
A LEMMA ON THE GALTON-WATSON PROCESS
AND SOME OF ITS CONSEQUENCES

F. PAPANGELOU1

Many of the known limit theorems on the Gal ton-Watson process

are immediate corollaries of the elementary lemma given below. This

lemma enables us to calculate easily limits of various types of condi-

tional distributions, special cases of which had earlier been tackled

by diverse and more complicated methods.

Let F(x) = XXo Piix' De tne distribution generating function of

the offspring of one individual in a Galton-Watson process. We

assume 0<pio<l. Throughout the present note r will denote the

least positive integer such that pir>0. We set Fa(x)=x, Fn+1(x)

= F(Fn(x)) and denote by q the probability of extinction of the

progeny of one individual. Then q = 1 or < 1 according as m = 2~2j°-i JPi>

is ^1 or >1. Further Fn(x) | q if 0^x<q, Fn(x) j g if q<x<l while

F(q)=q, P(l) = l, [3]. The terms "increasing" and "decreasing" as

used below do not mean strict monotonicity.

It is well known that F„(xy= 22j°-o P^x' so that

Cn) 1       d*    r ,-,

(1) Pa   =--— [*.(*) U-
j I  dx'

Further

Fn' (0) = Pn" (0) =  • • • = Pir-1)(0) = 0    for any n

and
(2) P„°(0) = P'(P„.1(0))P„r_)1(0) > 0.

It is easy to prove by induction on 7 that for every «^ 1 and every

ifci

(3) Ft\x) = Anj(x) + F'(Fn_x(x))Ft!li(x),        -1< x < 1,

where Anj(x) is a power series in x with nonnegative coefficients.

Lemma. For fixed j^l the sequence piy/pi?, n = l, 2, • • ■ is in-

creasing.
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Proof. By (2) and (3)

(„+,,        -Fn+iiO) — [An+tAO) + F'iFniO^F^iO)}
Pu       _p_jl_
jJ.n+1) ■* r-   ■% -l

-FZiiO) -F'(Fn(0))Flr,(0)
r\ \_r\ J

1     (l)
-F.(0) (n)

> _P_=Pu

Let ir(j) =limn^.00 p^/p1/? (j=l) and note that tne sequence

^{;+1,//»l;) = 1 F'(F„(0))F<r)(0) /[-i F^(0)] = F'(Fn(0))

is increasing and converges to F'(q). We set y = F'(q). Then y <1 if

and only il m9*l; il m^l then y = m.

The following theorem can be pieced together from results either

explicitly or implicitly contained in the union [4]W[5]W[6]W[7]

W[l0]VJ[ll], but the methods of these authors are sometimes

sophisticated, and each is applicable to only one of the three cases

w<l. The lemma provides the basis for a simple unified proof.

Theorem. ir(j) < + °° for all j. For any »^1, J^l

(4) lim pfj^/pZ' = ykiq~\(j)        ik = 0, ± 1, ± 2, ■ • •)

and

CO

(5) 7t(j) = Z "■(*)£«,       i ^ 1.
•=i

{ir(j)} is the unique ito within a constant factor) nonnegative solution

of (5). The generating function Aix) = Zj-i vij)xi is finite in ( — 1, 1)

a«d ^4(1) < + oo or = + co according as m < 1 ormgl. Further

(6) ii(Ff») = T^(*) + ^(^(0))

/or CTery xE i~ 1, 1) ana" 4 (x) -is /&e unique ito within a constant factor)

solution of (6) t'w £/ie interval [0, g) which has a nonnegative and increas-

ing derivative.
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Proof.

