A CLASS OF GROUPS WHOSE LOCAL SEQUENCE
IS NONSTATIONARY

KENNETH K. HICKIN!

Let Z be a class of groups. Define the local operator L as follows:

i) L (Z)=2=.

(ii) If >0 is an ordinal number, then L2(Z)=the class of all
groups having an upper-directed cover of subgroups, each belonging
to the class U { LA(Z)| B <a}.

We will consider all classes of groups to be isomorphism-closed.
L'(2) is the local system defined in [1, p. 166]. It is well known that
if 2 is closed under the taking of subgroups then L?(Z) =L!(Z).

In the following, for each ordinal a of cardinality <¢, the con-
tinuum, a class of groups will be displayed whose local sequence does
not become stationary before « iterations.

First define an equivalent operator for sets: Let I' be a set of sets.
Define the operator C as follows:

@) coT)=T.

(ii) If @>0 is an ordinal number, then C*(T") =the set of all sets
having an upper-directed cover of subsets, each belonging to the set
u{cea)|B<al.

If S is a set, denote its power set by P(S); if I is a set of sets, we
will sometimes call UT' the “underlying set” of T,

For any set of sets I and ordinal «, we have that C«(T") CP(UT).
Thus all such set-theoretic sequences must eventually become sta-
tionary, and we may define |I'| to be the smallest ordinal such that
C'T+YT) = CITI(D).

We wish first to solve the set-theoretic problem by displaying, for
any ordinal a, a set of sets I' satisfying |T'| =« (Lemma 1). After the
following definitions, a proposition to be used in Lemma 1 will be
proved.

DEFINITION. Suppose for each a &4, T, is a set of sets. Define
Z{l.]a€4} ={Uf(4)| where f: A-U|T.|]aE€ A4} is a function such
that Va€4, f(a)ET.}. That is, an element of Z{T.JaEA4} is a
union of sets, one chosen from each I',.

DEFINITION. Suppose I' is a set of sets and SE C=(T") for some ordi-
nal @. Thus S possesses an upper-directed cover {X ,I wEM } of sub-
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sets such that each X,EC*(T") for some B <a. We will say that the
cover {X,|u€EM} is “augmented” if 3uE€ M such that X,ET.

It is easy to see that any SEC«(T"), for any «, possesses an aug-
mented cover.

PROPOSITION. Suppose for each aE A, ', is a set of sets such that the
collection {UT.|aEA} of underlying sets is pairwise disjoint. Let
I'=2{T,|aEA}. Then (i) for any ordinal B, CAT) =Z{ CAT.)|aEA},
and (i) |T| =sup{|Ta| |ac4}.

Proor. Proor oF (i). If =0, the assertion is immediate. Suppose
B>0and Vp<B, C*(T)=Z{C*(T.)|aEA4}.

Assume BEZ{CHT.)|aCA4}, so that B=Uf(4), where f:
A—>U{C’(I‘,,)[aEA} is a function such that Ya€ A4, f(a) ECHT,).
Thus each f(a)=B, has an upper-directed, augmented cover
{X%|YE1.} of subsets XY, where each X% is a member of C?(T",) for
some p <. Since the covers are augmented, for each a let X¥°&T,,.
Let Vo=U{X%|a€A4}; thus Y& =2{T.|]aEA4}. For each p<8
define A,CZ{C*(T.)|a€E4} =C#(T) as follows:

Yyeasev

=U{x)? | a € 4, where X, € C¥(T.)

¥ (a)

and for all but a finite number of «, X, = Xim}.

Thus if we put A=U{A,|p<6}CU{C”(I‘)|p<B}, in order to show
B& CA(T), it suffices to show that A is an upper-directed cover for B.

