ENTIRE FUNCTIONS OF BOUNDED INDEX
S. M. SHAH

1. Introduction. A polynomial is of bounded index.! In this paper
we show that an entire function of bounded index is of exponential
type. Furthermore we show that there exist entire functions of un-
bounded index and arbitrarily slow growth. If an entire function
satisfies a linear differential equation with constant coefficients, then
it is of bounded index. We prove

THaEOREM 1. If f(2) is an entire function of bounded index, then

log M(r,
1) fimsup 2 XEN vy

r— r
where N 1is the index of f. This result is sharp.

THEOREM 2. Given any function ¢(r) such that ¢(r) Zc>0 for r=0
and log ¢(r)/log r— o as r— o, there exists an entire function f(3) of
unbounded index, such that for every r=0, M(r, f) < ¢(r).

THEOREM 3. If f(2) is a transcendental entire function and satisfies the
linear differential equation

(2) f™ 4 g fe=D 4 ... 4 g, f =0,

of order n, with constant coefficients, then f(2) is of bounded index. Fur-
thermore, the index N < p where p is any integer such that p=n—1 and

| all | ‘12| | a,.l
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COROLLARY. If p is any integer such that
O] pzn—2+|al| + a2+ -+ |aa|tr
then N <p.

REMARKS. (i) The hypothesis in Theorem 3 implies that #=1 and
max (|ai|, - -, |aa])>0.

(ii) A theorem similar to Theorem 2 is given by Lepson [2]. Our
method of construction is different from that of Lepson.

2. Proof of Theorem 1. We require the following lemmas.

Presented to the Society, April 19, 1967; received by the editors May 9, 1967.
! For definition, see the paper by Fred Gross, Entire functions of bounded index,
Proc. Amer. Math. Soc. 18 (1967), 974-980. See also [2].
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LEMMA 1 [3]. Let F(r) be positive and nondecreasing for r>ro, and
suppose that

. F(r)
lim sup

r—w r

= a, 0<a= o

then corresponding to each pair of positive numbers b, ¢ satisfying the
inequalities b <a; 1 <c<a/b, there is a sequence Ry, Ry, - - - tending to
o such that Ry>ry and

F(r) > br, R, £ r £ ¢R, < Ryyy1; n=12---.

LEMMA 2 [8, pp. 4-10]. If »(r) denotes the rank of the maximum term
of f(z) and M;(r) denotes the maximum modulus of f?(z), then for
j=11 Zv R}

(6) /1M — €(n) = Mi(r) = (w()/1)M(r)(1 + &(r)),
where 0 Z¢;(r)—0, for r— o outside a set of finite logarithmic measure.

LeEMMA 3 [3]. Let f(2) be an entire function of positive order p. Write

: log M (r) : v(r)
lim sup — =T, limsup — = .
r— o rP row® rP

Then pT <y =epT.

PROOF OF THEOREM. Let

(6) limsupy—(rz=a§ ©,
r— o r

We will show that

7 a =N+ 1.

We may suppose that a >0, for otherwise (7) is obviously true. We
take b and ¢ as in Lemma 1 and denote by E, the interval [R,, cR,].
Write G=U; E,. The variation of log 7 in E, is log ¢, and so the total
variation of log r over U} E, tends to infinity with p. Let E denote the
set, on the r-axis, outside which (5) holds for j=1,2, - - . N+41.
Hence the set GIN\CE, where CE is the complement of the set E,
contains a sequence of points 7, T . Let 0<b;<b. Then for r

=r, (n>n0),
® M(r)/My(r) ~ (v(r)/r)FP 2 b5,
Oéj?é], j=1,2,"',]\7+1.

Since f(z) is of index N, we have
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Mya(r) = (N 4+ D! max{M(r), Mi(r)/11, - - -, Ma(r)/N1},
and hence for ¥ =7r,, n>n,,
Myya(r)

< (N + 1! max{MN(r)/b{', e, My(r)/(N — 1)16s, Mx(r)/N1}.
If <N, then (7) is obviously true and so we may suppose that
by>N. Then for r=r,,
My(r) < (N + D! My()/NU S (N + 1)Muia(r) /by,

and so by N+1 and (7) follows. From (7) and Lemma 3 we deduce
that f(2) is of exponential type TSN +1.

To show that (1) is sharp, we consider f(z) =exp((N+1)z) where
N is a nonnegative integer. This function is of index N and type
T=N+1.

3. Proof of Theorem 2. We may suppose without loss of generality
that ¢ <1. Let

¥(r) = min{2¢(r)/c, exp(log?(2 + r))}.
Write F(r) = (¥(r))V/2 and let
a(r) =1/ sup [log t/1og F(#)].

