PROBABILISTIC TURING MACHINES AND
COMPUTABILITY

EUGENE S. SANTOS

I. Introduction. (Deterministic) Turing machines, named after
A. M. Turing [5], have been used to characterize a class of numerical
functions—(deterministically) computable functions [2]. In the
present paper, a more general machine will be defined which corre-
sponds to probabilistic Turing machine. With this will come a math-
ematical characterization of a class of random functions—computable
random functions—and another class of numerical functions—
probabilistically computable functions. It turns out that the latter
contains the (deterministically) computable functions as proper
subclass.

11. Probabilistic Turing machines.

DEFINITION. A probabilistic Turing machine (PTM) may be de-
fined through the specification of two finite nonempty sets U and S,
UNS= (empty set), and a function p from SXUX VXS into
[0, 1] where V= UU{R, L, T} and RG U, L& U, T& U. The func-
tion p satisfies the following conditions:

() Deev Dowes (s, u, v, s') =1 for every sES and uE U;

(ii) for every u& U, p(s, u, T, s') =0 if s==s’.

The set U is the set of symbols which the PTM is capable of print-
ing and the set S is the set of internal states. The symbols R, L and T
represent, respectively, a move of one square to the right, a move of
one square to the left, and the machine stops (terminates). The func-
tion p is the conditional probability of the “next act” of the machine
given that the machine is at state s and scanning a square on which
appears the symbol .

A (deterministic) Turing machine is a PTM in which the range of
p consists of only two numbers, namely, 0 and 1. Note that in this
case, p is completely determined by the set

C, = {(s, u,v,s'): p(s, u,v,s’) =1and v = T}.

DEFINITION. Let Z= (U, S, p) be a PTM. An expression a of Z is a
finite sequence (possibly empty) of symbols chosen from UUS. « is
an instantaneous expression of Z iff (if and only if) it contains exactly
one s&S and s is not the rightmost symbol. « is a tape expression iff
it consists entirely of symbols from U. If « is an instantaneous ex-
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pression of Z which contains s&S and « is the symbol immediately
to the right of s, then we call s the state of Z at o and u the symbol
scanned by Z at a. The tape expression obtained by removing s from
« is called the expression on the tape of Z at .

DEFINITION. Let Z= (U, S, p) be a PTM. For every instantaneous
expression a and 8 of Z, define

gz, B) = p(s, u, o', s") if a = ysus, B = vs'u's, w e U,
= p(s,u, R, s") if a = ysuu's, B = yus'u's, W eU

or a = ysu, B = vyus'u,,
= p(s,u, L,s") if a = vu'sud, B8 = vys'u'us, WweU

or a = sud, B = s"uqud,

=0 otherwise,

where v and § are (possibly empty) tape expressions of Z and the
symbol #,& U stands for B, i.e., blank.

The gz(«, 8) given above is the probability that the “next” instan-
taneous expression of Z will be 8 given that Z “starts” with instan-
taneous expression a. The function gz(e, 8) may be extended to
¢ (e, B),n=0,1,2, - - -, as follows:

¢z (@B =1 ifa=§

=0 ifasB,
g7 (0 B) = X gz (e Mqz(y, B),

where the summation ranges over all instantaneous expression 4.
o . o .
g7’ (@, B) may be interpreted as the probability that the instantaneous
expression of Z will be 8 “after n steps” given that Z “starts” with
instantaneous expression a.
By induction, it can be shown that for every instantaneous expres-
sion o and nonnegative integer #,

> 05 (a, B) < 1.
[:]

From the above definitions, it is clear that a PTM behaves like a
stochastic sequential machine as defined in [1] or a stochastic sequen-
tial-like machine as defined in [4]. Moreover, it is interesting to note
that a Markov chain may be associated with each PTM where the
states are the instantaneous expressions and an additional absorbing
state corresponding to the termination of the machine.
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DEeFINITION. Let Z= (U, S, p) be a PTM. For every instantaneous
expression a and $ of Z, and for every n=1, 2, - - -, define
(n-1)

(n)
Iz (a7 ﬂ) = P(S, u, T, S)qz (a’ B)
where s is the state of Z at 8 and u is the symbol scanned by Z at §3.
Moreover, define
(n)

laes 8) = 3 457(e B);

£ (o, B) may be interpreted as the probability that after n steps, Z
will terminate with instantaneous expression 3, given that Z starts
with instantaneous expression . The interpretation of fz(a, B) is
obvious.

