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1. Introduction. Bing has shown [l] that there is always a convex

metric (in the sense of Menger [ó]) for a Peano continuum, uniformly

equivalent to the original metric. His construction "distorts" the

original metric extensively. In this paper, we utilize the original

metric on a metric space to construct a new metric. Under the new

metric, the space is complete and uniformly locally almost convex.

Although the new metric may not be topologically equivalent to the

original, we give some conditions under which it is. We also give con-

ditions for it to be almost convex, uniformly locally convex, or convex.

The new metric is closely related to W. Wilson's "intrinsic metric"

[«]■

2. Definitions and terminology. For general concepts, we follow

the notation of [5]. Let (X, d) be a metric space. For each nonnega-

tive integer», set un= {(x, y)EXXX\d(x, y)^l/2n}. The collection

{un} £-o 1S a family of symmetric entourages satisfying the condition

un o UnQUn-x tor each integer w = l. Letting uk denote u ouo • • •

ou (k times), we define »* = (") {wt+„| w = 0, 1, ■ • • }. Since unÇkun-i,

finite induction yields that ttï+i^M*+n-i£ • • • Quk. That is, vk is a

nested intersection. The collection {»t}t"-o is also a family of sym-

metric entourages satisfying vlQvk-i for each positive integer. Gaal

[4, p. 164] has proved a metrization theorem for such a sequence of

entourages, giving a canonical construction for the metric. We give a

slightly different form of that theorem here.

(2.1) Theorem. Let {»*}t°°,0 oe a sequence of symmetric entourages

for X such that vlQvk-xfor each positive integer k. Then there is a pseudo-

metric e for X such that

(2.2) {(x, y) 1 e(x, y) < l/2"+1} C Vn £ {(x, y) \ e(x, y) g 1/2»}.

Let A denote infimum and V supremum. The canonically con-

structed e is defined by

e(x, y) = 1    if (x, y) £ «0,

(2.3) ( " )
e(x, y) = A  <r | r = 2~1 2_t< and (x, y) G ukl o uki o • ■ • o uk„> .
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For the remainder of this paper, X, d, {«*}, {vk\ and e will be as

above.

Let (W, p) be a metric space and/: [0, l]—*W a continuous func-

tion. The "curvelength" of/ is defined to be V { ̂ Zfjo p(f(xi),f(xi+i)) \

all possible finite partitions 0=x0, xi^ • • • =x„= 1 of [0, l]}. Then

the "arclength metric" on X is defined by al(x, y) = A {curvelength

of/ | all possible continuous/: [0, l]—*(W,p)}. Note that the "arc-

length metric" may not be a metric since al(x, y) = » is possible. If,

however al(#, y) < » for all (x, y)QXXX, then it is a metric.

A metric space (W, p) is (uniformly locally) convex if (there is an

£>0 such that) given x, yQW and aQ [0, l], there is a zQW such

that p(x, z)+p(z, y) =p(x, y) and p(x, z) =ap(x, y) (whenever p(x, y)

<«). It is almost convex if given x, yQW and 5>0, there is a point

zQW such that \%p(x, y)—p(x, z)\ <8 and \%p(x, y)—p(y, z)\ <8.

Finally, (W, p) is uniformly locally almost convex if there exists e>0

such that the «-neighborhood of each point is almost convex.

A uniformly locally compact space is one for which there exists

5>0 such that the closed 5-neighborhood of each point is compact.

If all closed and bounded sets are compact, the space is called a

Weierstrass space.

For an «>0, a metric space (W, p) is e-chainable if given u, vQW,

there exists a sequence of points u = u0, Ui, ■ • -, un=v (called an

«-chain) such that p(w,_i, «,-) =e for each t = l, 2, • • • , «. The length

of the chain is 2?=iP(M»'-i> M»)- The space is well-chained if it is

e-chainable for any e>0. Note that none of the above properties are

topological.

3. The space (X, e). For any dyadic rational rQ(0, l], define

Tv = vkl o v¡t, o • • • ovkn, where r = ¿Zí.j 2-*< and ki<ki+i for i

= 1, 2, • • • « — 1. Gaal [4, p. 115] shows that rv Oji;Cr+syforany two

dyadic rationals r, sQ(0, l] such that r+s = l.

(3.1) Lemma. The collection of entourages \vk} satisfies v\+i = Vk for

each k^O.

Proof. It is sufficient to observe that

N N N+l

n2"    r\     2"     n  2"
Uk+l+n O   I I Uk+l+n  =    I I Uk+n

n=0 n=0 n«=0

is valid for each N>0. The nesting property then yields that

00 00 00

ns» n     2" n     sn
Uk+l+n O    I 1    Wjfc+l+n   =     I 1     Uk+n-

n=0 n=0 n=0
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(3.2) Corollary. For each dyadic rational r G(0, 1/2), rv o r» = 2r».