To show that A covers B, select any b& B. Then 3o/, ¢’ such that
bEXY, since {XY|aEA, YEI.} covers B. Also 3p<p such that
XY EC*(Tw). Thus if we let

Y=U{X} |aC 4, where Xo= X% when a=o/, but Xo=X+'when asd'},

then YEA,CA and bE Y. Thus A covers B.
To show that A is upper-directed, let ¥;, Y,EA. Say Y;

=U{X%|a€A4} and V,=U{X%|a€A}. Let s, - - -, a, be ele-
ments of A such that Ya&EA4, aEE{al, e, a,.}=>X£°=Xﬁo and
X% = X%, Such a set {al. <. ,oz,,} exists by the finiteness condition

in the definition of A,. Since Ya€ 4, { X%|¢E 1.} is an upper-directed
cover of B,, we have that for each a;, 1S7=n, €], such that
X:,";‘CXﬁj and X¢xCX¥%. Also 3p;<p such that XﬁjGCN(I‘)a‘.. Let-
ting p’=max{p.~|1§i§n} <B, we have Y=U}X'f,:ﬁ]1§i§n}
UU{XY|at o, -+ -, an}, aEA})EA,CA, and YiCY, V,CY.
Thus A is upper-directed.

It follows that BE C#(I"), and hence 2 { C5(T'.)|a €4 } CCAT).
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Now assume BE CA(T"). Then B possesses an upper-directed cover
{ Y,.I;.cEM} where each Y, is an element of C#(T") for some p, <f.
Thus V,EZ{C»(T.)|aEA}, and we may write

Y, = U{X.| a € 4, where Xi C Cru(T.)}.

By the disjointness property of the sets underlying the T',, we have
that B,=BN(UT,) =U{X%|u€ M} and, since { V,|u€E M} is upper-
directed, {X4|lu€EM} is also. Thus Va€4, B.€C*T,) and B
=U{B.|a€4}. It follows that BEZ{C*(T.)|aEA}, and hence
CMCZ{C*Ta) a4},

The proof of (i) is now complete.

Proor oF (ii). This follows immediately from (i) and the disjoint-
ness of the sets underlying the I',. For if §< | I‘al for some «, then
CB+L(T,) > CA(T' )= CA+Y(T) =2 | CPH(T) | a€ 4} SZ{CO(T ) |ac 4)
=CA(I'), which shows |T'|=sup{|T.| |a€EA}=0. On the other
hand, C*+}{(I)=Z{ C*+}(To) |« E4 } =2 {C*(Ta) |« E A} = C*(T"), which
shows |T'| <o.

LEMMA 1. For all ordinals o there exists a set of sets T, satisfying
ll‘al =a. If o is infinite, of cardinality &, then T, can be chosen so that
UT, kas cardinality a.

Proor. We induct on the theorem and on the additional property
Ur.ec«(r,), but vB8<ea, UI',&C#(I's). The theorem follows when
a=0 trivially and when a=1, letting

I, = {{1, 2,-- -, n} l n € N, the natural numbers},

we have that N&Ty, but Ne C'(Th) = C(T).

Assume the theorem and the additional property hold for all ordi-
nals less than o, a>1.

Case 1. a is a limit ordinal. For each 8 <« choose T's satisfying the
inductive hypotheses such that the collection {UT's|8<a} of under-
lying sets is pairwise disjoint. Define T',=Z{T's| 8<a}. By (ii) of the
proposition we have immediately that I‘al =a. Now UT,
=U{UTs|B<a}, and each UT'sE C4(T's), implying by (i) of the propo-
sition UI‘aGE{C“(I’g)IB<a} =(C=(I',). On the other hand, if u<a,
then UT, & C*I'41), and hence UT.& 2{C"(I‘g)|ﬁ<a} =C#(I).
Thus T, satisfies all inductive hypotheses.

Case 2. a=v+1. Let A be a set of sets satisfying |A[ =+ and the
other inductive hypotheses. Let {A;|i=1, 2, - - -} be copies of A
obtained by indexing the elements of UA with the 7's so that the col-
lection {UA‘|i=1, 2, - - - } of underlying sets is pairwise disjoint.
Define

