ON STOCHASTIC DIFFERENTIALS IN
HILBERT SPACES

E. M. CABANA

The stochastic integral of a process with values in a separable Hil-
bert space with respect to Brownian operators has been defined in [1],
and it was proved that the corresponding stochastic differential equa-
tions have unique solutions under natural assumptions.

We shall give here a rather different definition of Brownian operator;
the stochastic integrals with respect to these new Brownian operators
may be defined in the same way, and stochastic differential equations
may be considered as before. The principal result is that the Levy-Ito
formula for stochastic differentiation of composite functions may be
extended to the present case.

The suggestions and comments made to the author by Professor
H. P. McKean are gratefully acknowledged.

1. Brownian operators. Let (2, @, P) be a probability space, and
let H be a separable real Hilbert space. Since H is separable, a func-
tion x: Q—H is strongly measurable if and only if it is weakly mea-
surable. The measurable functions x: Q—H will be called H-valued
random variables. We denote by Hp the Hilbert space of H-valued
random variables for which the norm ||x||3=(E{||x||2})!2 is finite,
and denote the inner product by (-, -)e.

Let J be the interval [0, T) and let x be Lebesgue measure on J
with the o-field § of Borel sets. If, in the previous definition of Hp,
we replace (Q, @, P) by (J, §, u), the Hilbert space thus obtained will
be denoted by H,. We shall adjoin to any symbol denoting a Hilbert
space the indexes P or u in order to denote the corresponding spaces
constructed as above; the corresponding norms and inner prod-
ucts will be denoted by the same indexes. For instance, ||x||3.
=[iE{||x(, )2} dt.

The symbol A with or without indexes will stand for an interval of
J of the form A= [r, 5); its endpoints will be denoted by A~ =7 and
At=s, and the inequalities A <¢, A’<A mean that no point in A is
larger than ¢, and no point in A’ is larger than any in A. Given any
process { with domain J, its increment {(A*) —{(A~) will be denoted
by {(4).

Let us introduce now the definition of Brownian operator; in what
follows, H and K are two fixed separable Hilbert spaces.

Received by the editors July 12, 1967.
259



260 E. M. CABANA [January

DerFiNITION 1.1. A Brownian operator on H to K 1is the pair
B=(®, B) where ® is a decreasing family of subfields of @: ®&(t)(tEJ),
and B is a mapping from J into bounded linear operators from H to
Kp such that

(bo) the random variables in the range of B(A) are ®(A~)-measurable,

(by) for any t&J, the random variables in the range of {B(A)lA ét}
are independent of ®(t),

(by) the processes {(Bhk)|hEH, kEK} are a family of scalar
Brownian motions, that is, every finite linear combination of the pro-
cesses of the family is a new real Brownian motion up to a constant factor,

(bs) for every h€H and every ACJ, “B(A)h“zp=||h||2u(A), and there
exists a constant g such that E{||B(A)A||*} <q||h||*u2(d).

Given a Brownian operator f=(®, 3), let Hp(B, t) be the subspace
of Hp generated by the stochastic variables x €Hp independent of
®(t). Then the operator B(A): H—K p may be extended to Hp(B, A~)
in the following way. Let h,€EH, Q;E®(A) (¢=1, 2, - -, n) be
given; then we define 8(A) D ixa.hi= 2 ixa,8(A)k;, and it follows that
1BA) X ixa ki3 =] 2oixa,hi|3u(A), so that B(A) may be extended to
the closure of the set of finite sums of the form Z,-xo'.h;, namely
Hp(B,A™), and furthermore ||B(A)x”% =||%||2u(A) for any x EHp(B, A-).

LemMA 1.1. Given a Brownian operator §=(®, B) on H to K, two
intervals A<A’ in J and two random variables xCHp(B, A-), x'
EHp(B, A7), the extensions of B(A), B(A’) satisfy:

() E{BWl)x} =0,

(i) [|8@)a]l3 =|l=l3u),

(iii) (B(A)x, B(A")x")p=0.

Part i is obvious, part ii has already been proved, and part iii fol-
lows from the fact that B(A’) is independent of 8(A)x and of x'.

DEFINITION 1.2. Given a Brownian operator = (®, B), the process ¢
with domain J is said to be nonanticipating with respect to § when for
each tEJ, the set {¢(t')|¢' <t} is independent of ®(f). (See [5]; this
definition corresponds to Ité’s property (a), [3].)

