ON COMPOSITE ABSTRACT HOMOGENEOQOUS
POLYNOMIALS!

MORRIS MARDEN

1. Introduction. In this note we study the nullsets of abstract
homogeneous polynomials (a.h.p.) which are derived from given
a.h.p.’s by certain kinds of composition.

Except when otherwise indicated, these polynomials are defined
from E to K where K is an algebraically closed field (of characteristic
zero) and E is a linear vector space over K. If P, denotes the family
of all of a.h.p. of degree #, then by definition [1, pp. 760-763] PEP,
implies that for all x, y&EE and s, tEK,

(1.1) P(sx + ty) = D Cnadi(x, y)sttn*
k=0

where Cpr=n!/k!(n—k)! and where the 4ix(x, y) EK, the 4, being
independent of s and ¢. The nth polar of P is defined from EXE

X +++ XE to K, as the form ®(xi1, x2, - - -, x,) which is linear in
each x;, symmetric in the set {x;} and such that
(1°2) G)(x: Xy =ty x) = P(x)

for all x€E. In terms of the nth polar the coefficients 4, of P are
given by the formulas

(1.3) Ax(x, y) = (@1, -+ -, %)t Zigk = x, 250 = ).
If P&P,, the nullset Zp of P corresponding to given x, yE E, namely
(1.4) Zp = {sx + ty: P(sx + ty) = 0, sz + ty # 0},

belongs to sets that we shall specify by inequalities involving Hermi-
tian symmetric forms H(x, y). These forms may be defined as in the
complex plane, since we may write K = K¢(z) where K, is a maximally
ordered subfield of K and —4?is the unit element in K and since there-
fore with each k€K we may associate a “conjugate” element i EK.
Thus H(x, y) satisfies the three requirements: H(x, y) €K for all
%, y&E, H(x, y) is linear in x for any fixed y and

(1.5) H(y, ) = H(x, y).
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The general aim of the present note is to describe the nullset of a
composite a.h.p. R relative to the nullsets of the a.h.p. from which
R was derived. The results obtained are analogous to some well-
known theorems on the zeros of composite polynomials in the com-
plex plane.

2. An apolarity-like relation. To aid our study of the composites
of two a.h.p. P and Q with P given by (1.1) and Q given similarly by

2.1) 06z + ) = 3. CosBala, )50+,

k=0
we introduce an operator ®(P, Q; x, &) defined by the relation
(P, Q; sx + ty; ot + 1)
(2.2) : o
= E (—l)kcﬂ,kAk(xr y)Bn-k(E, ﬂ)Skt" kgn—krk,

k=0

So defined, ®(P, Q; x, £) is an nth degree a.h.p.inxand in £. Itisa
linear functional of P and of Q that has the following properties for
%, 9 §n€EE;s, t,0,TEK:

(23) (P, Q; sx+ty; ot + ™) E K,
(2.4) ®(Q, P; £ x) = (—1)"®(P, Q; «, §),
2.5) ®(P, Q; sx + tx; at + ) = P(x)Q(ctt — 1s1).

The relations (2.3) and (2.4) are obvious. To deduce (2.5), we note
that, since PEP,, P(sx+itx) = (s+t)"P(x) and thus Ax(x, x) = P(x), for
allx€E and k=0, 1, - - -, n. Hence, from (2.2)

(P, Q; 53 + tx; 0t + ™) = P(x) 5: (= 1)*CnBai(§, m)sttrrom e

k=0
= P(x)Q(ott — 7s1).
In particular, we learn from (2.5) that, for all x, £€E,
(2.6) ®(P, Q; sx + tx; st + tE) = 0.

The operator ® has another property which we now state using the
assumption that K is algebraically closed and that hence we may
write Q in the form

@.7) Gt + tn) = T G35 — i),

J=1

where 8;=6;(¢, n) €EK and v;=7v,(§, n) EK for §, nEE.
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THEOREM (2.1). Let P, Q€ P, with Q(x) written in form (2.7). Then

for any &, n€E

(28) ®(P,Q; &+ n; 6+ m) = O(yat + 8, ok + 8amy - - -, Yak + Sum).
Thus, if Theorem (2.1) is valid, also

(2.8)" ®(P, Q; sx + ty, sx + ty) = ®(svix + 81y, - * +, S¥a% + 10n).

By (2.4), if P(sx+ty) = ]I (Bis —eut),

(2.8)" ®(P, Q; sx+ty, sx+ty) =(—1)"Q(scrx+ 1By, * « * , Sanx+1Bny).
ProoF. From (2.1) and (2.7), follows that

(2.9) CniBi(§,m) = (—1)"*Sk

where Sy is the sum of all products obtained from [8:8; - + * 8xVis1Yis2
-+ -v,] by permuting the subscripts 1, 2, - - -, 7 in all possible
ways. On the other hand, using the fact that ®(xi, %3, - - -, x,) is

linear in each x,, we find that

(P(’YIE + 61’7’ R} 'YnE + 61571)

= D2 Suil®@(, -+, %) ik = £ Tk = 1)
prs

= i (—1)*Co kBai(§, n) Ar(E,m) = (P, Q; £+ n; £+ ).

k=0
The last line follows from (2.9) and (1.3).

