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Let F be a field of characteristic p^O and let L be a pure insepa-

rable extension field of finite degree over K. Our purpose is to give

several necessary and sufficient conditions for L to be a tensor product

of simple extensions over K. Weisfeld [4] has a criterion, namely the

existence of a nontrivial higher derivation of L with K as its subfield

of constants, (in fact Weisfeld proves his criterion for infinite exten-

sions of bounded exponent). The present note describes different

criteria, in terms of Pickert's canonical generators [3, p. 133]. For a

given canonical generating set {bi, • • ■ , br\ of L over K, let Af,-

= K(bi, • • • , bi) and let q¡ denote pe> where et is the exponent of bi

over Mi-i, i = \, ■ ■ ■ ,r, where M0 = K. We shall prove the following

theorem.

Theorem. If L is a finite degree pure inseparable extension of K,

then the following conditions are equivalent:

(0) L is the tensor product of a finite number of simple extensions

with respect to K.

(1) Every canonical generating set is such that

bï E(Lq' r\ K)(b\\ ■ ■ ■ , btù = mZi(l9' n K),       i ■= 1, • • • , r.

(2) Every canonical generating set is such that the tensor product

L ® Mi with respect to K cleaves over 1 ® Mi (that is, L ® Mi has a

Wedderburn factor as an algebra over 1 ®M¡), i = \, ■ ■ ■ , r.

(3) There exists a canonical generating set such that L ® Mi cleaves

over 1 ® Mi, i = 1, • • ■ , r.

(4) There exists a canonical generating set such that b^ E Mfi ! (L"*r\K),

i = l, ■ ■ ■ , r.

Proof. (0) implies (1): Suppose L^F(ai)<g> • • • ®K(ar) and that

{ai, • ■ • , ar} is already ordered so that it is a canonical generating

set. Let {bi, • • ■ ,br] be any given canonical generating set. For any

cEL, cqi=(^j kjai1 ■ • ■ a'sYi where k¡EK and j= {ji, ■ • ■ , jr\.

By the division algorithm, a„5'»5« = an*qna¿" where 0^rn<qn (n = i,

• • • ,i — l). Since g,- divides qn,r„ has the form <?,•£„ (n = \, • ■ ■ ,i—\).

Thus, since {<#, • • • , (&)QK and {a\\ • • ■ , aibí} QU'ÍMC, there
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exists a set {k't \ QL^C^K such that for t={t\, ■ • ■ , ¿,_i},

(*)    c    = 2-é *i ai     " ' " ai-i   >        ° = ?•<»• < qn (n = 1, • • ■ , i — 1).
i

Since the monomials \a\ih • • •a»_i9,'i-1} are linearly independent over

F, this set [k'j] is the only subset of K satisfying (*). In particular,

(**)   bV = Z *««? ' " ' ' ffí-í_1.    ktEL9' r\K,    t = {h, ■ ■ ■ , /,_!}

and 0^gX<3n (» = 1. • • • . i—i). Also,

bV = z *."*r • • • bzr,   K' EK,   s - jn, • • •, **-!,

and

0 g ç,j„ < q»       (n = 1, • • • , i — 1).

Thus, by (*),

(***)

= Z*•" Í Z *äiai' ' • • • ö'ir1 j,

kstELqir\K and 0^qitn<qn (n = l, ■ • • , ¿—1). Therefore, by (**)

and (***), ¿i= ^skï'km for each ¿. Since the set {&/' } exists, the

system kt= Z» xjk»t has a solution in L"{r\K, say x, = k*ELq<r\K.

Hence,

o¿  = 2-j \ 2-1 *• *•« j ai    ' " ' a>'-i

*« I 2-i «»«ai    ■ • ■ a»-i   J

= Z *: (tf • • • CiV g tiUfr\E).

(4) implies (0): Make the induction hypothesis that L^Mi®Ml

where Ml = F(a,-+1)<S> • ■ ■ ®K(aT) (there being nothing to prove for

i = r). Since &?• = Zi Wl ' " ' &?-V where k^c'/EL'ifMC and
J= {ji, • ■ • , Ji-i}. we have &< = Z> C¿M' ' ' ' #-}• Hence, if,-

= M,-_i(6<) = Af,-_i({cJ-}). Since Af< is simple pure inseparable over

Jlf,-_i, there exists aiE{c¡\ such that M,- = Af<_i(a,-) and aJ.'GF.

Since    [AÍ,: F]=2i • • ■ g,-,   it   follows   that    [Af,_i(a,): M,_i] =g,-.
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Hence,    Mi^Mi--í®K(a,).    Thus,    L^Mi^í®M¡_1    where   M¿_,

= K(at)® ■ ■ ■ ®K(aT).    Hence,    by   induction,   L<^K(a{)® ■ ■ ■

®K(ar). (E. A. Hamann has a different proof of this implication.)

