
THE GAUSS REALIZABILITY PROBLEM1

MORRIS L. MARX

1. Introduction. Suppose A = {ai, a2, • • • , a2n] is a set of points

in (0, 1) with a,_i<a„ 2=i^2«. Let * denote an involution of A

with no fixed points. Gauss [l] considered the question of when there

exists a C mapping/ from [0, l] into R2 such that/(x) =f(x') if and

only if x = a,, x' =at for some i, 1 ¿Li^2n, or x = 0, x' = l. It is further

required that the derivative /' never vanish and that the vectors

f'(ai) and f'(at ) be linearly independent, l=i^2«. (Such a mapping

is called normal; see [S, p. 1084].) If such an/exists, then the pair

(A, *) is said to be realizable and/ is called a realization. Nagy [4]

gave a proof of a necessary condition conjectured by Gauss; Titus

[5] found a stronger necessary condition. In [6] Treybig gives

necessary conditions that are also sufficient. The purpose of this

paper is to give somewhat simpler necessary and sufficient conditions

for realizability. These conditions are obtained from an easy modifi-

cation of Lefschetz' proof [2] of Mac Lane's condition for the planar-

ity of a finite graph [3].

2. Mac Lane's Theorem. For completeness, we give a version of

Lefschetz' proof mentioned above.

By a graph G we shall mean a one-dimensional simplicial complex.

The one-dimensional simplexes will also be called edges. The geomet-

rical complex associated with G will be denoted | G|. The graph G is

called connected if the topological space | G | is connected ; G is said

to be separable if | G| has a cut point. If there is a homeomorphism

mapping |G| into R2 (or equivalently, S2), then G is called planar.

We may assume G is nonseparable since every finite graph decom-

poses into a finite number of nonseparable subgraphs and G is planar

if and only if each of these subgraphs is [7]. Let Zi(G) denote the

module of one-cycles of G over the integers mod 2. A one-cycle z is

said to be simple if it represents a Jordan curve.

Theorem 1 (Mac Lane). The nonseparable finite graph G is planar

if and only if there exist simple cycles z0, Zi, • • • , Zr in Zi(G) such that

(1) Each edge of G belongs to exactly two of the z¡.

(2) The collection \Z\, • • • , zr} is a basis for Zi(G).

(3) zo=Zf-iZ.-.
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Proof. Suppose G is planar and let A be a homeomorphism of | G\

into S2. The cycles corresponding to the boundaries of the compo-

nents of S2 — Ä(| G| ) have the desired properties.

Now suppose we have z0, Zi, ■ ■ • , z¡¡ satisfying (1), (2), and (3).

Construct a two-dimensional simplicial complex L as follows. Let

Xi, ■ • ■ , Xn, yo, yx, • • • , ys he the vertices of L, where Xi, • • • , xn

are the vertices of G. Take as two-dimensional simplexes all sets of

the form eAJ {yt}, where e¡ is an edge occurring in z„ O^i^R. The

one-dimensional simplexes of L will be all one-dimensional faces of

the above and all the one-simplexes of G. We shall show that |Z,| is

a two-dimensional manifold. Note that \L\ arises from \g\ by

attaching a disk along its boundary to the simple closed curve |z,|,

0 SiúR- Since each edge e lies on exactly two of the z,-, | L\ is locally

Euclidean at every point of the open geometrical simplex (e). We

show that \L\ is locally Euclidean at vertex points.

Because of (1), we can find edges e{, e2, • • • , el at Xi such that

el and e'i+i belong to the simple cycle z,', lúiús—l, and el and el

belong to the cycle z/. If we show that there is no other edge con-

taining Xi, then we have that |L| is locally Euclidean at *i. A sim-

ilar proof shows that |L| is locally Euclidean at Xk, 2 5=&^m, and

thus, we know that \L\ is a manifold. Suppose that/ is some other

edge containing x\. Since G is nonseparable, there is some simple cycle

c containing e{ and/, but no other edge at *i. By (2), c= 2<sä z»

for some index set H. We know that zi or z/ is present in the sum for

c; without loss of generality, let us say that z{ is present. We claim

that every z/, l^i^s, must be present. If not, let h> 1 be the smallest

index such that zi is not in the expression for c. Then zn_i is present

and so ei is an edge for c; this contradicts the assumption that c

contains no edge at xi other than el and /. Hence, we have that Zi

and zl are both present, but this implies that el is present twice

and cancels out. This is a contradiction.

The Euler characteristic of \L\ isao—cki+o^ where a.is the number

of ¿-dimensional simplexes of L, i = 0, 1, 2. The first Betti number of

both \l\ and |G| is R. It is well known that «o— oii=l— R. We

have  then  that  the  Euler  characteristic  of   |L|   is

(ao + ai) + a2 = (1 - R) + R + I = 2.

Thus, |l,| is a sphere and G is planar.

3. Realizability. Suppose we are given a pair (.4, *) as in the

introduction. Define a graph G with respect to the pair as follows.

Let the vertices of G be the points xi, x2, ■ ■ • , xn. Let g be a mapping
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from A onto the set of vertices such that g(t)=g(t') if and only

if t — ai, t' — ax for some i. The graph G has edges eit • • ■ , e2n, where

e¡ joins g(a¡) and g(ay+i), lájá¡2»—1, and e2n joins g(ai) and g(a2n).

We say the pair (A, *) has property Q [6, p. 225] if for each ak<a*,

we have some a, such that ak<aj<at <at or a,<ak<a*<a*. If

(yl, *) does not have property Q, then A decomposes into subsets

Ai, A2, ■ • • , Aq such that (A, *) is realizable if and only if (A(, *)

is realizable for 1 =iác. Note that the graph G will be nonseparable

if (A, *) has property Q. It can happen that G as defined has multiple

edges. This causes no difficulty; as usual, break each multiple edge

into two edges joined at a vertex. If (A, *) has property Q, then G

cannot have loops.

Definition. A cycle z in Zi(G) will be called admissible if whenever

e¡ is in z, ey+i is not, l^j^2n — 1 and if e2n is in z, e\ is not.

Theorem 2. Suppose (A, *) is a pair with property Q and G is its

associated graph. Then (A, *) is realizable if and only if there exist

simple admissible cycles z0, Z\, • • • , Zr in Zi(G) which satisfy (1), (2),

and (3) of Theorem 1.

Proof. If G arises from a realizable (A, *) with realization/, then

the cycles corresponding to the boundaries of the components of

S2-f([0, l]) are admissible and satisfy (1), (2), (3).

Now suppose we have admissible cycles z0, Si, • • • , Zr which

satisfy (1), (2), (3). As in the previous proof, we construct the com-

plex L such that | L| is a sphere. The function g we now consider as

a mapping of A into | L|. We extend g to a mapping/ of [0, 1 ] onto

| G| C|L| in such a way that/ is a homeomorphism on the intervals

(0, oi), (a2n, 1), and (ay, ay+i), 1 Újú2n — 1; also,/(0) =/(l). There is,

of course, no differentiable structure on |L|, but the important

aspect of normality of the realization is the following : Let ß, y Q [O, 1 ]

be the intervals containing a, and a*, respectively, such that ß and

y contain no other a*, a^ay, a¡. Then f(ß) and f(y) must not be

tangent at/(ay), but must cross. That this happens is an immediate

consequence of the way L was constructed and the fact that the

cycles used in constructing L are admissible.
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