A CHARACTERIZATION OF SEMILINEAR SETS
RANI SIROMONEY

Introduction. The recent interest in the structure of programming
languages has led to the study of their mathematical properties.
Characterizations of bounded context-free languages (also called
bounded ALGOL-like languages) [1] and bounded regular sets [3]
have been given in terms of certain semilinear subsets of N*. Semi-
linear sets have been extensively studied as subsets of lattice points
in n-space which are finite unions of cosets of finitely generated sub-
semigroups of the set of all lattice points with nonnegative coordi-
nates and which are also shown to be equivalent to the family of sets
defined by modified Presburger formulas [2]. In this note we give a
characterization and discuss decision procedures for semilinear sets
of words (hereafter called semilinear sets) [4] which include bounded
context-free languages and hence bounded regular sets.

1. Preliminaries. Let £ be a finite nonempty set and Z* the free
semigroup with identity e generated by Z. A subset X of Z* is said
to be bounded if there exist words wy, - - -, w; in 2% such that X
Cw; - - - w;. For each k-tuple of words w={(wy, - - -, wi) let f,
denote the function defined on N* by f,(p) =w?{" - - - w}® where
p=(pQ), - - -, p(k)) isin N*. Then MCw] - - - wy is said to be semi-
linear inwif w=(w, - - -, w) and f,~(M) is a semilinear subset of
Nk, A set M is called semilinear if it is semilinear in some k-tuple
('wl, A ,'wk) [4].

An equal matrix grammar (abbreviated EMG) of order k [5] is a
4-tuple G=(V, Z, P, S) where (i) V consists of the alphabet Z, the
initial symbol S, and the rest of the nonterminals Vy in the form of

ordered k-tuples (A4, - - -, As) where the k-tuples are distinct, k
being finite. In other words if {4y, - - -, 4x) and (By, - - -, By) are
any two k-tuples, 4y, - - -, Ay, By, + + +, By are distinct. (ii) P con-

sists of the following types of matrix rules:

(a) A set of initial matrix rules (abbreviated initial rules) of the
form [S—fid; - - - fidi] where fi, - - -, fi are in 2%, S the initial
symbol and (4;, - + -, A;) in V. (Note that S—fid: - - - fidr is a
context-free rule.)

(b) A set of nonterminal equal matrix rules (abbreviated nontermi-
nal rules) of the form
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A1—>f1A1 4,4 —’lel
----- Or . . . . .
Ay —"kak A —*kak

where f, - - -, frare in Z* and (4., - - -, 4&), (By, - -+, Bi) in V.
(c) A set of terminal equal matrix rules (abbreviated terminal
rules) of the form

4, —’fl

A = fi

where fi, - - -, fi are in Z¥*, (41, - -+ -, Ax) in Vy. An equal matrix
grammar is an EMG of any finite order.

NotatiON. Let G=(V, Z, P, S) be an EMG. We write S=f14,
<« - fidy if [S—fid; - - - fudy] is an initial rule in P, and wy=w, if

w1=x1A41 + -+ Kedr, We=X101 © -+ XpVg, x; in TF, (Al, MR Ak) in Vy
and

Al — U

A —

is in P. We write wé:»y if either w =1 or there exist wo=w, wy, « - -,
w, =1 such that w,=w,, for each 7. A sequence of words wy, + + +, W,
such that w,=w,, for each 1, is called a derivation or generation of w,
(from w,) and is denoted by we= - - + =w,. LCZ* is an equal matrix
language (abbreviated EML) if there is an EMG G=(V, Z, P, S)
such that L=L(G) where L(G) = {w in E*/Séw}. L(G) is said to be
the language generated by G.

2. Characterization. We now present a characterization of semi-
linear sets, which is related to Theorem 2.1 of [1] and Theorem 1.3
of [3].

THEOREM 2.1. X CZ* is semilinear if and only if X is a bounded
EML.

