+N) into (i1, %2, - - *, s 21, * * -, 1x), and let
AN LTV ANCIVAN = 78

(3) w = U(i)a(Fl, ceey FN)/a(Xi'l, T X‘.'N)z.

This is an 7-form over k£ on V, holomorphic and nonzero at x’. We
shall show that w’ is independent of the choice of x” and local coordi-
nates at x’. It will then follow that ' is a gauge form.

Let x’’ be any point of V' (possibly equal to x’), and suppose that
O(Fy, - -+, Fn)/d(Xjrp, -+ -, Xyn)ar#0, so that xj, - - -, x; Is a
system of local coordinates at x’’. Set

dle /\ dsz /\ s /\ dx,-,
a(Fl; ) FN)/O(XJ"N R} XJ"N)I

o = o(j)

We claim that w’ =w’’. This is equivalent to the assertion
a(xiu ) xiy)/a(xin Tty xi,)
(4) () (]) a(Fla I} FN)/a(XJ"u Ty Xj"‘,)z
=o\1)o .
a(Fb R} FN)/a(Xi'u cr ,Xi’N)z

But the latter is an elementary result of the calculus.

4. The general case. Let { F.}aca be any collection of polynomials
in k[X] generating the ideal of VC Q" in @[X]. We denote by B the
set of all N-tuples (N is the codimension) B=(B1, B2, - - -, Bn) of
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elements of A such that the matrix with ith row dFs/dX,, - - -,
0F4,/0X,, for i=1,2, - - -, N, has rank IV at x. For each BEB, let
Ug= {x’EV| the rank of the same matrix evaluated at x’ is also N}.
Then the {U ,g} gep are a k-open cover of V.

For B, 7€B set cy=det Cj, where the matrix with 7th row
dF, /90Xy, - - -, OF, /é)X evaluated at x is C} times the matrix with
ith row aFg‘./BXl, -+ +,0Fg,/0X, evaluated at x. Then Cjisan N XN
matrix over k(x) and 6360*(U,3m U,).

It is easily seen that {c}}g.,es is a 1-cocycle for the cohomology of
the cover { Us}gep of V with coefficients in the sheaf of local units.
Moreover, it is not hard to prove that the element represented in the
Cech cohomology H'(V, 0%) is zero if and only if V possesses a gauge
form over k.

We shall now give an example, due to D. S. Rim, of a nonsingular
affine variety which possesses no gauge form. Suppose that R is the
coordinate ring of an r-dimensional variety V defined over k, and that
S is the coordinate ring of an s-dimensional variety W defined over %.
Assume that S is an augmented R-algebra.

Let $z be the R-module of all 1-forms over 2 on V which are every-
where holomorphic; Fs, the S-module of all 1-forms over 2 on W
which are everywhere holomorphic. Finally, let Fgz denote the
S-module consisting of all elements of Homymw)(Dergk(W), k(W))
which are holomorphic everywhere on W. We have natural k-deriva-
tions dr: R—Fg, ds: S—Fs, and a natural S-derivation ds/r: S—Fg/r,
all satisfying (df)D =Df, for f in R or S and D in Fg, Fs, or Fgr, as
the case may be. These derivations yield canonical isomorphisms

Homg(Fr, M) =~ Der(R, M), for any R-module M,
(5) Homg(Fs, M) =~ Deri(S, M), for any S-module M,
Homg(Fs,r, M) = Derr(S, M), for any S-module M.
Now, since S is an augmented R-algebra,

6) 0 — Derr(S, M) — Dery(S, M) — Deri (R, M) — 0
is exact for any S-module M. Moreover,

O] 0->SQ®rFr—Fs—Fsr—0

is a split exact sequence of S-modules. Exactness is seen by applying
Homg(_, M) for any S-module M (by (5) and (6), we always obtain
an exact sequence), and splitness is seen by taking M =S® Fx.

Let (A*F)s be the S-module of everywhere holomorphic s-forms
over k on W. Then the natural map A*(Fs)—(A*F)s is an isomor-
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phism, since it is such locally. Clearly, if there exists a gauge form w
on W, then (A*F)s is a free S-module, Sw; and, conversely, if (A*F)s
is nontrivial free, then W possesses a gauge form (any generator of
(A*F)s). We now construct a variety W for which A*(Fs) is not free.

Take k=Q=the field of complex numbers, and let R be the quo-
tient ring of the polynomial ring Q[X, ¥, Z] by the ideal generated
by X2+ Y242Z2—1. Since R is not a unique factorization domain
(X+iY)(X—1Y)=—(Z—1)(Z+1)), there exists in R an ideal A
which is locally principal but not principal, e.g., U=R(X +1Y¥)(Z—1).

Let S=8(%), the symmetric algebra on ¥ (it is locally a polynomial
ring in one variable). Then V is the 2-sphere, and W is a nonsingular
affine variety which is locally 7 Xa straight line.

Now, from (7) and the fact that dim W=3, dim V=2, we obtain

A3(Fs) ~ NS @r Fr) @sFsir = S s Fs/r =~ Fsr.

It will therefore suffice to prove that Fg/r is not S-free.

However, we have the following sequence of natural transfor-
mations: for any S-module M, Homg(Fs/r,M)=Derr(S,M)=
Homgr(Y, M)~Homs(S®rA, M). Hence, Fs;r~SQ®r¥, canoni-
cally. But S®z¥ is not S-free; for, if it were (viewing R as an S-
module), RQ s(S® ) =~ R A ~A would be R-free, a contradiction.
Accordingly, W possesses no gauge form.
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