Since (1) implies (4) trivially, we have the equivalence of (0), (1)

and (4).
(1) implies (2): Since b\iEMtÁLaií\K), »-Î, • • • , r, we have

bi=Yli3 cimi where cjEL, >»/GJlf<_i and c]i = kjEK. Let bl
= ^ljCj®m¡. Then &,'"< = £,- ¿}<®mtJi= Y,i 1®*¿»#G1®M<_i. Since
e,- is the exponent of &,- over Af,_i, Ml = (1® Af,_i) [&/] is a field

(•-1, ■ ■ -,r).

Now consider L® Af,- for any * = 1, • • ■ , r. Suppose there exists a

field Mf'mL® Mi such that Mf 31 ® M< (j ̂ *) and/,-Af/ = Af,- where
ft is the canonical F-epimorphism of L® Af,- onto LAf, = L. By the

previous paragraph, there exists a field M'j+1Ç.L®Mj such that

Af/+131®Afj- and/,-Af(+1 = Afj+iÇF. By the universal mapping theo-

rem for tensor products, there exists a F-epimorphism h¡ of L®Mj

onto the ring composite [L®1, M*]CL® Af.-such that/,-=/<Ä,-. Thus,

there exists a field Af/+1 in L® Af< such that Af/+13Af*31® Af,- and

fiMf+1 = Mj+iQL, namely the field Mf+l = h¡M'j+í. Hence, the proof
follows by induction.

(2) implies (3): Immediate.

(3) implies (4): Let {61, • • • ,br\ be any canonical generating set

such that L®Mi cleaves over 1 ® Af,-, i = 1, • • • , r. Use the symbol

®x to denote the tensor product with respect to Afi. Then there is a

canonical K-epimorphism of L®M( onto L®iMit whence L®iMf

cleaves over l®iAf,-, i = \, ■ ■ ■ , r. Now make the induction hypoth-

esis that (3) implies (4) for all pure inseparable extensions of multi-

plicity less than r. ((3) implies (4) trivially for r = l.) Then since we

have proved (4) is equivalent to (0), L=Afi(¿>2')®i • • • ®iAfi(è/')

and we may assume {b{, • • ■ , bl>} is canonically ordered over M\.

Since bi has maximal exponent in L over K and bl has maximal ex-

ponent in L over M'^x (Ml = Mi = K(h) and Af/ =Mi(bi, •••,&/),
j = 2, ■ ■ • , r'), it follows that \bi, b2 , ■ ■ ■ , bl>} is a canonical gen-

erating set of L over K, whence r = r'. In particular,

b'J" E K(bl\ b?, • • • , b%) r\Mi,       j=2,---,r,

since the e< of a canonical generating set are invariant. Because

L®Afi cleaves over l®Afi, there exists b*EL®Mi such that

fibf = bj and 6jSGl®Afi, j = 2, ■ ■ ■ , r. Now b* = £.c,®&î, C.£L,
whence b*qi = £,c,'¡®V''. By the division algorithm, &i«»* = &1«1"'£>ir«

where 0^re<qi. Since b\in'EK and q¡ divides qu it follows that
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b*"i= Z. c'9'®&ï« where cl EL. Also, 6/»i=Z. !®kJb\W¿& ■ ■ ■
b'/J\J-i, s= {si, • • ■, sy-i}, since MiQMj. Therefore, k,ELqir\K and

b¡qiEM¡lí1 (Lqir\K). Hence, {bub2, ■ ■ ■, 6r' } is a canonical generat-

ing set satisfying (4). Q.E.D.

Examples where L is not a tensor product of simple extensions can

be found in [l, Ex. 6, p. 196] and [2, p. 51 ]. If {bi, ■ ■ • , br} is a
canonical generating set satisfying (4), it does not follow that L

~K(bi)® ■ ■ ■ ®K(br). For example, consider a perfect field P and

independent indeterminatess, ¿over P. Let K=P(s, t)(sllp+tllp) and

L = p(si/P2i tnp2Y \ibx = sUv2 and b2 = t1^, then {h, b2\ is a canonical

generating set with ei = 2 and e2 = \. It is easily verified that ö|2

G(I'2nX)(^2), but LqkK(h)®K(b2) since ¿>2 has exponent 2 over

F. However, FSËF(s1'3'2)(g>F(s1/*2+i1/î'2).

The extent to which these results are valid in arbitrary pure insepa-

rable extensions is considered by the authors in an article to appear

in the Mathematische Zeitschrift. Other recent results can be found

in an article by Haddix and Mordeson in the Formosan Science and

in an article by Sweedler in the Annals. The equivalence of (0) above

and the linear disjointness of K and Lv% (i — 1, 2, ■ • ■ ) is proved

independently in these articles.

References

1. N. Jacobson, "Theory of fields and Galois theory" in Lectures in abstract algebra,

Vol. 3, Van Nostrand, Princeton, N. J., 1964.

2. J. N. Mordeson and B. Vinograde, Extension of certain subfields to coefficient

fields in commutative algebras, J. Math. Soc. Japan 17 (1965), 47-51.

3. G. Pickert, Eine Normalform für endliche rein-inseparable Körpererweiterxmgen,

Math. Z. 53 (1950), 133-135.
4. M. Weisfeld, Purely inseparable extensions and higher derivations, Trans. Amer.

Math. Soc. 116 (1965), 435-449.

Creighton University and

Iowa State University


