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AN ABELIAN NORMAL SUBGROUP
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1. Introduction. Moldavanski [6] proved that a noncyclic abelian

subgroup A of a group G with a single defining relation is either (i)

free abelian of rank 2 or (ii) locally cyclic. Even if we impose the addi-

tional restriction that A be normal, the possibilities (i) and (ii) can

still occur. For example, the groups

G = (a,b; arlba = bk),       k ^ 0,

have abelian normal subgroups of type (i) when k = ±1 and of type

(ii) otherwise. In this note we prove that the above examples are the

only groups with one defining relation having noncyclic abelian nor-

mal subgroups.

2. Preliminary remarks. Let

G = {a,b,c, ■ ■ ■ ; R(a, b, c, ■ ■ ■ )),

G noncyclic. If R does not involve all the generators, then G is a non-

trivial free product of a free group and a group with one defining

relator, and therefore G has no nontrivial abelian normal subgroup.

Hence we may assume that G is finitely generated and that

R(a, b, c, • ■ ■ ) is cyclically reduced and involves all the generators.

We may also assume that R(a, b, c, • • • ) has zero exponent sum on

some generator, say a (denoted <ra(R) —0).

As is well known (see Magnus [4] or pp. 254-257 in [5]), a presen-

tation of the normal subgroup H of G generated by b, c, • • • is given

as follows: Its generators are

bk = akbark,   ck = akcark, ■ ■ ■ ,       k = 0, ±1, +2, • • • .

and its defining relators are

Rk = Ro(h+k, • • • , b„+k, Cp+k, ■ ■ • , cr+k, • • • ),    k = 0, +1, ±2, • • • ,

where R0(b\, • • • , b„, c„ • • • , c„ • • • ) is the word obtained by re-

writing R(a, b,c, •■•) in terms of the bk, ck, • • • . Since R(a, b,c, • • •)

is cyclically reduced, so is Rk.

Using this presentation for H, it can be shown that H is the union

of the ascending chain of groups (amalgamated products)
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Kk =  H-k *j_k H^k+1 V_*+i  •  •   • *Jt-x Hk

where

Ho = (b\, • • • , b^ cp, • • • , c„, • • • ; i?0),

Hi — \b\+i, • • • , 0(i+>', cp+i, • • • , c,+,-, • • • ; Ri),

and Ji is the free group

Ii =   (Ox+t+l,  '   ■  '  , fyi+i, Cp+i+l,  •  •   • , C„+i,  '  '  " )•

We define

Hi,, = Hi *ji ■ • ■ *jj-i Hj,       i ^ j.

(Clearly Km = H_m,m.) Then

Hi,k = Hij *jj Hj+1,k,        i ^ j < j + 1 ^ ^.

From this it follows easily that

(i) HiJr^HtlU<jjrM^i

where i^j<t^u.

Lemma 1 is implicit in Magnus [4] and is also proved in Molda-

vanski [6].

Lemma 1. Let

L = (x,y,z, ■ ■ ■ ;S(x,y,z, • • • ))

where S(x, y, z, ■ ■ ■ ) is cyclically reduced. If x= U(y, z, ■ ■ ■ ) in L

then the word S(x, y, z, ■ ■ ■ ) is (up to cyclic permutation) the word

x~1U(y, z, • • ■ ) or its inverse.

We may extend Theorem 1 of Murasugi [7] to the following by

using a result of Epstein [2]:

Lemma 2. Let

G = (a,b,c, ■ ■ • ; R(a,b,c, ■ ■ ■ ))

with at least three generators. Then G contains no nontrivial abelian

normal subgroup.

Proof. We may assume R is cyclically reduced, <ro(.r?)=0, and R

involves all the generators of the presentation. Suppose A^l is an

abelian normal subgroup of G. Let H be the normal subgroup of G

generated by b, c, • ■ ■ .

Ii Nr\H=l, then A is cyclic and is generated by some element

akh where &>0 and h is in H. For any g in G, g~1(akh)g= (ahh)' and
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so k = kt, i.e., t — 1. Thus akh is in the center of G and by Murasugi [7],

G has two generators.

Hence NC\H?£\, i.e., Hcontains a nontrivial abelian normal sub-

group. Now H can be written in the form

H = L-x */_, H0 *j0 Lx\

it is easy to show that L-xT^J-xt^Hot^Jo^Lx. But an abelian normal

subgroup of such an amalgamated product H is contained in J0 (by

Epstein [2], since a subgroup of a factor cannot be of finite index in a

nontrivial amalgamated product). Thus the free group J0 contains

a nontrivial abelian normal subgroup and so Jo must be cyclic, i.e.,

Jo = gp(b\+x). Now in H0 the elements b\+x and cp freely generate

gp(b\+x, cp). But this last subgroup contains Nf\H; this is impossible,

and so G cannot contain a nontrivial abelian normal subgroup.

3. Noncyclic abelian normal subgroups.

Theorem 1. Let G— (a,b; R(a,b)) where <ra(R) =0. Then G contains

an infinitely generated abelian normal subgroup iff

(2) R(a, b,) = (aeba-'b-k)",        r\ = + 1

(up to cyclic permutation) where \ e | = 1 and \k\ > 1.

Proof. Clearly (2) implies that bt = b\, so that H is a union of a

proper ascending chain of infinite cyclic groups; H is therefore an

infinitely generated locally cyclic abelian normal subgroup.

