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Let A be a Banach algebra with a bounded approximate identity,

and let F be a Banach ^4-module, that is [8], a Banach space which

is an .¿-module in the algebraic sense, and for which \\av\\ á||a|| \\v\\

for all aEA, vE V. In [8] an important role is played by Worc\A(A, V),

the collection of all continuous linear transformations, F, from A to

V which satisfy

(*) T(ab) = a(T(b)),       a, b £ A.

We were thus interested to notice that

Theorem 1. Every linear transformation T from A to V which satis-

fies (*) is continuous.

This theorem is an immediate consequence of a lemma found in-

dependently by Varopoulos [9] and Johnson [5] which generalizes

Cohen's factorization theorem [l]. This lemma was used by Varo-

poulos to show that if A has a continuous involution, then every

positive linear functional on A is continuous. Johnson used the

lemma to show that every centralizer on A is continuous, and our

Theorem 1 is just a slight generalization of Johnson's result.

Our small contribution to this circle of ideas is to show, by means

of a simple device, that the lemma of Varopoulos and Johnson is a

corollary of a generalization of Cohen's theorem found by Hewitt

[3], Curtis and Figa-Talamanca [2], and Gulick, Liu and van Rooij

[4]. Furthermore, a method for simplifying the proof of Cohen's

theorem has been found by Koosis [ó], and, as he remarks, this

method can be used equally well to simplify the proof of the theorem

of Hewitt et al. In this way we obtain a quite short proof of the

lemma of Varopoulos and Johnson, and so of the three continuity

results mentioned above.

We now state the theorem of Hewitt et al. for the case in which V

is a left ¿-module. The statement for right modules is entirely anal-

ogous.

Theorem 2 (Hewitt et al.). Let A be a Banach algebra and let V
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be a left Banach A-module. Suppose that there is a constant, M, such

that for every aEA, vE V and é>0 there exists an element eEA such

that \\e\\ ̂ M, \\a — ae\\ <e, and \\v— ev\\ <e. Then for every vEV there

exist elements aEA and wE V such that v = aw.

We refer the reader to the paper of Koosis for a proof.

Lemma 1 (Varopoulos-Johnson). Let A be a Banach algebra and

V an A-module. Suppose that there is a constant, M, such that for every

aEA, every finite collection Vi, ■ • • , v¡, of elements of V, and every

e>0, there exists an element eEA such that \\e\\ ̂ M, \\a — ae\\ <e, and

\\vj—evj\\ <efor 1 £j£k. Then for every sequence \vn} of elements of V

which converges to 0 there exists aEA and a sequence {wn\ of elements

of V which converges to 0 such that vn = awnfor all re.

Proof. Let c0(V) be the Banach space of all sequences of elements

of F which converge to 0, with the supremum norm. Then cq(V) is an

A -module with respect to the evident coordinate-wise action, and it is

easily seen that the hypotheses of Lemma 1 ensure that Co(V) satisfies

the hypotheses of Theorem 2. Applying this theorem to the element

{v„} of co(V) we obtain the desired elements a and {wn} ■

Proof of Theorem 1. Let F be a linear transformation from A to

V satisfying (*), and let {an} be a sequence in A converging to 0.

Viewing A as a right module over itself, we can apply the right-hand

version of Lemma 1 to obtain eEA and a sequence {bn} in A with

b„ converging to 0, such that a„ = bnc for all re. Then

T(an) = T(bnc) =bnT(c)-*0.

We remark that Johnson's theorem is just the special case of

Theorem 1 in which V = A.

For completeness we include Varopoulos' result.

Theorem 3 (Varopoulos). Let A be a Banach algebra with bounded

approximate identity and continuous involution. Then every positive

linear functional on A is continuous.

Proof. Let/ be a positive linear functional on A, and let \an\

be a sequence in A converging to 0. Applying Lemma 1 twice, we

obtain b, eEA and a sequence {dn} in A converging to 0 such that

an = bdnc. Thus it suffices to show that the linear functional a—>f(bac)

is continuous. But by polarization this functional is a linear combina-

tion of four functionals of the form a—>f(eae*) for eEA. But such

functionals are known to be continuous [7, Theorem 4.5.2].
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