(n) ^-, (n)    (b) (b)

Pij     ~ 2-> PlhiPlh2   •   •   • Plhr
(*!•*»•■ ■ ■.A«);0s*,s>;»i+*s+- • -+hi=i

Separating those terms having some h, equal to j we get

(») (n) (») (B)

Pii .,    (B).t-lplj ^-, Pl»,   •   "   •  Pin,
—r = n#io)    —— + 2^ -r;-
j*(n) J»(») ^^ a(")
Plr Plr (hl,h2.-...hi);0&h,<r,hl+hi+...+hi=j Plr

The limit of the first term on the right is *c7*'_17r(j) while the limit of

the second term is 0 because each summand has at least two h,'s

greater than 0, say h„ ht, and hence

(B) (b) (B) t     (B) (b)-i       (b)

Pl«l   •   •   •  Plhjplr    ^[plhjplr   \-pXh,-*ir(ha)-0.

Now (5) follows from the lemma and

(n+l)        (n+l) (b)

Plr Pli =   A   £l*

p<? "pr = ti ps' **
If 0 <# <c7 then there is an n such that x <Pn(0)=pi2) <ff and

iteration of (5) yields

oo oo oo

7  "V)   =   2- TWP.r     ̂    2L, *(Vl(PlO  )       Plr     ̂   Plr     2s ^\l)X ■
•=1 t-1 i-l

Hence ic(i) < + oo for every i and A(x) is finite in (—q, q). It is more

difficult to show that if q <1 (i.e. if m> 1) then A(x) is finite in (3,1).

Let q <x <1 and recall that F„(x) [q. By the mean-value theorem

and (2)

A   ,.,  .       ,.       f^"'   .       ,.      F„(x)-Fn(0) FJ(x)-x
? . ir(i)x> =  hm    y. -x  —   hm -S   hm -
£ .—   £ p<? ~.        1     (r) ~. FS(0)/r!

-—t'n    (0)
r\

F'(x)F'(F(x)) ■ ■ ■ F'(Fn_x(x))
= (r\) x hm -

-.. P«(0)P'(P(0)) • • • P'(F„_,(0))

so that, by the well-known criterion for infinite products, it is suffi-

cient to prove 2Zn~i([F'(Fn(x))/F'(Fn(0))]-l) < + 00 or equivalently

XXi I £'(£„(*))- P'(P„(0))j <+00. Applying repeatedly the mean-
value theorem we obtain
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F'iFnix)) - F'iFniO))

^ F"iFnix))iF„ix) - FniO))

^ F"(Fn7))FB'_i(F7-))(F7) - F(0))

= F"iFnix))FnLiiFix))ix - Fix))-[Fix) - F(0)]/[.x - Fix)]

^ F"iFnix))iFn^ix) - F„ix))-[Fix) - F(0)]/[x - Fix)]

^ {F'iFnix)) - F'iFnix))} ■ [Fix) - FiO)]/[x - Fix)]

and clearly  £B"-i{ F'(F„_i(x))-F'(Fn(x))} = F'ix)- F'(q).

Multiplying (5) by x> and summing over 7 we find

yA(x) = i),(0(W - F(0)') = A(F(x)) - A(F(0))
»-l

so that (6) holds in ( — 1, 1). This implies

-4(F„(*)) = y'Aix) + AiFiO))[l + y + ■ ■ ■ + y-1],

-Kx<l

hence

(8) A'iFnix))F/ix)=y"A'ix)

and

-4'(Fn+i(x)) F/iix) F/ix)
lim - =   lim 7- =   hm y-= 1
»-..   A'iFnix))        »—     F/+iix)      ■.-..     F'iFnix))F/ ix)

when O^x <1. (For x = 0 we write Fn(0) = F„_i(x0) where x0 = F(0),

because F„' (0) =0, ,4'(0) =0 if r>l.)

Let Bix) he another solution of (6) in  [0, q) as described in the

theorem. Then

(9) B'iFnix))/A'iFnix)) = B'ix)/A'ix),        0 < x < q.

Set

c = B'iFiO))/A'iFiO)) = 7i'(Fn(0))/^'(F„(0)),       n = 1, 2, • ■ • .

