AN EXTENSION THEOREM FOR OBTAINING MEASURES
ON UNCOUNTABLE PRODUCT SPACES

E. O. ELLIOTT

Abstract. Several theorems are known for extending consistent
families of measures to an inverse limit or product space [1]. In this
paper the notion of a consistent family of measures is generalized so
that, as with general product measures [2], the spaces are not re-
quired to be of unit measure or even ¢-finite. The general extension
problem may be separated into two parts, from finite to countable
product spaces and from countable to uncountable product spaces.
The first of these is discussed in [3]. The present paper concentrates
on the second. The ultimate virtual identity of sets is defined and
used as a key part of the generalization and nilsets similar to those
of general product measures [2] are introduced to assure the measur-
ability of the fundamental covering family. To exemplify the exten-
sion process, it is applied to product measures to obtain a general
product measure. The paper is presented in terms of outer measures
and Carathéodory measurability; however, some of the implications
in terms of measure algebras should be obvious.

Introduction. An uncountable product space X = [[:er X is given
with a family D of countable subsets of the index set I. To each such
subset 7€ D there is an associated outer measure u. on the countable
product space X"=[]ie; X;. How the measures u. are obtained is
not of interest here, but to keep the complete extension problem in
mind we might think that u. is obtained as in [3] by extending a
regular conditional measure system onto X7. The problem we are
concerned with here is that of stipulating conditions on the system
of measures u, that allow their extension to an outer measure g on X
having properties reflecting their own.

To proceed with the problem we need to agree on some notation.
If ACX and ¢ is any subset of I, let 4, be the projection of 4 onto
the space X7, and if aC X" let a* be the cylinder in X over a. The sym-
metric difference between two sets A and B will be denoted by 4 A B,
and for 7€ D, its complement I —7 relative to I will be denoted by 7.

The family 9 is said to be comprehensive when each countable
subset ¢ of I is contained in some element 7 of D (i.e. sC7ED). In
the remainder of the paper we assume that O is comprehensive.
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1. The covering family. The existence of the covering family
& described below requires that the measures u. be rather congenially
related. It is in this definition that the notion of a consistent family
of measures is being generalized. To give the definition, we must first
introduce two families of sets, the first of which is a traditional part
of the extension process and the second of which is reminiscent of
product measures. For 7€ED let M. = {BCX 7. B is Carathéodory
measurable with respect to u,} and

®, = {BC X7: 8 = ][ B: where 8; C X, for each i € 7/, and

€T’
(a X B)s € M, for each o € M, and each ¢ & D such thatr C a} .

For a covering family § we require a family of subsets of X such that
for each 4 € there exists €D with 4 =aX for some a EM, and
BE®,, and w,(4,) =u.(c) whenever c &D and 7Co. (Note here, as a
consequence of the definition of ®., that also A,&9M,.) Further re-
strictions will subsequently be placed on .

In the above, 8 is in some sense a set of unit measure relative to o
and A4 is the analogue of a classical cylinder set. On § we can now
define a function u by means of u(4) =pu.(a) where 4 =aXp, a ENM,,
BER,, TED, and u,(4,) =p.(a) whenever ¢ED and 7Co. Using u
as a gauge and § as a covering family, we generate an outer measure
¥ on X by taking ¥(4), ACX, to be the infimum of numbers of the
form Y Beg w(B) where G is a countable subfamily of § which covers
A. We come now to our first

THEOREM 1.1. If AEF then ¥(A) =u(4).

ProoF. If G is a countable subfamily of § such that A CUG, then
for each B&EGgU {A } let 75 be such a member of D that u(B) = u.,(B.,)
and let ¢ be such a member of D that

U m»Co.

BeSU{4)
Thus (B) = u.(B,) for each BEGU {4} and
;L(A) = ll.,(Aa) = Egﬂc(Bc) = Z ”(B)y
Be

BeS

from which we may conclude that ¥(4) =u(4).

The first basic assumption to be made about § is that if rED,
aEM,, and ACF, then 4a*EF and 4 —a*EF. This leads to our
second theorem.
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THEOREM 1.2. If 7ED and a EM,, then o* is ¥ measurable.

ProoF. Since § is the covering family for W, it is sufficient to show
that u(T)=p(Ta*)+u(T —a*) for each TEF. Suppose then that
TEF and let ¢ be such a member of D that 1Co, each of the sets
(Ta*),, (I'—a*), and T, belong to M, and w(Ta*)=u.((Ta*),),
w(T—a*)=p,(T —a*),) and pu(T) =u.(T,). Then we have

#(T) = po(To) = pa((Ta*)e) + uo((T — a*)s) = p(Ta*) + u(T — a¥),

which completes the proof.
The next basic assumption to be made about § is that it be intersec-
tive, i.e. if AE§ and BEF, then ABEF. With this we come to

2. Nilsets and ultimate virtual identity. Somewhat parallel to the
definition of nilsets given in [2] we define a family of nilsets 91 by

€N = {N:N= Un?wheren;CX;,A—NE%

ier
and u(4A — N) = u(A4) whenever 4 & %} .