PRroOF. Let X be semilinear. Then thereisa w=(wy, - - -, w;) such
that X is semilinear in w, ie. L={G®1), - - -, i(k))/wi® . . . 2i®
in X} is a semilinear subset of N*. Let ay, - - -, ax be  distinct sym-
bols not in 2 and & the homomorphism which maps each a; into w;,.
Then by Theorem 2.2 of [5], Y ={a!® - . . a!®/wi® . . . %® in X }
is an EML. By the corollary to Theorem 3.2 of [6] homomorphism
preserves EML. Hence X is a bounded EML.
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Now suppose X be a bounded EML. ¥Y=Aa"%X)Na; - - - a5. By
the corollary to Theorem 3.5 of [6] inverse homomorphism preserves
EML and by Theorem 3.1 of [6] the intersection of an EML and a
regular set isan EML. Hence Y isan EML since a} - - - a; is regular.
Again by Theorem 2.1 of [5], L is a semilinear subset of N*. Thus X
is semilinear.

Therefore the class of bounded EML is equivalent to the class of
semilinear sets and includes the bounded context-free languages and
hence the bounded regular sets.

NOTATION. Let Z be a bounded set Cx] - - - x5, i.e. every z in Z is

of the form «'® - . - xi® x;, - - -, x; being words in Z*. Then we

. 1 i 1
write Z(yy, * -+, Y0¥ =Uiz0 2191222 - - - 2y, where 3, - - -, ¥ are
. % * .
words inx7, - - -, x; respectively, and z; =x{®, 2o =x5®, - . ., 2z, =xP
— — A W i . .
where z=2; - - - zx=x{" - - - xy° is in Z. Inductively we write
Z(yu, ) 3’k1> e <y1m ) ykn)*=Z(yu, oty ym) e
Gints = ) Yene1)*G1ny * + 0y Vin)* vx;here Y1, * * *, Y1a are words in
* .
Xy, ct s Yk, ©  * Yis are words in xy .
COROLLARY 1. Let wi, - - -, wy be words in T*. Each EMLCw;
- - wy is the finite union of sets of the form
x(yu, oty 3’k1> o <y1m oty ykn>*
. . *
where each Yrmisinw,,r=1, -+ - kym=1, - nand x=x, - - - x;,

where x, is in w, ; and conversely each finite union of sets of the above
. * *
formisan EMLCw, - - - wg.

COROLLARY 2. The family of bounded EML is the smallest family of
sets containing all finite sets and closed with respect to the following
operations:

(a) finite union,

(b) finite product,

(c) Z{xy, - - -, xx)* where x1, - - -, x: are words.

This is related to Theorem 3.1 of [1]. In view of Theorem 3.2 of
[4] we obtain the following

CoROLLARY 3. S(L) s a bounded EML for each bounded EML L
and each gsm S.

3. Decidability. In this section, we consider the problem of deter-
mining of an arbitrary EML whether or not it is semilinear. We shall
show that there is a decision procedure. Also another simple charac-
terization of semilinear sets is given.

NotarioN. For each EMG G of order & and for each k-tuple of non-
terminals (4, - - -, 4z) let
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XAl(G) = {ul/ul in 2*, A1 L Ak=*>u1A1 LR ukA;,

for some ug, - - -, u; in Z*},

Xay(G) = {ta/trin 2%, Ay - - Ay s urdy - - - wp Ay

for some u, u3, - - -, wp in 2*},

...............................

XA,‘(G) = {uk/uk in E*, A1 e Ak =2>u1A1 s ukA;,
for some uy, - - -, ux_; in E*}.

The results that follow are obtained by suitably modifying the meth-
ods of Ginsburg and Spanier [1].

LeEMMA 3.1. If L(G) is nonempty and bounded where G is of order k,
then X 4,, - - -, X a, are all commutative for each k-tuple (4, - - -, Ay).

Proor. Let G=(V, Z, P, S) be the EMG generating L. Assume
that .S depends on each k-tuple of nonterminals in G, and that W,
= {'w1 s wyfAy - ABw - - w,w, inE*} is nonempty for each
k-tuple (4, - -, 4Ax)=4 in G. Since S depends on 4, there exist
%, -+, 4 in Z* such that {u1w1 <o upWe/Wy - - - Wy in WA}
CL(G). Thus W, is nonempty and bounded. Let x; + - - x; be a
specific word in W .