Then n(r) T « and 9(r) =% log?(2+r)/log r. Let r1=¢ be chosen such
that n(r1) =1 and write my;= [9(r1)]. Let 7, (n=2, 3, - - - ) be chosen
such that 7(r,) 2Z2q(r,—1) and write m,= [n(r.)]—[n(ra_1)], n=2,
3,---.Let

£ = 11 (1 + —f—)m"

1 n

Then for 7, <7 <fpy1, #(r) =mi+ - - - +m, = [n(r.)] 9() =0(og r).
Hence £(z) is an entire function and [1, pp. 47-49]

T n(f)

log £(r) ~ N(r) = f — dt £ n(r) log r < n(r) log r < log F(r).

Hence for all r = 7,
log £(r) < 2 log F(r) = log ¥(r).
Let
f(@) = c&(2)/2¢(ro).
Then f(z) is an entire function such that for =0, M(r, f) <¢(r).
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Furthermore, f(2) is of unbounded index for it has zeros of arbitrarily
large order.

4. Proof of Theorem 3. For any integer p=2n—1, we have

mas {171, L2201} 2 2L (Laby

| fev| 1 | a
o + +
® - D1 (p(p n 1))

| fE—nt1) | | an]

(p—nt+D! (p—n+2) - - (p+1)

provided
ol el X -
p+1 p(p+1) p—n+2)---(p+1)

which is condition (3). Now by (2)
FEHD 4 gyf® 4 .. g femtD = 0,

and hence
| fe+v | | af® + - - - + guf 0|
¢+ (»+ 1! '
This proves that
(» > +D)
(10) max{‘f|,---,|fp‘}g|f |
p! (p + 1!

With the help of the equation (2), we can show that the inequality
(10) holds, when (p+1) in the expression on the right of (10) is re-
placed by j, where j=p42, p+43, - - - . Hence N = p and the theorem
is proved. To prove the corollary, note that (4) implies p=n—1 and

p—n+2=max(|ail, ||V -0, ] @]t
Hence
b+ D (p—n+2)
2(p+1p---p—n+3)(a| +|a:|2+ -+ | an |t
2p0—D- - @—ntDla| +G-1 - @-n+2)]a
+ -4 |aal,

and so (3) is satisfied.
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5. Remarks and examples. (a) Let f(z) = P(3)e** where a is any
complex number and P(z) is a polynomial of degree less than n. Then
f(2) s of bounded index, and the index N <p where p is any integer such
thatp=n—1and

n|al +(n(n—1) la|2) 1

2! T R

el 3

p—n+2---(p+1) "~

For D* {f(z)e=*:} =0 and so

nn — 1)

o }f(n—2)+ e 4 (_ l)nanf = 0.

f® 4+ (= an)fe—b + {az

Hence the result follows from Theorem 3.

(b) If an entire function f(2) satisfies equation (3) and ¢=0 is any
constant, then F(2) =f(cz) is of bounded index.

(c) If f(2) is of bounded index, then index f(z) =index f(az) where a is
a constant of modulus 1.

(d) Let f(2) be an entire function satisfying the equation

@ 4 af® 4+ af = 0.

If F(z) =f(+/2) is an entire function, then F(2) is of bounded index.

Since f(+/2) is entire we must have a; =0. We may suppose, without
loss of generality, that ¢ >0. Solving the equation and neting that
f(2) is an even function we get F(g) =a, cos (az)V/2. Since F(z) and
¢F(3) have the same index we need consider

F(z) = cos (az)'/?, a>0.

The zeros of F(z) are all real and F(z2) is real for real z. Hence by
Laguerre’s theorem [1, p. 23] the zeros of F!(z) are all real and are
separated from each other by the zeros of F(z). We repeat this argu-
ment with FO(z), F@(3), - - - and deduce that if {zo,,.}f', {z;,,.}{‘, <
denote respectively the zeros of F(z), F'(2), - - -, then 0<z21<2,
< - ... Itis easy to see that 2; 13—« with k. Hence we can choose
smallest integer k such that k= max (e—1, 1) and

(11) F®(3) has no zeros in | z| < 1.

Then
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min | F®(z) |
lz]=1

= min | F®(3) |

lz]| =1
_ kla* {1 ak+1) a?(k+ 1)(k+ 2) }
(28)! QE+1)(2k+2)  (Qk+1)---(2k+4)
2 kla*
; — .
3 (2k)!
Ifjzk,
4 jlod
max | FO(z)| = — ](.1 .
lz11 3 2!

Hence for |z <1,
(12) max{|F|,- -, |F®|/k} = |FO|/), j=1,2,---.
For |z] =1

| F&+0 | /(B + 1)1 = | (4k — 2)F® + oF®D| /4|ez| (k + 1)L
Now the left expression of (12)

2 (|F®[/k)a+ (| F&D] /(e — 1B
provided 0=Z¢, 0=<f and a+S=1. Take
a= (4k—=2)/4|z| (E+ 1), B=a/4|z|kE+1).

Then a+B=1 and so (12) holds for |z| =1 and j=k+1. Similarly it
holds for j=k+2, k+3, - - - . Therefore F(z) is of index N =k.
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