If x is any point in [0, q) there is i>2i0 such that F„(0) ̂ x <F„+i(0)

so that by (9)

B'jx)       B'jFnjx))  ^ B'jFP+n+iiO)) A'iFr+n+ljO))

A'ix) "  A'iFnix))  =    A'iFr+niO))    ' °'   A\F,+niO))

(when «-^+oo) and similarly B'ix)/A'ix)^c. Thus B'ix)/A'ix)=c,

Bix)=cAix)+c'. Since Bix) satisfies (6) P(0)=0, c' = 0.
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The uniqueness of {ir(j)} m (5) follows from the fact that if

{a(j)} is any nonnegative solution then Zz-i'^O')*' is finite in

(—q, q) (as before) and a solution of (6) in [0, q). Finally by (7) ^4(1)

is finite if m <1 and infinite if m = l. In the case m>l

- -     p^U 1  - FniO)
Ail) = Zx(i) =   lim   £ £ =   I- ——■^ - + -

,-.1 »-.«>    ,_i   p\/ n-» />llp'

because 1 — F„(0)—>1 — q while 7>i"'—>0. This completes the proof.

We shall call the process P-positive [12] if the sequence

(»)

(10)       — = - F<"((J)F'(F(0))F'(F2(0)) . . . F'iFn-iiO)) -
yn        r\ yn

(which is decreasing) has a positive limit. Clearly

(») (») (»)
Plr Plr Plr

V ~ F'iq)" ~ Fn'iq)

(U) / -   £■     \-1    / - x-1      1

-(£'&«") *(£"*") -7w
so that we have P-positivity if and only if A'iq) < + oo.

Corollary 1 [ll]. 7/ m> 1 //jere fe process is R-positive.

When m < 1 the necessary and sufficient condition for P-positivity

was shown in [l 1 ] to be

oo

(12) Hjilogj)pij<+ co.
3-1

If m<\ the necessary and sufficient condition for ^4"(l)< + oo  is

F"(l) < + co ; this follows from the equality

« V       P'S l7',:'r(l-y)

Corollary 2. For O^x^q and i^l the sequences zZ'-i p'yX'/Pi?,

^2j°-iJPy>x'/Pir\ » = 1, 2, • • •   are increasing and

(»)

(13) lim   E -Jt *'' = t*?*-1 Z »(/V,
»-«    y=i  7?lr ,_i
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(b)'"Pi' X

(14) lim   zZj-T7 x' = ia<~1 z2j*(J)xi-
H->«       ,_j plr j=X

If q<l, (13) awa" (14) hold for every xE [0, 1).

In fact

CC

E P<" *  = Fn(xy - F„(0)' = (P„(x) - F,(0))
i=l

•(F.(*)i_I+ • • •+P„(0)i_1)

= ( Z *£V) (F.(*)W + • • • + Pb(O)'"1).

Similarly

zZtiPn x  = x— {P„(a;) } = »iP„(x)    F„ (x) = iFn(x)      L^JPu x ■
,_1 dx y=l

We now illustrate the use of the lemma and Corollary 2 in the

derivation of limit theorems. Let Z0, Zx, Z2, ■ ■ ■ be a Galton-Watson

process with generating function F(x) and denote by T the time to

extinction (P= + co in case of survival). If P[Z0 = l] = l then the

results below follow directly from the lemma. We prefer to base the

proofs on Corollary 2 and the continuity theorem [2, p. 262] and

thus widen the scope of these propositions by allowing P[Zo=i] =X;

where  T^lt X< = 1. We introduce
Assumption A. Either m^l and 2~Li°-xi^i< + ^ or m>l and

zZi-ii^t *s arbitrary and prove:

(I). Let ks±0 be fixed. Under Assumption A

lim P[Zn = j\n + k<T< + <x>]
n—* oo

(15)

= t(j) 22pfhtf /[y T,*-(% j
n=l '       \       *-l /

which is zero if m = l and a probability distribution on {j\ if mj^l.

Proof. Note that JZ'-iPinV^ Fk(q)i-p^xl = qi-(px^)' so that

P[Z» =j|n + *<r<+oo]

CO # CO CO

Z(n)r   j ,    (k)   3\      /    ^   ^-* (n+fc)
x./»« [q - (pio )\ / zZ 2>.*«   qh-

i=l /       A=l t=l

The corresponding generating function is easily seen to be
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i=l L   j=l   PiT J i=l L   J=l   Pir J

j,(n+ft) oo oo        J,in+k)

Vx' V \    V    Fik h

Plr «-l h-1   Pi,

which by Corollary 2 and Assumption A converges to

oo . oo . .      .

