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1. Introduction. A polynomial is of bounded index.1 In this paper

we show that an entire function of bounded index is of exponential

type. Furthermore we show that there exist entire functions of un-

bounded index and arbitrarily slow growth. If an entire function

satisfies a linear differential equation with constant coefficients, then

it is of bounded index. We prove

Theorem 1. If fiz) is an entire function of bounded index, then

log Mir, f)
(1) lim sup —--^- ^ N+1,

r—»« r

where N is the index of f. This result is sharp.

Theorem 2. Given any function qb(r) such that </>(r)^c>0 for r^O

and log 0(r)/log r—* oo as r—* oo, there exists an entire function fiz) of

unbounded index, such that for every r^O, Mir, f) ^ <A(r).

Theorem 3. If fiz) is a transcendental entire function and satisfies the

linear differential equation

(2) /<»> + «!/(«-'> + • • • + a„f = 0,

of order n, with constant coefficients, then fiz) is of bounded index. Fur-

thermore, the index N^p where p is any integer such that p^n — 1 and

I   «1 I I   «2 I I   On I(3) J—L + _J—L_ + . . . +-!—!-< i.
p + 1      pip+l) ip- in-2)) ■ ■ -ip+ 1)

Corollary. // p is any integer such that

(4) p^n-2+ \ai\   + |a2|1'2+ • • • + |on|1/n,

then N^p.

Remarks, (i) The hypothesis in Theorem 3 implies that ra2>l and

max (| aj|f   • • • , |o„|)>0.

(ii) A theorem similar to Theorem 2 is given by Lepson [2]. Our

method of construction is different from that of Lepson.

2. Proof of Theorem 1. We require the following lemmas.
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1 For definition, see the paper by Fred Gross, Entire functions of bounded index,

Proc. Amer. Math. Soc. 18 (1967), 974-980. See also [2].
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Lemma 1 [3]. Let F(r) be positive and nondecreasing for r>ro, and

suppose that

F(r)
lim sup-= a,        0<«| «o;

r—*« r

then corresponding to each pair of positive numbers b, c satisfying the

inequalities b <a; 1 <c<a/b, there is a sequence Ri, Ri, • ■ ■ tending to

oo such that i?i>r0 and

F(r) > br,        Rn ^ r g cRn < Rn+i;        n = 1, 2, ■ ■ ■ .

Lemma 2 [5, pp. 4-10]. Ifv(r) denotes the rankof the maximum term

of f(z) and Mj(r) denotes the maximum modulus o//(y)(z), then for

j=l, 2, ■ ■ • ,

(5) (v(r)/r)'M(r)(l - es(r)) ^ Mj(r) ^ (v(r)/r)'M(r)(l + ej(r)),

where 0:2 €,-(/)—>0, for r—><x> outside a set of finite logarithmic measure.

Lemma 3 [3]. Letf(z) be an entire function of positive order p. Write

log M(r)                   .            v(r)
lim sup- = T,       lim sup- = y.

r—.oo rp r—*ao      rp

Then pT^y^epT.

Proof of theorem. Let

v(r)
(6) lim sup-= a 5= °°.

r—»oo f

We will show that

(7) a^N+1.

We may suppose that a>0, for otherwise (7) is obviously true. We

take b and c as in Lemma 1 and denote by En the interval [Rn, cRn].

Write G = UJ° En. The variation of log r in En is log c, and so the total

variation of log r over \}\ En tends to infinity with p. Let E denote the

set, on the r-axis, outside which (5) holds forj = l, 2, • • •, Af+l.

Hence the set GtACE, where CE is the complement of the set E,

contains a sequence of points r„ f oo. Let 0<bx<b. Then for r

= rn (ra>ra0),

Mj(r)/Mp(r) ~ (v(r)/r)™ ^ b^,

O^p^j,   j= 1,2, • ■ -,N+1.

Since f(z) is of index N, we have
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MN+i(r) = (A + 1)1 max{M(r), Mi(r)/ll, • • • , MNir)/N\\,

and hence for r = r„, n>ni,

MN+i(r)

= (A + 1)! max{MNir)/b", • • • , M^(r)/(A - 1)16,, MNir)/N\}.

If bi^N, then (7) is obviously true and so we may suppose that

bi>N. Then for r = rn,

MN+iir) < (A + 1)1 MNir)/N\ g (A + l)MN+iir)/bi,

and so bi^N+1 and (7) follows. From (7) and Lemma 3 we deduce

that/(z) is of exponential type T^N+1.

To show that (1) is sharp, we consider/(z) =exp((A-|-l)z) where

A is a nonnegative integer. This function is of index N and type

T = A+1.

3. Proof of Theorem 2. We may suppose without loss of generality

thatc<l. Let

¥(r) = min{2<Kr)/c, exp(log2(2 + r))}.

Write Fir) = (*(r))1/2 and let

vir) = 1/sup [log t/log Fit)].
«6r

Then 17(7) ] <x> and ?j(r) 5=§ log2(2+r)/log r. Let rx — e be chosen such

that ri(ri) = 1 and write mi= [riiri)]. Let rn (« = 2, 3, • • • ) be chosen

such that 7?(r„)^27j(/n_i) and write mn= p7(r„)] — fo(r„_i)], w = 2,

3, • • • . Let
" /        zX"1"

ew- n(l+7j •

Then for rn^r<rn+i, w(r)=wi+ • • • +mn= [ij(rn)] gr/(r) = 0(log r).