To={X|X=LULVYU .- ULy ,UUAy),where L;E A;, N 2 1}.
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Suppose for all u such that u<B=<+, any XEC#T") is of the form
SV .- USN_1U(UAN) where Vi=1, ..., N—1, S.'EC“(A.'). Call
N thelengthof X. (Thisis clearly soif 8=1.) Let A =U{ C#(T.)|u <B}.
Suppose some member X of C#(T',) is realized by the upper-directed
cover {X,,I pER} where VpER, X,EA. Further, let p;, po &R be such
that X, CX,, Say X, =S\ -..-USy,UUAy), S:ECxQA)),
m<B, and X,,=T,\U - - UTyJUAy), T:ECu(A)), p<p. If
N # M, it must be the case that either S;=UA; for some 7, or T;=UA;
for some 4, which is impossible by the inductive hypotheses on UA.
Thus N = M. Hence all members of the cover {X,|pER} must have
the same length N, and we may write X,=S5{U - - - US4_,U(UA»),
where S?& C#(A;) for some u <B. The disjointness of the underlying
sets of the A; now yields that, for 1 SiSN—1, { S{| pER} is an upper-
directed cover for XM (UA;). Thus X, an arbitrary element of C5(A,),
is of the form T,\U - - - UTy_1\J(UAy), where T;:€CP(A;), 154
s=N-1.

In particular, the above argument shows that the members of
C?(T.) are of the form

™ S;U - USva U (UAw), SiEC'(Ay), 1SiSN-—-1.

Since |A| =+v and UAEC7(A), it follows that for each N=1, (UA,)
U -+« UUAy)ECT(T,). Hence UT,=U{UA;|i=1,2, - - - } hasan
upper-directed cover of subsets in C"(I';). But UT . C7(T',) since
Ur'., is not of the form (*).

It remains to show that C+(T',) =C"+%(T',). We will omit the
details; however, from the form (*), the following characterization of
the members of C*Y(I',) is easily obtained: X&C*+(I,)=X
=S5U .- USyU - - . where either (1) each S;&C7(A;) and S;
=UA; cofinally in Sy, - -+, Sy, ¢+ -+ or (2) XEC*('.) (and hence
the S; are empty after a point).

From this it is easy to see that any directed system of sets in
C*+\(T',) again yields a member of C+(T,).

Thus T, satisfies the inductive hypotheses.

The example given for [T =1 at the outset was such that Ul
had cardinality d of the natural numbers. If « is a nonlimit ordinal,
a=+v+1, and UT, is of infinite cardinality o, then I',, as constructed,
has cardinality do=¢. Thus, as constructed, UTl, has cardinality
d=a, since at limit ordinals a, UT, will have cardinality Y sca 05
where o; is the cardinality of UT;.

It is thus clear that for all infinite ordinals &, UT', will have cardi-
nality &, and the proof is complete.
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LEMMA 2. If A is a countably infinite set then there exists an uncount-
able set of subsets of A such that no containments hold between distinct
members.

Proor. Let {A4,]i=1, 2, - - - } be a partition of 4 such that each
A, is countably infinite. Define KC P(4) by K= {BCA | B contains
exactly one element from each 4;}. The cardinality of K is d? =29,
and if By, B;€K, clearly B,{ B,, unless B, = Bs.

COROLLARY. There exists a set of cardinality ¢ of torsion abelian
groups, T=1{T.|aEK} such that VYou, €K, al#a2=$Tal$T.,,.

ProoF. Let 4 be a countably infinite set of primes. Applying
Lemma 2, 3KCP(4) such that K is uncountable and for any By,
B;EK, B, B;= B, contains some prime not in B,. For BEK, define
Tg= E,eg Jp (the direct sum), where J, is a cyclic group of order
p. We claim that the set of groups { 73| BEK} is the desired set. For
suppose By, B,€K and B,#B,. Then if p is a prime in B;\B,, we have
that T, has an element of order p, whereas Tz, does not. Hence
T5,LTa,

We will also need several properties of free products of groups.

LeMMA 3. Let {G;|8€A} and {H\|NEA} be arbitrary collections of

groups, and put R=(H:eA G6)*(H;GAH>~)' Then (H:GA Gs)
N(HE|yEA) is trivial.

LemMa 4. If {Gs|8€A} is a collection of groups, and H is a freely
indecomposable group, but mnot infinite cyclic, satisfying HCG
= [1ica Gs, then 33EA such that H is a subgroup of a conjugate of G,
in G.