DEFINITION 1.3. 4 process { with domain J is said to be simple when
there exists a partition ® of the interval J such that the restriction of ¢
to each AE® is a constant random variable.

The following lemma has been essentially proved in [1, Lemmas
3,4.3,5.3].

LeEMMA 1.2. Let B be a Brownian operator on H to K. Then the set of
simple nonanticipating processes is dense among all nonanticipating
processes.
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2. Stochastic integral. Given a simple nonanticipating process
£EHp, of the form E.- XaX: with x; independent of B(A7), define

j; (@Bt = 2 B(A)x:

| [ ao

and taking limits in the obvious manner, we may define the stochastic
integral [;(dB)E for any nonanticipating £ €Hp, so that (1) still holds.
Moreover, it is obvious that E{ [;(dB)t} =0.

By Lemma 1.1,

€Y

2
= lléle,
P

THEOREM 2.1. Given a mnonanticipating ECHp, and the Brownian
operator B on H to K, the stochastic integral [,dB(t)£(t) has a continuous
version.

It6’s proof of the existence of continuous versions in the one-
dimensional case [2, Theorem 8] is based in the validity of the con-
clusion for the integrals of simple processes, and may be applied here;
the generalization of Kolmogorov's inequality used to pass from sim-
ple to general £ is also valid in the infinite-dimensional case, as has
been shown in [l, Lemma 5.1]. It remains to show the existence of
continuous versions in the case in which £ is simple, and there is no
loss in assuming that £ is constant as a function of ¢, and boundedfas a
function of wEQ. Given such a £, the inequality

@ E{‘ I} a8

holds, since the fact that £ is nonanticipating means that it is inde-
pendent of B. This permits us to apply a theorem of Kolmogorov [6]
which states that if @>0, 3>1 and v is a process with values in a
metric space such that for each interval A

3) E{|v(a)]s} = Cui(a)

(where C is a constant and I'yl denotes dist(y, 0)), then ¥ has a con{
tinuous version. Here a=4, B=2 and C=g¢E{||£|*} and the result
follows.

'} = Blls@dlY s onlldl s

3. Stochastic differentiation of composite functions. Let ¢: K—R
be a function with first and second derivatives D¢:K—K and
D?p: K—L(K, K), such that, for ko, k€K, D2p(k,) is bounded, sym-
metric, and continuous in the operator topology, and
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d(ko + k) = d(ko) + (Do(ko), k) + 3(D*¢(ko)k, k) + 0s(k),
where limpl.o ||%||~20:(k) =0.

We shall consider the stochastic integral

n() = 10+ f w(r)dr + f d8()x(r)
0 0

where w&EKp, and xEHp, are nonanticipating processes, and we
shall prove that, for £=0,

#1) = o) + [ ' (Do(n(r)), w(r))dr + ) (Do(n(x)), dB(r)a(r))
(1) 0 0
1 t
+5 f (D’ (n(+))dB(r)a(r), dB(r)x(+)),

thus generalizing 1t6’s formula [3].
The meaning of the integrals in (1) is explained in the following.
The first integral requires no explanation. In order to deal with the
second, suppose that x = Y xaxa is a simple nonanticipating process
in Hp, and ¥= Y, ¥axa is a K-valued simple nonanticipating
process such that ||¢|| is bounded by a constant C. We define

fJ W, d82) = 3 (P, B(A)a)
A

E{\ fJ (¥, dB2)

the inequality

[ waa|'} = { f Ivollsola) =

follows. Then we can extend the definition of [;(y, dBx) for nonantici-
pating x ©€Hp,, by taking a sequence (x,) of simple nonanticipating
processes such that ||x,—x||p,—0 and passing to the limit in
Js(¥, dBx.). Now E{| [5(¥, dBx)| 2} SE{ 3 all¥all2fal|x(®)||2d2} holds
and (2) follows again. For any nonanticipating ¥ which is a Borel
function of ¢ and satisfies H:P“ =<C, and any nonanticipating
xEHp,, the definition is extended by taking a sequence of simple
nonanticipating uniformly bounded processes (¢,), such that
ess sup;ey||¥a(t) —¥(#)|| =0 as n— o, and setting

and from

1 s e{ Sl

0) E{
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f(¢1 dﬂx) = lim (‘pm dﬂx)'
J n— o J
This-integral has a continuous version in ¢, and satisfies (2). Now it
can be further extended to the case in which P {ess supes||¢(¢)]| < = }
=1, and this is the case of the second integral of (1) with D¢ instead
of ¢, since 7 and hence D¢ (n) is a.s. continuous.