3. Theorems on composite a.h.p. We now prove a number of
theorems on the nullsets of composite a.h.p. The first is analogous to
a corollary of Grace's theorem [2, pp. 62-63], cf. also [3].

THEOREM (3.1). Let H(x, y) be a Hermitian symmetric form and let
(3.1) Ey= {x € E: H(x,2) <0, 5 0}.

Let P, QEP, and let Zp and Zq be the nullsets of P and Q respectively
corresponding to given £, W€ E. If Zp CE, and if Q be such that

(3.2) ®(P,Q;E+mE+1n) =0,
then
ZoN E; %~ .

Proor. If on the contrary ZgNE, =, then ZqC E—E,. That is,
writing Q(x) as in (2.7) with the given £, 5, we conclude that

vtE+mEE—E, fork=1,2,---,n
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We may now apply the following theorem due to Hérmander [3]:
If P(x)#0 for all x€EE—E,, then also ®(xy, %z, + + +, %,) #0 for all
xxEE— E;. We conclude that

@(y1E + 81, v2 + 8o, - - -, vak + Bam) # O,

a result which contradicts (3.2) in view of Theorem (2.1). Thus,
Theorem (3.1) has been established.

We next develop a theorem analogous to a composition theorem
in the complex plane due to Szegé [2, pp. 65-66], namely: Let P(z)
= D% Coxdiz®, Q2) = 2 n CoBiz*, R(2)= D CardiBizk. Let T be
any circular region containing the zeros of P. Then every zero of R has
the form (—Pvy) where B is a zero of Q and YyEI'. A counterpart in
vector space is the following:

THEOREM (3.2). Let P, QEP, and REP;, be defined by (1.1) and
(2.1) and

(3.3) R(sx + ty) = 2 (—1)*CuiAi(x, y) Bi(x, y)skee—h,

k=0

Corresponding to given x, yEE such that Q(x)Q(y) #0, let Zp, Zq and
Zr, be the nullsets of P, Q and R respectively. Let E, be defined by (3.1).
If ZpCE, and if (ux+vy)EZg, then (u*x-+v*y) belongs to the set
{a'yx—i-BBy} for all a, B, v, 8E K such that

(3:4) ax + By € Ei, yx+ 0y € Zg.

Proor. Let (ux+vy) be any zero of R. That is,

(3.5) R(ux + vy) = E (—1)*Cp 1 Ai(x, 3) Bi(x, y)up? @ = 0,
k=0
Writing Q as in (2.1) and (2.7) and noting that
Y1vz c c ¥a010s - ¢ - 8 = (—1)"Ba(x, y)Bo(x, y) = (—1)"Q(x)Q(y) # O,
we define Q*E€ P, by the relations
Q"G5 + 1) = 3 CanBi (x, )5t

k=0

=TI Grs — o)

k=1

(3.6)

with 6*=»26;! and v*=u2y~1. Using notation similar to (2.9), we
find

*
6182 o . 6”7172 “ e !YnS = V2k#2(”—k)sn_};.
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Hence
Bu(®, 3)Ba(, ) B (x,5) = 2R B, (s, 9).
We may now write equation (3.5) as
Ld *
R(ux + vy) = Bo(x, 3) Ba(%, ) 2 (—1)*CaxAi(%, ¥) Baik(%, ) = 0.

k=0
Hence,

&P, Q% x+ v,z +1vy) =0.
From Theorem (3.1), we now infer that at least one zero ax+8y
of Q* lies on E;. From (3.6), for some value of %
a=vi = uyil, B=08 =l
That is, if ux+vyEZg, then
w4+ %y € {avx + Boy: ax + By € Ey, v& + 8y € Zaof.
This completes the proof of Theorem (3.2).

4. Polynomials on vectors to vectors. So far we have considered
a.h.p. which assume values in a field K. We now extend Theorem
(3.1) to a.h.p. which assume values on a supportable subset of a
vector space G. A subset M of G is said to be supportable if to every
{EG— M there corresponds a linear form L(w) such that L({) =0 but
L(w) #0 for wE M. (See [3].)

THEOREM (4.1). Let E and G be vector spaces over K and let M be
a supportable subset of G. Let P and Q be a.h.p. defined on E to G.
Corresponding to given &£, W& E, let

Ep = {st + i1 € E: P(st + n) € M},
Eq = {st+ i € E: Q(st + tn) € M}.

Assume Ep=E —E, where E, is defined by (3.1). For some {{EG—M
and the corresponding linear form Lo(w), let Q be such that

(4‘1) (I)(LO(P)’ LO(Q), £+, ¢ + 77) = 0.
Then
(4.2) (E — Ep) N (E — Eg) # .

REMARK. Theorem (4.1) is trivial if either Ep=@& or Eq=.
ProoOF. For every {€G—M and its corresponding L(w), both
L(P(x)) and L(Q(x)) are a.h.p. of degree n and

(4.3) L(P(x)) #0 forx& Ep, L(Q(x)) # 0 for x € Eq.
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Hence, Zr(py CE—Ep, Z1qCE—Eq. Since (4.1) holds, Theorem
(3.1) implies (4.2), as was to be proved.
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