ON A THEOREM OF FEJER AND RIESZ
F. R. KEOGH

1. In what follows we suppose that »>1 and that 4, is a constant,
depending only on 7, the value of which is not usually the same at
each occurrence. Let U(0) denote a real function measurable over
(—m, m), let

P(p,8) = 1 —p)[(1 —p)>+4psin 3]}, 0=p<1,
and let

1 x
wo) = o f_,P(’” 6)U(6)ds.

P(p, ) is the Poisson kernel and «(p) =u(p, 0) is the value at the point
(o, 0) of a function u(p, 8) in polar coordinates which is harmonic
inside the unit disc and has boundary value U(f) on the unit circle.

We begin by giving a new ‘real variable’ proof of the following
theorem of Fejér-Riesz type. This is similar to a proof given by
du Plessis [3] but it differs in a way which leads to a new analogue in
three dimensions. Before du Plessis’ paper appeared, the only proof
available was of a ‘complex variable’ nature and based on the Fejér-
Riesz inequality J§ |f(r)|dr<3/- |f(e®)|d6 [1].

THEOREM 1.

) f | u(o) |7dp < A4, f T U |,
0 -

The proof is based on the use of an inequality theorem (see, for
example, [2, p. 229, Theorem 319]) which we state as a lemma.

LEMMA. If f(x) is nonnegative, K (x, y) nonnegative and homogeneous
of degree —1 and [ K(x, \)x~Vrdx =F, then

@ / [ [ k@ i) ar = v gy

Proor oF THEOREM 1. For 0=<p <1, since P(p, §) >0, we have
1 [ 4
|| == [ Pe.0 U0 s,
mTY _x
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so it is enough to prove the theorem under the assumption that
U@B)=0. We may further assume that U(f) is an even function of 6
and prove (what is then equivalent to (1)) that

@) f(% ) O’P<p,o)U<o)do)'dp < 4, f ")y,

for on replacing U(f) in (3) by the even function U(f)+ U(—86), and
using the Hélder inequality (e +b)"=<2(a"+b") for =0, b=0, we
obtain

1 1 1 ~ r
[ 1wt = [ [ [ 6,000 + v-0i]a
< 4, f "(U®) + U(—0)ydp

< 4, f " [(U@) + (U(—6))]do

= A,f f(U(O))'dO.

Dividing the range of integration with respect to p in (3) into the
two intervals (0, %), (3, 1), we first consider integration over (0, ).
Since P(p, 8) < (1+p)/(1 —p) we have, using Hélder's inequality,

e o e s (IR

() = A,( f TU(o)do>'
< A4, ) d.
< f (U(6))ds

Next, defining

2(1 —

5) Pilo, ) = — L =P

@=p2+6y)
for the interval (3, 1), since 30 =60/7 over (0, 7), we have
2(1 — p) 1 2(0—p)

P(p, 0) < =—gt—
N S Cp Pyt e S

1
< ‘2—7|'2P1(P- 0)a

and so
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f:::(% forP (o, U (0)d0)'dp

< 4, l(i fo fP;(p, 0)U(o)do)’dp.

1/2\T

(6)

With f(x) = U(x) for 0<x =<, f(x) =0 for x>, and
K(x, y) = (2/m)y/(x* + »7),

the functions f(x), K(x, y) satisfy the conditions of the lemma (with
k=cosec iw(1—1/r)). On replacing x by 6, y by 1 —p, (2) and (5) give

) fl :2(% fo "o, o)U<o)do)'dp < f_; < 4, fo (o)),

and finally (4) and combination of (6) and (7) give the inequality (3).
This completes the proof of the theorem.

2. When analogues of Theorem 1 for functions harmonic in the
unit sphere are considered there are two possibilities. Let (p, 8, ¢)
denote spherical polar coordinates, U(f, ¢) a real function measurable
for 0<0=<m, —7T=<¢=m, and let

Qp, 8) = (1 — p)[(1 — p)* + 4p sin® 30]-*/2 sin 6,

o) = [ ( [ ve, ¢>d¢) 0o, 6)db.