Hence £(z) is an entire function and [l, pp. 47-49]

/'r nit)
-dt = n(r) log r ^ »)(r) log r = log F(r).

Hence for all r = r0,

log £(r) g 2 log F(r) = log *(r).

Let

/(z) = cj(z)/2|(f0).

Then /(z) is an entire function such that for r^O, Mir, f)^(p(r).
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Furthermore, f(z) is of unbounded index for it has zeros of arbitrarily

large order.

4. Proof of Theorem 3. For any integer p^n—1, we have

(9; + —-L(    '    '     )+ -••
(p-l)l\p(p+l)J

,    |/(p-"+1)l jo. |

(p-n+l)\ (p-n+2) ■ ■ ■ (p+1)

provided

1 fliI .   \aA    t_,_Kl_< j
# + 1      />(/>+ D (/.-« + 2) ••■(/>+ 1) =   '

which is condition (3). Now by (2)

f(p+u _|_ a^(p) + . . . + an/(p-"+D = 0,

and hence

\fip+1)\        | gl/(p) + • ■ - + a^o-rt-i) |

This proves that

ao)        ^ii/i,...,—-^——.

With the help of the equation (2), we can show that the inequality

(10) holds, when (p + 1) in the expression on the right of (10) is re-

placed by j, where .7=£+2, p+3, ■ ■ ■ . Hence N^p and the theorem

is proved. To prove the corollary, note that (4) implies p^.n — 1 and

p-n+2 ^ max(|«,| , | a»|1/2, • ■ ■ Jonl1'").

Hence

(p + l)p ■ ■ ■ (p - n + 2)

> (P + Dp ■ ■ ■ (p-n + 3)(\ax\ + \a2\1'2+ ■■■+ \ an\ll»)

^ p(p - 1) • • • (p - n + 2) | oi |  + (p - 1) ■ ■ ■ (p - n + 2) \ a21

+  • • • +   | On | ,

and so (3) is satisfied.
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5. Remarks and examples, (a) Let fiz) = Piz)eat where a is any

complex number and Piz) is a polynomial of degree less than n. Then

fiz) is of bounded index, and the index N^p where p is any integer such

that p = n — l and

n\a\_     Mn-1) \       1

p+1       \      2! Jpip+1)

H-—- < 1.
ip-n + 2) ■ ■ -ip+1)-

For Dn {f(z)e~az} =0 and so

(     n(n - 1)\
f(n)  +  (_  an)f<.n-l)  _|_   )ai    _i-1 y(»-2)+     ..._)_(_   !)nany =  Q

Hence the result follows from Theorem 3.

(b) If an entire function fiz) satisfies equation (3) and c^O is any

constant, then Fiz) =ficz) is of bounded index.

(c) If fiz) is of bounded index, then index fiz) = index f(uz) where a is

a constant of modulus 1.

(d) Let fiz) be an entire function satisfying the equation

fw + aifw +af =0.

If Fiz) =fis/z) is an entire function, then Fiz) is of bounded index.

Since/(Vz) is entire we must have ai =0. We may suppose, without

loss of generality, that a>0. Solving the equation and noting that

fiz) is an even function we get Fiz)=a0 cos iaz)112. Since F(z) and

cFiz) have the same index we need consider

Fiz) = cos iaz)1'2,       a > 0.

The zeros of F(z) are all real and F(z) is real for real z. Hence by

Laguerre's theorem [l, p. 23] the zeros of F'(z) are all real and are

separated from each other by the zeros of Fiz). We repeat this argu-

ment with F<»(z), F<2>(z), • ■ • and deduce that if {za,n}?, {zi.»}i, ■ • •

denote respectively the zeros of Fiz), Fl(z), • • • , then 0<z0,i<zi,i

< • • • . It is easy to see that zk.i—>oo with k. Hence we can choose

smallest integer k such that J^max (a — 5, 1) and

(11) Fik)iz) has no zeros in | z\   < 1.

Then



1022 s. m. shah

min | 7?<*>(z) |

= min  | F<*>(z) |

_ k\a"  j a(k + 1) a2(k + l)(k + 2) \

~(2Jfe)lt   ~ (2*+l)(2*+2)      (2* + 1) ■ • • (2k + 4) 7

2 k\ak
;>_.

3 (2*)!

Uj^k,

max    F<«(z)     ^ —-
l-l-i 3   (2i)l

Hence for |z| gl,

(12)   maxj | F| , • • • , | F<*> \/kl} £ | F«>|//!,       / - 1, 2, • • • .

For |*| ^1

| FW+1' | /(k + 1)! = | (4* - 2)F<*> + aFf*-1' | /4 |r*1 (A + 1)!.

Now the left expression of (12)

2: (|F<4>|/£!)« + (| F'*"1' | /(k - l)!)j8

provided Oga, 0^|3 and a+jS^l. Take

a = (4£-2)/4| z| (* + 1),        fi = a/4 | z\ k(k + 1).

Then a+fi^.1 and so (12) holds for \z\ ^1 and j = fe + l. Similarly it
holds forj = k + 2, k+3, ■ ■ ■ . Therefore F(z) is of index N-^k.
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