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A locally compact abelian group is said to be a topological p-group

if the closed subgroup generated by any element is isomorphic to

either the p-adic integers or a finite p-group which is a quotient of the

p-adic integers. Braconnier has shown that any totally disconnected

abelian group with totally disconnected dual is isomorphic to a local

direct product of topological p-groups. (See [l, p. 49], [4, (6.16)],

and also [9, 3.1 and 3.21 ].) This is one instance of the generalization

that every locally compact abelian group is in some sense built up

out of pieces which are either discrete groups, connected groups, or

else groups which are related to p-adic integers and p-adic number

fields. Various structure-theoretic results give other concrete ex-

amples of the validity of this generalization, in particular the results

on monothetic groups [4, (25.16) and (25.17)], torsion-free compact

groups [4, (25.8)], torsion-free divisible groups ([6, p. 940] and [4,

(25.33)]), and other "natural" classes of groups [7, p. 189], [8, The-

orems 2.1 and 2.10], [9, 3.17, 3.27, 4.5, 4.13]. All this indicates the
need for a purely structure-theoretic approach to the study of p-adic

integers and number fields, and a clarification of the special properties

of these important groups. We obtain below some characterizations

of the ordinary integers, p-adic integers, p-adic number fields, the

line, the circle, and Zp, as those groups which satisfy certain condi-

tions on their closed subgroups.

1. Definition. Let G be a L.C.A. group. G is said to be almost

finite (resp., almost cyclic, almost compact, or almost discrete) ii every

proper closed subgroup of G is finite (resp., of finite index, compact,

or open). Note that G is almost finite (resp., almost compact) iff the

character group G of G is almost cyclic (resp., almost discrete). G is

said to be an integer group if G is infinite and almost cyclic.

T denotes the circle, and Z, R, Fp, Jp denote the additive struc-

tures of the integers, line, p-adic number field, and p-adic integers,

respectively. (See [4, (10.3) and (10.10)] for details on Fp and Jp.)

We will also make use of the discrete groups Zp [4, p. 3].
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2. Proposition. A L.C.A. group is almost cyclic iff it is Z, Jp,

or finite.

Proof. Finite groups clearly satisfy all of the conditions at the

beginning of Definition 1. Let G he infinite and almost cyclic. G can-

not contain a closed subgroup topologically isomorphic to R, so G

contains a compact open subgroup by the fundamental structure

theorem [4, (24.30)]. Since G is almost cyclic, we see that G is either

compact or discrete.

Suppose G is discrete, so that every proper subgroup of G has finite

index. If 09*xEG, then in particular the subgroup of G generated by

x has finite index in G. Hence G is finitely generated and is a direct

product of cyclic groups. But if G can be decomposed as a direct

product of two nontrivial subgroups, then one of them is infinite and

the other is a proper subgroup of infinite index, which is impossible.

Thus G = Z.
Now suppose G is compact. Then G is a discrete group in which

every proper subgroup is finite. Hence G = Zp [5, p. 22], and G = JP,

[4, (25.2)], for some prime p.

3. Corollary. G is an integer group iff G is the ordinary integers

Z or the p-adic integers Jp.

4. Corollary. G is infinite and almost finite iff G = T or G = ZP.

5. Definition. A L.C.A. group G is said to be relatively discrete

if every proper closed subgroup is a discrete group.

6. Proposition. G is nondiscrete and relatively discrete if G=T,

or G = R.

Proof. By the fundamental structure theorem, either G contains

R as a closed subgroup, or G has a compact open subgroup. It follows

that G = R or G is compact. But if G is compact, then it is almost

finite and hence equal to T by Corollary 4.

7. Proposition. G is nondiscrete and almost discrete iff G = JP

or G = FP.

Proof. As in Proposition 2, G contains a compact open subgroup

P, which is then clearly almost discrete also. Since every open sub-

group of K has finite index in K, K is almost cyclic. By 2, K is topo-

logically isomorphic to JP lor some prime p. Since FP is divisible, the

identification of K with JP can be extended to a homomorphism d> of

G onto an open subgroup of FP. d> is continuous and open because it is

a homeomorphism of the open subgroup K of G onto the open sub-
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group Jp of Fp. If ker <b * {0}, then ker <p is open because G is almost

discrete. Hence ker 4>r\K*{0}, contradicting the definition of <p.

Thus <p is a topological isomorphism, and the proposition follows

from [4, (10.16)].

Proposition 7 yields a characterization of the p-adic number fields

Fp as the only noncompact nondiscrete groups which are almost dis-

crete. As an application of this characterization, we give a purely

structure-theoretic proof that Fp is self-dual [4, (25.1)].

8. Proposition. Let G denote the dual group of Fp. Then G = FP.

Proof. G is noncompact and nondiscrete. Fp is almost compact

[4, 10.16], and so G is almost discrete. Thus it follows from Proposi-

tion 7 that G = Fq for some prime q, and we need only show that

p=q. This may be seen by noting that G contains an open subgroup

isomorphic to Jp because Fp/Jp = Zp, or, alternatively, one may use

[9, 3.18].

9. Using Propositions 7 and 8 together, we have the following

corollary.

Corollary. G is noncompact and almost compact iff G = FP or

G = Zp. In particular, the groups Fp are the only noncompact nondiscrete

L.C.A. groups such that every proper closed subgroup is compact and

open.

10. We summarize our results in the proposition below, using the

word group to mean locally compact abelian topological group.

Proposition. The properties listed in Definitions 1 and 5, together

with appropriate combinations of the properties (a) discrete, (b) com-

pact, (c) nondiscrete, and (d) noncompact, yield group-theoretic charac-

terizations of Z, Jp, Fp, R, T, and Zp.

11. Remark. It is possible to arrive at the p-adic number fields by

standard constructions which are valid for arbitrary groups, and at

the same time gain some insight into why it is natural for these

groups to be endowed with a ring-theoretic structure. One can start

with the p-element cyclic group Zp, and define Zp to be the minimal

divisible extension of Zp [4, (A.15)]. Jp can then be defined as the

dual of Zp, and the fact that Zp can be realized as a subgroup of the

circle immediately provides Jp with a ring-theoretic structure, since

the character group of Zp is precisely the same set (with the same

additive structure) as the ring of endomorphisms of Zp. Proceeding

along these lines, Fp can be defined as the minimal divisible extension

of Jp, and it is not hard to show that Fp becomes a ring as a conse-
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qucnce of Jp being a ring. All of the significant results on Fp can be

deduced as easily from these definitions as any others, provided that

one has available the standard theorems on minimal divisible exten-

sions and duals of subgroups and quotient groups. One of the few

advantages of the usual infinite expansion notation is that it provides

a very clear picture of the topology of Fp as a weak direct product and

strong direct product of copies of Zp.

12. Remark. The program of obtaining information about a group

from a knowledge of its closed subgroups is developed in [8] and [lO].

Structure-theoretic characterizations of Z and R (resp., T, R, Jp, and

Fp) can be obtained from [2, Theorems 1, 2, 3], [3, p. 141], and [ll,

Theorem 5.2, p. 486] (resp., [8, Theorem 2.1, p. 23]).
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