As to the third integral, consider a nonanticipating process
x&EHp, and a bounded symmetric operator-valued nonanticipating
process ¥ with ||¢|| £C< ». Given any interval ACJ, let us define

Y (A)BA)x(A™), B(A)x(A7))
as the mean over B(A) of W (A™)B(A)x(A™), B(A)x(A™)). For simple
Y= D a¥axasand x= D axaxa, we define
@) [ wass, dss) = T uus(@yza, B()50).
J A

The estimate

l (‘PAB(A)xA,B(A)xA)l = “¢A“ II%“’#(A)

} < E{ fl vl le(t)llzdt} ;

therefore, using now convergence in the mean, the definition (3) is
extended as above for nonanticipating x € Hp, and processes y which
are Borel functions of ¢, such that ||¢|| < C; the integral has a continu-
ous version in ¢, and satisfies (4). On the other hand, the estimate

2

leads to

@ E{ | e, agn

3 ((W(A)B(A)x(A7), B(A)x(A™))

— (¥(a7)B(A)x(A7), B(A)x(47)))

2
} < constant X Y u*(A)
A

shows that if max, u(A)—0, then

2

> (W(a)B(A)x(A™), B(A)x(A7))

)
~ T W@a)B@)a(a), B(A)x(A‘))’} 0
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and this justifies the use of the symbol [;(¥dBx, dBx) for the integral
just defined. As in the previous case, the integral can further be ex-
tended to the case in which P {sup:es||¢(f)]| < = } =1, and this is the
case of the third integral of (1), with D2¢ in the place of .

Now we proceed to prove (1), noticing first that several reductions
can be made. Let us introduce the stopping time

T, = max{t € J| for0 = r < t, | De(n(n))|| + || D2b((n))|| < n},

which satisfies P {lim,.., T» =T} =1, and prove (1) for each stopped
process

m(l) = 10 + f Xoro(udr + f dB(r)x0.1) (1) ().

This allows us to assume that D¢ and D2 are uniformly bounded.
Since the integrals in (1) have continuous versions, it is enough to
prove the equality for fixed . The process of construction of the inte-
grals shows that it is enough to prove it for simple w and x, and hence
for constant w and x because of the additivity in {. Moreover, the
notations will be shortened by setting w =0; the proof can be repeated
in the same way, taking account of a possibly nonvanishing w, with
no additional trouble. Furthermore, the constant nonanticipating
random variable x must be independent of all the increments 8(A);
hence there is no loss in assuming x =k & H. Finally, with §(0) =0
and ¢t=T, n(¢) becomes B(t)k and (1) reduces to

1
(6) ¢onlJ) = f, (D¢(n(r)), dB(r)k) + 5 f, (D*¢(n(7))dB(r)k, dB(7)h)

which we prove as follows.
Given a sequence (®,) of partitions of J with norm tending to zero,
we may write

don() = 2, [(D¢on(A7),B(A)k) + 3(D?p o n(A~)B(A)k, B(A)E)

A€,
+ 02(13(A) h)]

The steps in the definitions of [;(D¢(n), dBh) and fJ(D’qS(n)ch dgh),
and the remark (5), show that

2

o

) E{

> (D¢ on(a™), B(AVK) — J(D¢(n), dgh)

A€,

and
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(S)E{ }'*0’

n—> o,

S (D% o n(A7)B(A), BAVE) — f (D*(n)dBk, dsh)

Ae®,

Moreover,

>l = [lww)| '}
@,

g
AE®,

- B{ % (@l = [y} -0
AE®,

as n—». Therefore a subsequence (®,,) may be chosen in such a
way that

lim Y 0,(8(A)k) =0 as.

Ae@®

ni

Taking account of (7) and (8), it follows that (®,,) may be also
chosen in such a way that

lim 3 (Déon(a”), B(AVR) = f (Do(n), d6h) a.s.

Ae@®
ni

and

lim 3 (D% on(A)8(AVK, B(A)K) = f (D*(n)dgh, dBk) a.s.

Y=
n

and this proves (6).
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