Two members 4 and B of § are called ultimately virtually identi-
cal (u.v.i.) provided for some 1ED, U;er (45 A By)) *E . Since D is
comprehensive, D is a directed set. The term ultimate refers to
ultimate in the sense of the direction on D and virtual identity refers
to differences that amount to a nilset.

We now introduce a rather strong but natural assumption con-
cerned with the idea that if two members of § have much in common,
then they are u.v.i. Specifically, our third assumption is that §
satisfies the condition that if AE{, BEF, and u(4AB)>0 then 4
and B are u.v.i.

At this point we modify our measure ¥ by requiring that members
of 91 have zero measure. We define ¢ to be the function on the subsets
of X such that

¢(4) = inf ¥(4 — N)
Nedl
whenever ACX.

As our fourth and final assumption about our system of measures
we ask that 91 be closed to countable unions. Then ¢ turns out to be a
measure which agrees with ¥ on § and may be generated by the cov-
ering family U9 and a gauge p’ which equals x on § but is zero on
. The point to the above modification of ¥ is to achieve the mea-
surability of the members of §. This brings us to
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TuEOREM 2.1. If ACF, then A is ¢ measurable and ¢(4)=V¥(4)
=u(4) and if NENR, then ¢(N)=0.

ProoF. In view of the definitions of 91 and ¢ and Theorem 1.1
it is evident that ¢(4) =¥ (4) =u(4) and that ¢(N)=0. To see that
A is ¢ measurable it is only necessary to check that ¢(7") =¢(7°4)
+¢ (T —A) for each TEFIN, since FUIIN is a covering family for ¢.
The above equation is trivially satisfied when T &9t so let us suppose
that T€F. Now if u(4AT)>0, let g, be a member of D for which
Ni=Ujeoy (T3 AA ) *EN. In view of the properties of § discussed
at the beginning of §1 we can take 0. & D large enough that A =4,, X
where 4,,EM,, and BE®,,. Now let 7 be such a member of D that
061C7 and 02 Cr, and let B=(4,)*. Then check that 4 = BMNNic,r 47
and with the aid of Theorem 1.2 infer that B is ¥ measurable and
hence also ¢ measurable. Let N=U;c. (T(yAA(;))* and note that
7'Co{ and hence NCNi. In view of this and the fact that ¢(N;) =0,
we conclude that ¢(V) =0 also.

Now, since 4 = BMN\ierr A(f), we have

T-— A4

i

T—BU U (T— A1) CT—BU U (Tt — A1a)

€T’ icr’

Il

T—BU U (Tiy— Aa)*CT— BY U (THhAAwm)*

ier ier

from which we infer that T—ACT—B\UN. Noting further that
A C B, we conclude

o(T) = ¢(TA) + &(T — 4) = ¢(TB) + ¢(T — BUN)

< ¢(TB) + ¢(T — B) + ¢(N) = ¢(T) + 0
and
o(T) = o(T'4) + ¢(T — A).

Now, if u(47T) =0, then

o(T) < $(TA) + ¢(T — A) < 0+ ¢(T — 4) < ().
Hence ¢(T)=¢(TA)+¢(T—A) whenever TEF and the proof is
complete.

3. An application to product measures. Suppose that for each
4€1, \; is an arbitrary (outer) measure on X; and that D is the family
of countable subsets of I. Then D is clearly comprehensive. Now, for
TED, 7= {il, Tgy * @y Ty }, we can define a regular conditional
measure system », on X7 by taking vo=X\;, and ».(x, -) =\; ,(-) for
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each xE []i., X, Then, by the construction in [3] we obtain from
this regular conditional measure system a measure u, on X7 for which

”1(6) = H )\i,(Bf)’
r=1
where 8= [];2, 8, and for each 7, B, is a \i, measurable subset of X
and H,”, 1N (Br) < oo,
For the system u,, 7€ D, it can be shown that we can take

T = {A: for some 7ED, A = aXB where a is a u. measurable
set, u.(a) <, and B = Hiev’ B: where for each 1&7/,
B: is a A\; measurable subset of X; and (1) u,(a) = 0 or
(2) p(@)>0 and N\;(B:) =1 for each 1&7’ }
and

N = {N: N = U n where \;(n;) = 0 for each i & I} .
134

LIS

It is clear that if AEF, BEF and u(4B) >0 then for some 1€ D,
M({(AB) ) =1 for each i € 7’

and consequently 4 and B are u.v.i. Furthermore, ABEF. If
u(AB) =0, then for some ¢ €D, u,((4B),) =0 and again we see that
ABETS. Hence § is intersective. Noting finally that 9 is closed to
countable unions we see that all of our assumptions are met and we
obtain the measure ¢ on X with the properties stated in Theorem 2.1.
This measure is essentially the general product measure of [2]. By
breaking the extension into two parts, finite to countable, and count-
able to uncountable, the end result is reached more simply here than
it is in [2].
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