(3.3) Theorem. The space (X, e) is uniformly locally almost convex.

Proof. Choose e = 1. Let ô>0 and points x, y EX with e(x, y) < 1

be given. Select a dyadic rational «/2*<1 such that 0<n/2k — e(x, y)

<5. Since e(x, y)<n/2k, (x, y)Evnk £»f+i. Thus there is a sequence

x=Xo, Xi, • • -, X2„ = y such that (x¿, xi+i)Ei)k+i for each i. We will

show that I 2e(x, x„)— e(x, y)\ <8. The symmetry will then yield the

desired result.

Since (x, x„)G^t+i, e(x, y)<»/2*+1. We have

0 < n/2k — 2e(x, xn)

= (n/2k — e(x, y)) + e(x, y) — 2e(x, xn)

< 8 + e(x, y) — 2e(x, xn),

so that 2e(x, x„)—e(x, y)<8. On the other hand, e(x, y)^e(x, x„)

+e(x„, y). Now e(xn, y) <n/2k+1, so

2e(x, y) — 2e(x, xn) ^ 2e(xn, y) á n/2k ;£ e(x, y) + 8.

Thus e(x, y)—2e(x, x„) ^5. This, together with the above inequality,

establishes the desired result.

(3.4) Corollary. If {wk}k=0 is a sequence of symmetric entourages

for a space W such that w\ = wk-i for each positive integer k, then the

pseudometric p constructed by (2.3) is uniformly locally almost convex.

If (X, e) is e-chainable space for some e<l, a new metric can be

defined for X as follows. For each positive dyadic rational r = 2~lî-1 2~hi,

set r» = Vk¡ o Vkt o • • • o Vkn. Since »*+i = »*, this definition of r» is well-

defined. Define e*(x, y) = A {r| (x, y)Gr»}- Since (X, e) is e-chainable,

(x, y) is in tv for a sufficiently large r. Furthermore, e*(x, y) =e(x, y)

if e(x, y)<e. Symmetry and the triangular inequality are "built in"

the definition, and are trivial to verify. The metric e* is analogous to

the "intrinsic metric" of W. Wilson [8].

(3.5) Theorem. Let (X, e) be e-chainable for some e<l. Then(X,e*)

is an almost convex space.

The proof is exactly the same as that of the previous theorem,

except that the points x, y EX can be chosen arbitrarily.

(3.6) Proposition. Let (W, p) be well-chained and uniformly locally

compact. Then W has a metric p* such that (W, p*) is a Weierstrass

space and p=p* locally.
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Proof. Let S be such that the closed 2S-neighborhood of each point

is compact. Define

p*(x, y) = A { 2^ p(x,_i, Xi) | * = xo, %i, ' • ' , Xn «■ y is a 5-chain}.

Clearly p=p* locally. The triangular inequality and symmetry are

built into p*.

Let A he any closed and bounded set, and aQA. (Trivially, A = 0

is compact.) Since A is bounded, for some k>0, diam(A) ( = diameter

of A)<k8. Then, setting w¡= \(x, y)\p(x, y)^5}, we have w\(a) is

compact [5, p. 214]. But AÇ.w*(a), so A is compact.

(3.7) Theorem. If (X, e) is uniformly locally compact, then (X, e)

is uniformly locally convex. If (X, e) is also t-connected for some «<1,

then (X, e*) is convex.

Proof. Let t he such that each closed set of diameter less than e is

compact. Then for a closed set A with diameter less than «A 1/2, A is

almost convex and compact. It is well known that almost convexity

and compactness imply convexity.

For the remainder, it is sufficient to observe that the metric e* is

constructed analogously to p*. Hence (X, e*) is a Weierstrass space.

Wilson [8] proves, but does not state explicitly that an almost convex

Weierstrass space is convex.

The last theorem cannot be sharpened very much, as is easily seen

from the following example.

(3.8) Example. Let U={(x, y)QR2\ for some integer «>0, y

= exp(« log x/(n + l)), O^x^l}. If U is endowed with the arclength

metric, then U is almost convex and complete. It is not convex,

since p((0, 0), (1, 1)) = V2, but there is no point (x0, yo) such that

p((0, 0), (xo, yo)) =p((xo, yo), (1, 1)) = y/2/2. Furthermore, the metric

a constructed from p as in the introduction coincides with p for dis-

tances less than 1/2. Hence, the extension <r* coincides in all cases

with p.

Generally speaking, the properties of (X, d) are not carried over to

(X, e). For instance, let X = [O, 1 ] and d(x, y) = | x-y\ "2. Since (X, d)

is a Peano continuum, it is compact, connected, and separable. None

of these properties carry over to (X, e), since e(x, y) = 1 if x^y and

e(x, x) = 0. However, we do have the following rather startling result,

which is an extension of a theorem due to S. B. Myers [7].