Conversely, suppose G contains an infinitely generated abelian

normal subgroup N. Then NC\H is an infinitely generated abelian

normal subgroup of H. If Ho^Jo^Hx, then as in the proof of Lemma

2, NC^H is contained in J0 and NC\H is therefore cyclic. Hence

H0 = Jo or Hx = Jo\ say H0 = Jo<Hx. This implies H = \J?L0 7„ and so

NC\H = \JZ.0 (NCMi), so that NC\Ji^\ for i^t, say. Therefore the

free group J\ contains a nontrivial abelian normal subgroup, and so

/,• is cyclic and Ji^Ji+x- Thus J0 = gp(b\+x) and b\ = b*+1 where

|&| >1. Then by Lemma 1, Ro = b\bx+x (up to cyclic permutation),

i.e., R(a, b) is cyclically equal to a~~1bab~k or its inverse. Similarly if

Hx = Jo, we obtain R(a, b) is (up to inverse) cyclically equal to

aba~1b~k.

We need now concern ourselves only with nontrivial finitely gen-

erated abelian normal subgroups.

Theorem 2. Let G=(a, b; R(a, b)) where cra(R)=0. Let N be a

finitely generated abelian normal subgroup of G. Then the rank of N is
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^2, with equality possible only if R(a, b)=aba~1b~' or its inverse

(up to cyclic permutation) where | e| =1.

Proof. By [6], the rank of A^2. Suppose N has rank two. If

Nr\H=l, then N is infinite cyclic. Therefore NC\H^1. Since Nf\H

is finitely generated, NrMl<Km for some m. But then

N C\H = a2m+1(N C\ H)ar2m~l < L

where L = Hm+x,3m+i- Hence, by (1), AfW</m and so NC\H<Jo.

Thus Jo is infinite cyclic, and so too is Nf~\H. Moreover, if Nf~\H

= gp(6A+i) =gp(6r). then since NfMI is normal in G, abra~1 = b"

where | e | = 1, and so

t rt*

(3) h = b   .

Thus NCMI is in the center of H.

Since A has rank 2, N = gp(akh, br) where k>0 and h is in H. We

first show that h = bsT. For, we may choose q so large that h, b are both

in Kq. Now

a(akh)arl = ak(aha-x) = (akh)a(bTY.

Therefore k = ka, i.e., a=l. Hence aha~l = hbrff, and it is easy to

see that

(4) anharn = hbTl>n.

The right-hand side of (4) is in Kq while the left-hand side of (4) as

well as br is in H_q+n,q+n. Letting n = 2g + l, we see that h is in Jq, and

so h = b"T (wherer=X-f-g + l). Thus

h   S        T k   8        t 1st

N = gp(a bT,b) = gp(a b , b-r) = gp(a b ,b).

Moreover,

ba^'b^1 = a^-kb*-1 = (akb>)" (br)°;

and so k = kp, i.e., p = 1 so that b-k = bTir+1. Now by (3),

r ri* r(r.+l)

b-k = b       = b

Therefore r<r+l=e~k, and so b-k = b' . More generally, btk=b' .

Therefore b is in Hlk for all integers /, so that by (1), b is in fl"„ Jt.

In particular, b is in /_x = gp(&i) and bx is in /_x_i = gp(6). Hence,

bx = b\ €= ±1. Consequently, by Lemma 1,

R-x(b0,bx) = (bibTf,       V= ± 1
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(up to cyclic permutation) which implies R(a, b) is cyclically equal to

aba_1b~l or its inverse.

If R(a, b) is of this form, then clearly gp(a2, b) is an abelian normal

subgroup of G of rank 2.

4. Additional remarks.

Theorem 3. Let

G = (a,b,c, ■ ■ ■ ; R"(a,b,c, • • • ))

where q>l. Then G has no nontrivial normal abelian subgroup unless

G is cyclic.

Proof. By Lemma 2, we may assume G={a, b; R"(a, b)) where

oa(R)=0, and R is cyclically reduced and involves both a and b.

Since a'ba~'b~k is not a true power, Theorem 1 implies that G has no

infinitely generated abelian normal subgroup.

Suppose that A is a nontrivial normal abelian subgroup of G.

If AfW^l, then the proof of Theorem 2 shows that Nr\H

= gp(bT) is in the center of H and therefore in the center of H-\. But

J7_x = (bo,bx;R^(bo,bx)),

a group with trivial center (see Theorem 4, Corollary in [3]).

Hence Nf~\H=l and A is in the center of G, which is again im-

possible.

Finally, using the preceding results and an algorithm of Baumslag

and Taylor [l ], we show how to determine all the abelian normal sub-

groups of a group with a single defining relation.

Let G= (a, b; R(a, b)) where <ra(R) =0.

Theorem 1 gives a nasc for G to have an infinitely generated abelian

normal subgroup. Moreover, if R(a, b) is as in (2), then H is an in-

finitely generated abelian normal subgroup; if A is any nontrivial

abelian normal subgroup, then A is infinitely generated and in fact

A = Hd, the dth powers of the elements of H.

Theorem 2 gives a nasc for G to have an abelian normal subgroup

of rank 2. If R(a, b) =aba~lb then the abelian normal subgroups of

G are the following:

gp(<*2'),       gp(*0,        gp02(, b-),        gp(a2tb',b2')

where 5, / are any integers.

We need then only concern ourselves with the groups all of whose

abelian normal subgroups are cyclic. Using the algorithm of Baumslag
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and Taylor [l], we can determine the center Z(G) of G and therefore

all subgroups of Z(G). In particular, if NnH=l, then N<Z(G).

Assume N<H; therefore as in the proof of Theorem 2, N = gp(br)

and abra~1 = b", e= +1. Assume r minimal. Since b{ must be in the

center of

IIo = (b\, b\+1; R0(b\, h+i)),

we may use the methods in [l] to bound r, and then use the solution

of the word problem in G to determine whether abra~l=btr.
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