That the series defining fz(c, 8) converges follows from the fact
that for every instantaneous expression « and positive integer 7,

Z[qé")(a, 8) + k:Zl g (a, ,3)] =1

8

I11. Computable random functions. In order to have PTM per-
form numerical computations, it is necessary that a suitable repre-
sentation for numbers be introduced. In the present paper, we shall
adopt the representation used in [2].

We assume that U always contains the two symbols B and 1. If
n is a positive integer, »* will denote the expression u « - - - u (n
times) that consists of # occurrences of . For completeness sake,
we take u° to be the null expression. With each nonnegative integer
n, we associate the tape expression # where 7 =1"*! and with each
k-tuple (m, ms, - - -, m) of nonnegative integers, we associate the
tape expression

(nl, nz? LR ,'}'lk) where (nl, Noy, * ° * ,nk) = ﬁlB;lzB LR Bﬁk

If a is an expression, then (@) will denote the number of occurrences
of 1 in a. Note that

m —1)=m and (aB) = (o) + (B).

DEFINITION. A k-ary random function ¢ is a function from E*+,
the collection of all (k+1)-tuples of nonnegative integers, into [0, 1]
satisfying

Ed’(ml’mb c '7mk7m)§1
m=0
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for every k-tuple (my, mq, - - -, my).
DEFINITION. Let Z= (U, S, p) be a PTM. Then, for each positive

integer k, we associate a k-ary random function ®§ as follows.

(k)
&z (ma, ma, - -y, m) = 3, tz(a, B)
(B)=m

where

a = si(my,my, - - -, M), sES

and the summation ranges over all instantaneous expression 3 of Z
such that (8)=m.

The s, in the above definition plays the role of the initial state in a
stochastic sequential-like machine. If, however, instead of an initial
state, the initial distribution % is given, then we define

18|

(k)
q)Z (ml’ Mo,y * = * y My, m) = Z Z h(Si)tZ(ai, B)
(BY=m i=1
where
a; = si(my,my, - - -, my), i€ S

and | S| is the cardinality of S.

That ® is a k-ary random function follows immediately from the
definition of ¢z(a, 8).

DEFINITION. A k-ary random function ¢ is computable iff ¢ =P
for some PTM Z.

Given a random function, one may associate numerical functions
with it in various ways. A particular way will be introduced below.

DEFINITION. A k-ary function f is a mapping from a subset D; of
E* into E.

DEFINITION. Let f be a k-ary function, ¢ a k-ary random function
and AE [0, 1). f is said to be generated by ¢ with threshold X iff

(i) for every (mi, my, - - -, m) €Dy, p(my, my, - - -, my, m) S\ for
all m, and

(ii) for every (mi, ma, - - -, my)EDy, if f(my, my « - -, mp) =m,
then
d’(ml’ Moy =+ + y Mk, m)

= sup{¢(ml, Moy -y, m'):m’ =0,1,2, - - } > A\

Let C(¢, N) be the collection of all k-ary functions which are gener-
ated by ¢ with threshold \. Since
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Zd’(ml, Mmay - o, mp,m) S 1,
m=0
therefore sup {¢o(m1, My, - - -, mp, m):m=0,1,2, .- } is attained.

Thus C(¢, N) # . Moreover, if A= 1, then C(¢, \) contains only one
element, i.e., the k-ary function generated by ¢ with threshold A=1%
is unique.

DEFINITION. A k-ary function f is a probabilistically computable
function (PCF) with threshold \ iff there exists a PTM Z such that
f is generated by &7 with threshold \.

It follows from the above remark that every PTM gives rise to
at least one k-ary function which is a PCF with threshold N where
k and N\ are arbitrary.

In the above definition, if Z is a deterministic Turing machine,
then we say that f is a deterministically computable function (DCF).

DEFINITION. A k-ary function f isa PCF iff f is a PCF with thresh-
old \ for some AE [0, 1].

It is apparent that PTM may also be used to characterize a class
of random word functions. The procedure is similar to that given
in [6].