Consider the set X4,(G). Suppose there are words #; and v, in X4,
so that ww v, It is easily seen that for each w; in {u;, v} *—e
there are words wy, - - -, wxin Z*so that 4; - - - AiDwd; + - - wedy
Eawxy - - - wixz. Hence (g, us)*—eCX. 4, and wixy - - Wik Is in
Wa. €is also in X 4,. Thus each word w,\Ue in {ul, uz} * is a subword
of some word wyx; - - - wix; in Wa. By Lemma 5.3 of [1], W, is not
bounded. This is a contradiction. Therefore w42 =u.u, for every two
words %y, %2 in X 4,(G) i.e. X 4,(G) is a commutative set.

A similar argument shows that X4,(G), -+ -, X4(G) are all
commutative sets.

LemMa 3.2. If X4,(G), - - -, X4,(G) are all commutative sets for
each k-tuple (Ay, - - -, Ar) of G of order k, then L(G) is bounded.

Proor. The proof is by induction on the number of k-tuples of
nonterminals. Suppose (44, + - -, 4;) is the only nonterminal in G,
apart from S. By Lemma 5.2 of [1], X4,Cu, - - -, X4 Cu for
some words #;, - - -, u; in 2*. Let all the initial and terminal rules
of G be [S—fyds - - - fisdr], i=1, - - -, m;
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Ay — wy
i: 1’ o o . ’n‘

A — Wi

If y be any word in L(G), there is some S-derivation of y as S=f1;4,
o fidiBhmds - - imdisfiow - - fipane, 15j<m, 154
=m0, -, 9% in X4, + + +, X4, which are subsets of ur, -, up.
Thus

LG cU [ U fljutwli . 'fkﬂl:wki].
j=1L i=1
Therefore L(G) is bounded.

Suppose that G has p k-tuples of variables (4y;, - - -, 4dw), ¢
=1, ..., p, where p>1 and that the lemma is true for all grammars
with fewer than p variables. Let G; be the grammar obtained from G
by deleting all the production rules involving (A4, - - -, 4;). Let
Y4,,(Gj), + - -, Ya,,(G;) be the set of words 15, * + -, ¥k such that
Avi -+ AuDg yu- o in 2% X4,G)), - -+, Xau(G)) being
subsets of X 4,,(G), - + -, X4,,(G) are all bounded. By the induction
hypothesis L(G;) is bounded. Y4,,(Gj), - - -, Ya,,(G;) consisting of
subwords of words in L(G;) are bounded. Let there be ¢ initial rules
[S—fijd1; - - - fuids;), 7=1, - - -, g. For each such j, consider

**) fleAlj(G)guYAU(Gj) . 'fijAkj(G)gk"YAki(Gj)»

iin {1, - - -, p} —{j} where
Alj—"gu'Au

.....

Akj - gkiAk.'

are all the rules of G with (4,j, - - -, 4s;) occurring on the left side.
(When the above rule is terminal, the ¥’s are empty.) Since there are
only a finite number of such rules the sets (**) are bounded. The proof
is completed by noting that

q
L(G) C j[;’l fleAIngiYAli .- 'fijAkigkiYA“-
Combining Lemmas 2.1 and 2.2 we get

THEOREM 3.1. A mnecessary and sufficient condition that an EML
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L(G) # I be semilinear is that X 4,(G), - - -, X 4,(G) be all commutative
for each variable (A, - - -, Ax) in G of order k.

LeMMA 3.3. For each variable (A, - - -, Ax) in G of order k, X 4,(G),
-+ +, X4,(G) are regular sets and effectively determined.

The proof is obvious from the definition of an EMG that all rules
except the initial rules consist of k left-linear rules.

Now from Lemma 2.3, and Lemmas 5.7 and 5.8 of [1] and the
proof of Lemma 2.2, the following decision theorem is immediate.

TuEOREM 3.2. (a) It is decidable whether or not a given EML L(G)
is bounded.

(b) If L(G) s bounded then words w, - - -, wy in Z* can be effec-
tively found so that L(G)Cwf - - - w;'.

THEOREM 3.3. If L, Ly are EML and one of them is semilinear, then
it is solvable whether (a) LiC L, and whether (b) L,C L.

Proof is immediate from the proof of Theorem 6.3 of [1] using
the corresponding results for EML obtained in Theorems 2.2 and 1.1.

COROLLARY. If Ly, Ly are EML and one of them is semilinear then it
1s solvable whether Ly = L,.

Several of the mathematical properties of semilinear sets proved
in [4] can also be established by considering bounded EML.
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