ProoF. Suppose HCG = [[ica G where H is freely indecomposable
but not infinite cyclic. By the subgroup theorem for free products
[1, p. 17], H=F« ][]} H, where F is a free group and YoEV, H, is
conjugate in G to a subgroup of G; for some § EA. By another theorem
[1, p. 26], any two free decompositions of a group possess isomorphic
refinements. Hence, since H is freely indecomposable, Fx][]X., H,
must have exactly one nontrivial factor. H cannot be isomorphic to
F since the only freely indecomposable free group is infinite cyclic (or
trivial). Thus H=H, for some v& V. The lemma follows.

We can now prove the desired theorem.

THEOREM. For any ordinal o of cardinality <c, there exists a class of
groups B, such that L*(B,)=Let'(B,), but LF(B,) <Lt+tY(B,) when
B<a.
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ProoF. Let T={T,|aE€K} be the class of torsion abelian groups
of the corollary to Lemma 2. By virtue of Lemma 1, 3PCP(K) such
that | P| =a. If YCK, define Fy= ]|}y Tyand put F={ Fy| YCK}.

Define the class B, = {Fyl YEP}.

Suppose { F;|IEA} is an upper-directed cover of subgroups in F
for some GEF, G = Fy. We assert that the set of sets {J[/EA} is an
upper-directed cover of subsets for Y, since

(1) If Fi,,CF, then each free factor of F;,, by Lemma 4, is isomor-
phically contained in some free factor of F;,, and so by the property
of the {T.|a€K} these free factors are isomorphic. This shows
L Cl,. Hence {I|IEA} is upper-directed provided { F;|IEA} is also.

(2) Consider, by Lemma 4, all of the conjugate subgroups of free
factors of G to which the free factors of the { Fi|/EA} belong. If no
conjugate of some free factors of G occurs, then Lemma 3 is violated
since { F1|IEA} covers G. Hence all free factors of G are represented,
and so {I[IEA] covers V.

Thus any such group-theoretic covering yields a set-theoretic
covering according to the correspondence T,—x. Likewise any set-
theoretic covering yields a group-theoretic covering.

Considering the local sequence B., L(B,), + - + LA(B,), - « - the
theorem will be proved if we can eliminate the possibility that, at
some stage in the sequence of local covers leading to any GEL#(B,)
NF, some group H& F occurs. Since the sequence of local covers
leading to G is well-ordered, such an H must occur for a first time at
some stage. Hence, WLOG, we may assume that H possesses an
upper-directed cover { F,|yET} of subgroups in F.

Since HC GE F, by the subgroup theorem for free products we have
H=Q« H:ek 7, where Q is a free group and each 7, is isomorphic to
a subgroup of some member of T. Each free factor T,, of each F,,
¥ET, by Lemma 4, is isomorphically contained in some 7,, and hence,
for each such 7,, 7,~T,,. Since {F.,]'yEI‘} covers H, by Lemma 3,
all of the 7,, pER, are obtained in this way, and consequently
H=~ H:eg T,,. In order toshow HE F, which will establish the theo-
rem, we must show that no two T, Ta,, With p;, ER, ;1 #ps, are
isomorphic. Suppose Ty, =T,,,. Then by Lemmas 3 and 4 and the
covering property of { F, ‘yEl"i, iF,, F,, F,satisfying:

(1) Some free factor of F,, is conjugate to T, in H’:en T,

(2) Some free factor of F,, is conjugate to T, in Hteg Top.

(3) Fy,CFy and Fy,CFy,

This implies that T, and T, are conjugate in 1% Tap a con-
tradiction since T, and T, are distinct free factors of []}ez Tap

This completes the proof.
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It will be observed that the only group-theoretic property of the
“incomparable” set, {T.|a€A}, of torsion abelian groups used in
the proof was the each T, was freely indecomposable and not isomor-
phic to any proper subgroup of itself. Since the set-theoretic lemma
was proved for arbitrary ordinals, a stronger result about local se-
quences of groups will follow whenever a larger “incomparable” set of
such freely indecomposable groups con be displayed. The author has
not been able to find such a set of cardinality greater than c.

I would like to thank Dr. L. Sonneborn who offered several simpli-
fications of my original proof and Mr. W. Stromquist whose ideas
are used in several places.
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