ZW  Z^c/H?'-(/>io)V i    . »u
-_-_- ^-x1-

7* Z Xiijr*-1 Z *(*)«* j=1    7* Z *■(*)«*
l-l A=l A=l

That (15) is a probability distribution when m9*l follows from (5).

The special case m<l, k = 0, Xi = l is the well-known theorem of

Yaglom [13], proved originally under the assumption F"(l)< + =o

and later extended to the case F"(l) = + oo in [4] and [5] indepen-

dently. The case m>l, k=0 is due to E. Seneta and D. Vere-Jones

who proved a general result on P-positive chains [ll, Theorem 4.2,

p. 417].
(II).  Under Assumption A the conditional mean

oo

zZjP[Zn=j\n+k<T< + ™}
j'i

converges to + oo if m = l and to

(16)        l^Mj) Is Pih ?  /   7L ""(% ) =-r-r--
y=i »-i /   \    *-i / ykAiq)

if m 9*1. Thus the limit is finite if and only if the process is R-positive.

Proof. llmj*l we work as in (I), using (14). If m = l (g = l) then

for every J

oo

zZjP[Zn=j\n + k< T< + oo]
y-i

(n) (n)
OO X A 00 00 J,

X«Z— -Zx*Z—(#i.v
>     i-i    ,w pir      <-i    >w p\;

./,(«+*) oo oo        y,<n+fc>

>,(»)   ' *->  ' ^  /,(»+*)
7>lr 1=1 *=1      Ar

and the result follows from the fact that Zy" i ""O") = + °° • The case
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»<1,    k=0,   \x = l   yields   mV(l-Fn(0))-^E;-i>(i)/Z;=iT(i)

[8].  W.
(III).   Under Assumption A if k^\ is fixed

(17)    lim   P[Zn  - j|  T = »+ k]  =  Tr(i)  £ P^'VnO   A""1 £ TT^PnO
"->" A-l / n-1

which is always a probability distribution on {j}. The corresponding

conditional mean converges to

00 00 . OO

(18) £ Mj) E Psh'1 Pm / y'1 E *WPm < + oo.
3=1 n=l / n=l

In fact

oo 00 i        co co

-Pt^n  = j\T =  11+ k]   =    E X'7>.7    E /*>"   l)phH /   E EX<#<*+   _1 ̂AO
«=1 n=l '        n=l  1=1

where E«s.i^"1)pno=piot>-^o*"1) = ^(0)^-P.-i(0)'. We proceed as

in (I) and (II). Note that pho=(pxo)h- The special case m = l, k=0,

Xi = l in (17) is the union of Theorems 1 and 2 in [lO].

(IV). Letting £->+oo in (15), (16), (17) and (18) we find the fol-

lowing limits:

In (15), iim^l,

, .> (*) (*)
""0) ,. /'ir     ̂   Pjh .,,,..,.,,

—- hm —- E -tt 9* = ^ (?)_1JO^VO)

E «■(*)?*
/.=1

by (11) and (13). This is positive if and only if the process is P-posi-

tive, in which case it agrees with the result in [ll].

Similarly in (16), if the process is P-positive the limit is ^4'(g)~x

• E;=iiV-V(j). In (17) the limit is il'fe)-y^-Hr(i).
In   (18)   if   the  process  is  P-positive  then  we  obtain  yl'(g)~x

• E/-1 iV_l7rO)- If the process is not P-positive the limit is + «. In

fact, with #o = P(0), (18) becomes

oo

Y,Mi)[Fk(oy - Fk-x(oy]
U A'(Fk(0))Fk(0) - A'(Fk_x(0))Fk_x(0)

yk-1A(x0) yk-1A(xB)

> rA'(Fk-x(x0))       1_  A'(Fk_2(X<>))l Pfe-i(0)

