ON PRODUCT EXPANSIONS OF THETA-FUNCTIONS
A. P. 0OGG

In [1], Hecke set up a general method of passing back and forth
between Dirichlet series and functions on the upper half plane (via
the Mellin transform) and showed how functional equations on the
one side correspond to functional equations on the other. Weil [2]
has remarked that this method is applicable in a more general setting
than in [1], and has shown in this manner that the functional equa-
tion for Dedekind’s function 5(r) is an immediate consequence of the
functional equation for the Riemann zeta-function. In this note we
give a proof along these lines of the product expansion of the basic
theta-function & =d; =4,

We start with

1) 3r, x) = Z e2rinztinn T

where x, 7E€C, Im(r) >0 (the sum being over nEZ2), and its transfor-
mation formula

@ e ?3(r, ra) = (r/i)7¥(—1/7, ),

which follows, for example, from expressing the left side Zn erir(nta)?
as a Fourier series in x. We set

(3) fl(ry x) = etif:’ﬂ(r’ Tx))
(4) f2(T’ x) = "(71 %),
) 4,(z) = nlnlrr!; fi(7, %),

s0 As(x) =1 and A;(x) =0 if xEZ, 4Ai(x) =1 if x€Z. We can rewrite
(2) as

(2) fi(—=1/7, x) = (v/i)*fi(r, %),
where {j, k} = {1, 2}. Now

7l (s)a— = f tle=ridt, (Res>0),
0

for x>0, so for x€R we have
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®(2s, ) = —'P(S)¢j(23, x)

6 -]
©) =f =1(f;(t, x) — Aj(x))dt (Res>1)
0
where
(7) ¢1(S; x) = E (" + x)—‘)
a general Dirichlet series, and
8) és(s, 2) = 2 2 cos(2mnx)n—.
n=1

In (7) we have adopted the (nonstandard) conventions that 0—*=0
and x—*=|x|-*=¢—*bslsl. Note that ¢,(s, x) =2{(s) if *€Z, and
that

9) ¢2(2, x + 1/2) = 2x%(x2 — 1/12)  for | x| S 1/2

as follows from computing the Fourier series of the right side on the
interval [—1/2, 1/2].

THEOREM 1. For {j, k} = {1,2}, ®;(s, x) +24,;(x)/s+24:(x) /(1 —5)
is entire, bounded in every vertical strip, and satisfies P;(s,x) =
®, (1—s5,x).

We omit the proof, which is standard. (Cf. [1], Hauptsatz.)
Now let ¢#¢(7, x) be defined by the product

(10) do(r, ) = [T (1 — ¢ + 21 (1 + z1gY),

Nl

where g =", 2=¢%"%*; we will show eventually that ¢ =d,. Note that
¥o(r, x) has zeroes only at x=(r+41)/2 modulo 1 and 7. Consider

g(r, x) = log do(r, 2)
an =X X (=gm/m ot (=)@ + ) m).

==l M=l

The inverse Mellin transform
1
eiv = — [ (/1o )
21!1 e
(where y >0, o=Re(s), and c>0) gives, for real x,

(12) (9 == [ /iyt 4
gr’x—Zm' ,-67'7' }s,x S,
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(¢>1), where
(13)  Wy(s, x) = 2a)*T()Yls, %), :
14) - (s, 2) =¢@O(=(s+1) + (1 = 29)¢a(s + 1, x + 1/2)).

Now Theorem 1 (including the functional equation of the zeta-
function) and the formula

720 (s) = 2°7'T(s/2)T((s + 1)/2),
give immediately
(15) ¥i(—s, %) = Tus, %),
where
(16)  Wus, x) = Qm)~T(s)uls, %),
(A7) s, ®) = (s + D(=5(0) + (1 — 279u(s, & + 1/2)).

Now (1—=2-9)¢(s+1) = D e (—1)™Mm~2/m, and 2-'¢y(s, x+1/2)
= pm { 2n—142x)"+(2n—1—-2x)* } . Hence

[ it =7
27l'1v =C
(18)
—_ E (_ q2mn/m + (_ l)m-l(ewir(en-—l+2z)m + eﬁr(zu—l—Zz)m)/m).
7 Maxl
Now assume —1/2=x=<1/2. By (13)-(17), W¥i(s, x) is regu-
lar except possibly for poles at s =0, + 1. By Theorem 1,
(1—-2%)¢2(s+1, x+1/2) vanishes at s=0, so Y1(s, x) +(s)¢(s+1) is
regular at s=0, whence ¥,(s, x) — (2s2)~! is regular at s =0, using the
fact that {(0) = —1/2. ¢1(s, x+1/2) has a simple pole of residue 2 at
s=1, so Wy(s, x) is regular at s=1 and hence ¥,(s, x) is regular at
s= —1. Finally, ¥1(s, x) has a simple pole of residue —wx2?at s=1, by
(9). Moving the line of integration to the left, computing the residues,
and applying (15), we get

1
g(—1/7, x) = — (/2)*¥,(s, x)ds
27 o=c>1

= mix*r + 1/2 log(r/i) + ZL (/)" (s, x)ds

TV gemel—1

1
= rix?r + 1/2 log(/3) + Py (1/3)~"V (s, x)ds
i

g=c>1

= miz?r + 1/2 log(v/1) + g(=, ).
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Exponentiating, we have
do(—1/7, 2) = (/3)'12%"%"9y(z, 7x)

(now for all x&C), the same functional equation (2) as for #(r, x).
It follows that the quotient &(r, x)/do(7, x) is an elliptic function of
x with periods 1 and 7, and at most one simple pole (modulo periods)
at x=(r+1)/2; this elliptic function is therefore constant, hence
3(r, 0)/d(7, 0) is constant. Finally, #¢(r, 0) is determined as a func-
tion of 7 by its functional properties (cf. [1, Satz 2a]), so is a constant
times d(r, 0); letting Im(7) tend to «, we see the constant is 1. Thus:

THEOREM 2. d(r, x) has the product expansion

o

II (=™ + 21 + g,

n=1
where ¢ =€V, 3=,
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