INFINITE SYSTEMS OF NONLINEAR OSCILLATION
EQUATIONS RELATED TO THE STRING!

R. W. DICKEY

1. Introduction. The purpose of this paper is to discuss the exis-
tence and uniqueness of solutions to an infinite system of nonlinear
oscillation equations of the form

(1.1) T§’+j’(ao+a12fz*i) T;=0, j=1,2-,,
=1

where the constants ag and a; satisfy the conditions ¢¢=0 and a; >0
(the prime in (1.1) indicates differentiation with respect to ¢). The
initial conditions on (1.1) will be taken as

(1'23) T5(0) = aj,

(1.2b) T50) = 8.

Equations of the type (1.1) are related to the Duffing equation
(cf. [1]), and arise in attempting to find Fourier series solutions

(1.3) Wz, ) = 2 T;(t) sin jrx/L,
=1
to the nonlinear partial integro-differential equation
L
(14) Wu bt <Ho + Hlf Wg(f, t)2d£> W;w = O,
[}

(Ho=0, H;>0). Equation (1.4) describes the small amplitude vibra-
tions of a string in which the dependence of the tension on the defor-
mation cannot be neglected (cf. [2], [3]).

The equations (1.1) form an infinite Hamiltonian system, and in
fact there is no difficulty in showing that any solution of (1.1) satisfies
the condition

d had * 2 - had 9 2
(L.5) 5( 3T+ a0 35T+ 7( Zj'Ti) ) —o.
i=1 =1

J=1
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At first glance it would appear that if the initial conditions (1.2)
satisfy a finite energy condition, i.e.,

@0 © a © 2
(1.6) h= Zﬁf-+aozfaf+—l<zfa?) =
=1 =1 2 \ja
then (1.1) should have a solution for all £>0. Indeed this is the case
for finite systems of the form (1.1) since the finite system

N
an 145 (ao+ a zfﬁ) T;=0, j=1,2---,N,
I=1

has associated with it a Lipschitz constant (depending on N). Thus
the method of successive approximation (cf. [4]) may be used to
show the existence of a solution to (1.7) locally, and the continuation
of this solution is guaranteed by the fact that the energy—and hence
the solution and its derivative—remains bounded. However, the
infinite system of equations (1.1) is not Lipschitz continuous because
of the unbounded nature of the coefficient of T; as j— . Thus the
method of successive approximation fails and an alternative proce-
dure is necessary.

In §2 of this paper, it will be shown that under certain conditions
on the initial data (1.2), solutions of the finite system (1.7) converge
to a solution of (1.1) as N— . In order to guarantee this it will be
necessary to require that the initial data (1.2) satisfies a condition
stronger than the simple finite energy condition (1.6). In §3 it will
be shown that the solution of (1.1) satisfying the initial conditions
(1.2) is unique among a certain class of functions.

2. Existence. In proving the existence of solutions to (1.1), it is
convenient to define a set of functions T x as follows: for jS N, T~
is to be a solution of the finite system of equations (1.7) and satisfy
the initial conditions (1.2) for j=1, 2, - - -, N, and for j> N set
T; x=0. The functions T;,x are of course also solutions of the infinite
system (1.1), i.e.

(21) I‘;tN-[-]'zANT,"N:O, j=1’2,..., ©,
where
2.2) Ay = a0+ a1 2 U Tin.

l=1

If in addition the initial data (1.2) satisfies the finite energy condition
(1.6) it follows that (cf. (1.5))
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23) STt e T+ (Z:; r} N) <h

Jj=1 J=1

Thus there exist constants M; and M, independent of N such that

0

(2.4a) > (T S My,
J=1
(2.4b) > i'Tin S M.
J=1

It is a consequence of (2.4b) that the functions Ay are uniformly
bounded independent of N. If it could also be shown that IA n| was
uniformly bounded independent of N—so that the sequence AN}
is not only bounded but equicontinuous—the existence of a uniformly
convergent subsequence would follow from the Arzela lemma (cf.
[4]). Indeed the demonstration of the uniform boundedness of | A}]|
is the key step in proving the existence of solutions to (1.1). In what
follows it will be necessary to assume that the initial data satisfies
the conditions

(2.5a) 3% < »,
J=1

(2.5b) 3 ) < .
J=1

This requirement on the initial data is, of course, stronger than the
energy condition (1.6).

LEMMA 2.1. If the initial data (1.2) satisfies the condition (2.5), and

(2.6) G+ a Y ja;#0,

=1
there exists an interval 0 St <t., such that lA{vl 1s uniformly bounded
independent of N on any closed subinterval 0 St St*<t..