IV. PCF versus DCF. In this section, we shall show that the class
of PCF is nondenumerable. Since it is well known that the class of
DCF is denumerably infinite, it will follow immediately that the
class of DCF is a proper subclass of the class of PCF.

DeFINITION. Let Z= (U, S, p) be a PTM where

S= {slv52753v c "sk}

and 7 a positive integer. By Z™ we shall mean the PTM obtained
from Z by replacing each s;&S by spy..

DEFINITION. Let Z1=(U1, S1, Pl) and Zz=(U2, Se, pz) be PTM
such S\NS, = {5}. By Z1—Z, we shall mean the PTM (U, S, p) where
U= U1U Uz, S=51U52 and

p(s,uyn,8") = pi(s, u,v,5') ifs, s €S, u& U, vEV,and s#53,
= po(s, u,v,8) ifs, s €Sy, uE Uy vEV,,

=1 fs=5€ES8, uGE U, v=T
ors=5ES8,, uE U, v=T,
=0 otherwise.

In the rest of the section, we shall replace B by 0.
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Let R=(U, S, p) be a (deterministic) Turing machine where
U#{O,l,a,b,c}, S = {81,82,"',813}
and C, consists of

(51, 1, R, s1), (51,0,0,51), (s1,d,L,s2), (52, 1,0,52),
(52,0, L, s3), (s3,1,¢,50), (s4,¢,R,55), (550, R,ss),
(55,1, R, s5), (55,0, L, 56), (56,0, 1,57), (s3,1,L,s1),
(s7,0, L, s7), (s1,¢,0,58), (580,L,s3), (sq1,0,s9),

(s9, 0, L, 510), (510,0,1,57), (510, 1,0, 9), (530, R, s11),
(s11,0, R, s11), (s11, 1, L, 512), (512, 0, @, 513).

It is easy to verify that for every a = s, tr(a, 8) =1 implies B =as13vb
where v is the binary expansion of m.
Let Q= (U, S, p) be a PTM where U= {0, 1,a, b}, S= {sl, 82} and

p(s1,0,R,s1) =1 p(s1, 1, R, s1) = 1/2
p(s1,0,R,s5) =0 p(si, 1, R, s9) = 1/2
p(s2,0, R, s1) = 1/2 p(s2, 1, R,51) =0
(52,0, R, 59) = 1/2 p(s2,1, R, 50) =1
p(s1,a,R,51) =1 p(se,a,T,s02) =1

p(s1, 8,0, 51) =1 Pp(s2,0, T, 50) =1

p(s, u, v, s) =0 otherwise.

LeMMA 1. For every oo =asyyb where
Y =drdecccde, € 0,1}, k=1,2---,n
lola, B) =0 if B 5= aseybd and lo(a, B) = . 4n - + - 1201
which is wrilten in binary expansion if B=asyyb.

ProoF. Let Py and P; be the matrices given below:

Po= <1;2 1,(/)2) Pr= (1(/)2 1?)

It is well known that if

P;,P;2...P,~"=(i’ q>’ we {01}, k=12 ---,n
r s

then g=.4, - - + 145, where ¢ is written in binary expansion. The
conclusion follows immediately from this property of Py and P;.
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Let 412, - - - 4, be the binary expansion of m, we shall denote by
b(m) the number .7, - - - %58 written in binary expansion and by
g(m) the number of occurrences of 1 in 47, - - - 7,. From the above
constructions, it follows that

LEMMA 2. Let Z=R—QU? then

‘P;l)(ml, m) = b(my) if m = g(m,)

=0 otherwise.

LEMMA 3. Let Z=R—QU® and N€[0, 1). Then there is a unique
1-ary function f which is generated by ®3 with threshold N. Moreover,

f(m) = g(m) if b(m) > A
= undefined if b(m) < \.
THEOREM. fi, =/, iff M=\

Proor. Let D(QA\) be the domain of definition of fy. If A <\, then,
by Lemma 3, D(\) DD(\;). Since b(m) is dense in [0, 1), there exists
an my such that \; <b(m,) <X.. Again by Lemma 3, m¢&D(\,) but
mOQED()\g). Thus f)\l ;ff)\z.

CoROLLARY. The class of all PCF is nondenumerable.

The matrices Py and P; were used by Rabin [3] to show that the
set of tapes acceptable by probabilistic automata is nondenumerable.
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