= L       7*"1 7 7*"2       J   A(x0)
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Using (8) and the equality Ft_x(x0) = F'(Fk-.i(x0))FJt_2(xo) we reduce

the last expression to

y - F'(Fk-i(x0))        A'ixo)Fk-iiO)

F/-iix0)       " yF'iFk.iixo))Aixo)

and this converges to + oo because by the mean-value theorem

7 - F'(77_2(s0)) = P(l) - F'jF^iixo)) > F"iFk_iixo))il-Fk-.iixo))

FLiixo) F/.iixo) FUixo)

^ F"iFk_iix0))il - xo)    and    F"(l) = + oo.

(V). Let us now assume P [Zo = 1} =1. E. Senetaand D. Vere-Jones

[ll] considered the expected proportion of time spent in the state j

up to time n, under the condition n < T < + oo :

. .        1  ■£-> /   (»> A    (n—> *\   / *7    c») <=
Tj(n) = — Z^ipij  2u Pik     q  ) /   l^Pik q -

n „=i \       *_i / /    *=i

If the process is P-positive this converges to A'(q)-1jqi~1ir(j) [ll].

We shall prove that if the process is not P-positive then lim,,..,*, Tj(n)

= 0, j = l, 2, ■ ■ ■ . Let m<l and note that for fixed N

(n) ^F(°(0)F'(F(0)) •• -F'(77_i(0))

lim - =   lim-
*-- F„'(F*(0))      ■-. F'(F*(0))F'(F*+i(0)) • • • F'(Fn+N-i(0))

(19) 1     (r)- F( 70)F'(F(0)) • • • F'(F„_,(0)) <»>
r\ pir

=   lim - = - ■
F'(Fn(0)) • • • F'(Fn+N-i(0)) yN

Note also that when n>v

f™ = 1 P<r)(0)F'(F(0)) • • • F'(F„_i(0))
r\

= PirF'(F,(0))F'(Fv+i(0)) ■ ■ ■ F'iFn-iiO)) = pVK-^F^O))-

Thus when N is fixed and n > N we have

(")     , (n—r) (n—v) (n)

(n) =Ly pii (    plT        y pik   \ / y t}L

TiW     n ±1 p\-/ VFn'_,(F,(0)) h pf> )' h Pt' '

The denominator converges to Zt°=i,r(^)- F°r v>N we have

F„-y(F,(0))^F„_y(FN(0)) so that the numerator is
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j       at (»)   , (b—') (n—v)

<-iz(---) + ~ ± *l(-*_i^-\
' nti n ,£+1 p<;> \F.UFw(0)) fx pf' )

By (13), (19) and the abelian lemma [ll, p. 409] the lim sup„^M of

the numerator is iir(j)(p[!r')/yN)J2~2it=i ^(J1) and this holds for every

N.
If m = 1 one must write

°°        (b) 1   ™_1
E Pik (b) - E aN(")

,   .    ^    k=l                         Plr                   «    >■=<>
T,-(»)   ^-

A   b)   F.'(Fw(0)) aN(n)
L,Plk
k~l

"      Pi'

£{•■•}+   E  -77 «* (« -")
»=1 K=JV+1    Pl'r

n-1

E a^M
»=0

where

Cn) (b)

.   . Plr ^   Pik
ay(n) =- y. -

F„'(F*(0))£  P<?

and apply Lemma A in [l, p. 20].

The quasi-mixing consequences of (4) in the irreducible case will

be indicated elsewhere (cf. [9] for the stochastic case). In concluding

the author wishes to express his indebtedness to E. Seneta and D.

Vere-Jones for the privilege of reading preprints of some of their

papers.

Added in proof. In connection with the lemma, G. E. H. Reuter

who read a preprint of the present note has observed that the se-

quence pg)/(Mo)-p("6"1)) = ^(0)/j!(FB(0)-FB_1(0)), « = 1,2, • • •
is also increasing (use (3) and the mean value theorem) and can be

used interchangeably with p^/pif.
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