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Let R denote the field of real numbers.

Theorem. Let G be a Lie group with Lie algebra L. Let X and Y

be linearly independent elements of L. If the set exp RX-exp RF

contains a one-parameter subgroup exp RZ such that exp RX

It)exp RZ and exp RF^exp RZ, then {X, Y} forms a basis of a

two-dimensional subalgebra of L.

Proof. We can find a positive number e and analytic functions

<KZ)=aiZ-f-a2Z2-f- • • • and 4/(t)=b1t+b2t2+ • ■ ■ , defined in the in-

terval ( — e, e), such that we have

exp tZ = exp (b(t)X-exp \p(t) Y,        — e < Z < e.

On the other hand, for real numbers <p and if/, sufficiently close to 0,

we have

exp<¿>X-exp^r = exp{(<t>X + ^Y) + \[<f>X,iY\ +•••}.

Hence for Z£R, with |z| small enough, we have

tZ = <b(t)X + M Y + |[0(<)X, HO F] + ■ • ■

= t(aiX + èiF) + t2(a2X + b2Y + %aibi[X, ¥]) + • ■ ■ ,

and it follows that

Z = aiX + biY,       a2X + b2Y + W>i[X, Y] = 0.

Because ai^O and b17¿0, we have that

[X, Y] =-(a2X + b2Y).
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