Here Q(p, 6) is the three-dimensional Poisson kernel and wu(p)
=u(p, 0, 0) is the value at the point (p, 0, 0) of a function «(p, 0, ¢)
harmonic inside the unit sphere and with boundary values U(6, ¢) on
the surface. The possibilities are

(8) fol(fop | u(r) I'dt)dp < A,f(ff_i] U@, ¢) | sin 6dede.

and

1 T T
f | w(p, 8, ¢) |"0dedd < A, f f | U@, ¢) | sin 6dpds.
(1] 0 -7

In both inequalities the right-hand side is the integral of | U, ¢)|"
over the surface of the unit sphere. In the first inequality, the left-
hand side consists of two integrations of «(p, 6, ¢) along a radius, in
the second inequality the left-hand side is the integral of u(p, 0, ¢)
over a diametral plane. Both of these analogues are, in fact, valid and
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they are particular cases of a general theorem of du Plessis [3] con-
cerning functions in # dimensions. du Plessis’ proof of this general
theorem is indirect and depends on half-space analogues of Theorem
1 [4]. In this note we give a direct proof of a stronger version of (8)
which does not seem to be deducible using du Plessis’ argument.

THEOREM 2.

fol(l — p) | u(o) |"dp = A,f‘:(f_:I U@, ¢)| d¢>r sin 6de.

The left-hand side here is identical to the left-hand side of (8) and,
by Hélder’s inequality,

f;(f_,l v, ¢)Id¢) sin 8df < A4 f f | U@, )| sin 6d¢ds,

so that (9) is a stronger inequality than (8).

ProoF. Arguing as before, it is enough to prove the theorem under
the assumption that U(6, ¢) =0.

We divide the range of integration with respect to p as before, and
first consider integration over (0, 1). Since

Qp, 0)=(1+p)(1—p)~2 sin@

we have, using Hoélder's inequality,

1/2
f (1 = o) (u(o))rde
0

- f ”2(1—,»)[ f ( f U, ¢>d¢)Q<p, o)da]

1/2
<[ a-oun- (( +p))2,

S i
- A,[ fo ( f_:U(O, ¢)d¢)sin odo]'

([ e

(s

IIA

IIA
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Next, defining
(11) R(p, 0) = 2(1 — p)1+1/'01_1/r[(1 —p)2 + 02]—3/2

for the interval (3, 1), since sin § <0 and sin 30=0/7 over (0, 7), we
have

Q(p,0) = 2(1 — p)[(1 — p)* + 262/7°]~¥/2 sin 6
= 2-1203(1 — p)[Lx2(1 — p)% + 6%]3/%sin @
< 2712331 — p)[(1 — p)2 + 62]-3/2sin @
< 2-%273(1 — p)~1/7 sin'/" 6 R(p, 6),

and so

1
(1 — p)(u(p))dp

1/2
”12(1 — ) [ﬁ fo '< f:r U@, ¢)d¢> Q(p, G)da] dp
4, 1:2[4% fo "R, 0)( f_:U(a, ¢)d¢>sin1/r o]'d,‘

Defining f(x) =sinVx /7, U(x, ¢)d¢ for 0=x=m, f(x)=0 for x>m,
and

(12)

i

IIA

K(x, y) . (27r)‘1x1‘”'y1+1/'(x2 + y2)—3/2,

the functions f(x), K(x, y) satisfy the conditions of the lemma (with
k=1r—3°2T(1—1/r)T'(1/241/r)). On replacing x by 6, y by 1 —p, (2)
and (11) give

f l;[ﬁ fo 'R(p, o)( f_:U(G, ¢)d¢>sin1/f 0]'dp
" = 4 f ;( f_:U(o, ¢)d0>rsin0d0.

Combination of (12) and (13) now gives

1

(14) (1 — p)(u(p))dp < Ar f '< f 'U(e, ¢)d¢)r sin 6d6,

1/2

and addition of (10) and (14) yields the desired inequality (9).
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