(3.9) Theorem. Let (X, d) be complete. Then (X, e) is complete.

Proof. Let x„ he a Cauchy sequence under e. Since d(x, y) ^e(x, y)
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for all x, y EX, xn is a Cauchy sequence under d. Let x„ converge to

Xo under d. We will show that x„ converges to x0 under e.

Without loss of generality, we may assume that the sequence x„

satisfies (a) e(xm, xn)úl/2lf if n,m^N, and (b) d(x„, x0) ^1/2". Let

£>0 be given. We will show that for »>£+l, e(x„, x0) ̂ 1/2X. To

do this, it is sufficient to show that (x„, Xo)Evk for n>K. Since

vk = H;" o Uk+¡, we need only show that, given/, we can find a chain of

points x„ = y0, yi, y2, • • • , ym-x0 such that (y<-iy,)oGMx+y for each i

and m^2j. For the given/>0, choose as the point ym-i the point

Xk+j from the Cauchy sequence. Since » and K+j are greater than

K, e(xn, xK+j)^l/2K+1. That is (xn, xk+j)Evk+x = {1?Lx u%+i+íC1uk+x.

Hence there exists a sequence of points x„ = yo, yx, • • • , y2i-i = x^+y

such that (x,-_i, Xí)Euk+j. Thus setting m = 2,'-1+l <£2' we have the

desired sequence.

The author was unable to find the following result in the literature,

although it is probably well-known.

(3.10) Theorem. // (W, p) is a complete almost convex metric space,

then (W, p) is arcwise connected and the "arclength metric" is equal to p.

Proof. We will prove both parts at once as follows. Since p(x, y)

^al(x, y) under all circumstances, we need show that only for m>0,

can an arc be constructed in IF whose length is less than p(x, y) +2_m.

The technique used is related to that used by Menger [ó] in his classic

paper on convex metrics.

We define a function /: [O, l]—»IF as follows. Let /(0)=x and

/(l)=y. Then let/(l/2) be a point in IF such that | 2p(f(0), f(l/2))

-p(f(0), /(l))|<l/2-+M/2 and ¡2p(f(l), f(l/2))-p(f(0), f(l))\
<l/2m+2-l/2.

Assume now that we have chosen points f(0/2k),f(l/2k), ■ ■ ■ ,/(l),

satisfying

« K<fM^))-KO>(^)l
< l/2"*2-l/2*,

< 1/2-+2-1/2*.

We then choose for each successive pair of points, f(n/2k) and

/(w+1/2*), a point/(2»+l/2*+1) such that (a) and (b) are satisfied.
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This inductive process defines/on the dyadic rationals of [0, l].

Now note that

/ /2re + 1\       /2« + 2\\ 1        1

PV\    2k    )'     \    2k    )) = 2^ 2*«

«mo >m)
and

/  /2«\       /2» + 1\\ 11 1     / /2w\       /2« + 2\\

'v(?> '(—)) si=n^+iify>- '(—))
holds for all «. Thus we have

p(/d/2),/(0)) á y (¿- + p(/(0),/(l)))

and

p(/(i/2),/(D) = y(¿ + p(/(o),/(D)).

Induction then shows that

and

'«^)- /(^)) 4(¿+'('(ow(i»>
Thus / is uniformly continuous—in fact, it satisfies a Lipschitz con-

dition with constant l/2m+1+p(f(0), f(l)). We extend/ to [0, l],

maintaining the Lipschitz condition. Since the Lipschitz constant is

l/2m+1+p(f(0),f(l)), the length of the curve is g l/2m+1+p(/(0),/(l))

[2]-

(3.11) Corollary. The space (X, e) is uniformly locally arcwise

connected, and locally, the "arclength metric" on (X, e) is equal to e.

We conclude with some remarks on uniform equivalence of (X, d)

and (X, e). Since ii.Çb, for all «, it is clear that the "e" uniformity

contains the "d" uniformity. If for some « and some k, unQvk, then

the "d" uniformity also contains the "e" uniformity. That is,
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(3.12) Theorem. The spaces (X, d) and (X, 0) are uniformly equiva-

lent iff there exist k and n such that unÇzVk-

Two metric spaces are called Lipschitz equivalent if there is a func-

tion from one to the other such that both the function and its inverse

satisfy a local Lipschitz condition.

(3.13) Theorem. The spaces (X, d) and (X, e) are Lipschitz equiva-

lent iff there exists «>0 such that un+kQvk for all k.

Proof. This is essentially a corollary to a theorem in [3], which

characterizes Lipschitz equivalence in terms of entourage sequences.
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