Proor. After differentiating the function Ay, the Schwarz in-
equality yields

| 4%| <20, 20| Tow|| T
l=1
1/2

2.7 s 201{ > PTiw > lz(T;.N)z}
1=1 =1

<2 {alAN )3 z”(z“,,,,)’} "

I=1
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Thus the object is to estimate the functions l T,’_N| . For this purpose
define a function E; y as (cf. [5])

(T

(2.8) ey Tin 2 0.
N

The condition (2.6) guarantees that E; y is defined in some neighbor-
hood of t =0 when N is sufficiently large (the condition (2.6) is equiva-
lent to the requirement that the partial differential equation (1.4) be
hyperbolic at t=0). The functions T; y are solutions of (2.1); there-
fore differentiation of (2.8) yields

2

Aw (1] AN
(2.9) Ein=— J<(. ) > = | Ax] E;n,
An\ j?Ax AN
or equivalently
. ¢ | Ay
(210) E,‘,N =< Ej,N(O) €Xp f —1 dT) .
0 AN

Estimates on both T v and Ty follow from (2.10). Thus it is found
that

2 2,2 2, ¢ I A,Nl
(2118,) T_,'"\.' = (B,/j AN(O) -+ (Xj) exp 1 —dr ),
0 <IN K

;2,2 2 02 2 ¢ Ai
(211])) (Tj_N) /] AN é (6,/] JN(O) + aj) exp <f | 4V|_ dT)
0 AN

Define Ky as

2.12) Ky = 3 (78 Ax(0) +7'a),

=1

and note that finiteness of (2.12) follows from (2.5). In addition, the
fact that A x(0) < Any1(0) shows that

(2.13) Kny1 = Kn.
Combining (2.11b) and (2.7) it follows that

¢ A' 1/2
(2.14) | Ay| =< Z{alAzszN exp<f | x| dr)} ,
0 AN
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or

d 1 ] Ax
(2.15) — —exp(— —f | 4| dr) S (@mKw)'V? = (aKu)''?,
di 2Jy AN

if N=M. It is a consequence of (2.15) that

(2.16) exp(%j‘ot | jzl d‘r) = 1/(1 — (e1Ku)?)

for all N= M and all ¢ in the interval
(2.17) 0=t<ty=1/(a:1Ku)'

Combining (2.14) and (2.16), it is clear that when N= M and ¢ is in
the interval (2.17), | A}| satisfies the bound

(2.18) | 4¥| = 2(eKa) 245/ (1 — (@:Ka)'/2).

Since A4y is uniformly bounded independent of N, (2.18) shows that
| Ay| is also uniformly bounded independent of N in the interval
(2.17). In fact, if K is defined as
(2.19) K = lim Ky

N—ow
and ¢, is defined as

(2.20) to = 1/(aK)1?

then | Ay| will be uniformly bounded in any closed interval 0=t
Si*<t. Q.E.D.

It is of interest to note that, at least in the case where a¢>0, the
interval 0=t<{, grows arbitrarily large as the initial data (1.2)
approaches zero.

In view of the preceding remarks, Lemma 2.1 guarantees the exis-
tence of a subsequence {A N,.} which converges uniformly to a (con-
tinuous) function 4 (f) on any closed subinterval 0 <¢<t*<¢,. Let T
be the solution of the (linear) equation

(2.21) T+ 4(W)7T; = 0,

satisfying the initial conditions (1.2). There is no difficulty in showing
that T x,—T; and T;y—T;on the interval 0=¢t=t*<t. The exis-
tence of solutions to (1.1) is settled by the following

THEOREM 2.1. The infinite system of equations (1.1) have a solution
satisfying the initial data (1.2) on any closed interval 0 <t <t* <i, if the
initial data satisfies the conditions (2.5) and (2.6).
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PROOF. It is only necessary to show that the solutions of the linear
system (2.21) furnish a solution of the system (1.1). For this purpose
it suffices to show that

(2.22) AQ) = a0+ as i I'T;.

=1

The series which occurs in (2.22) converges since (cf. (2.11) and
(2.16))

1/2

= lim Tiy, < B/BAO) + a))/(1 — aKu) f),

Ni—w

2
l

(2.23a) T

1/2
2.23b) (T}’ = Jim (Thw)' S A@B/A©) + Fa)/(1 — (@Ka) 1),
for arbitrary M, and thus the series in (2.22) is majorized by a con-
vergent series. The equality (2.22) follows from the estimate

22 2
— — IT,| S | A— Ay,
(2.24) o a‘é = | il

+a X | Ti— Tin| +a X F(Ti+ Tiw).
=1 l=n+1
The right side of (2.24) can be made arbitrarily small by first choosing
n, then choosing N;. Q.E.D.
The solution of (1.1) which has been constructed above has the
properties

(2.252) ST < o,
I=1

(2.25b) ST < ,
J=1

and

(2.26) 41 >0

in the interval 0=¢{<¢,.. The convergence conditions (2.25) are an
immediate consequence of (2.23) and (2.5). The condition (2.26)
follows from the fact that if 4 (n) =0 for some value =7 in the inter-
val 0=¢<t,, both a,=0and T;(n) =0 for all j (cf. (2.22)). If T;(n) =0
for all j the energy identity (1.5) shows that there exists at least one
value of j such that T/ () 0. For this value of j, the inequality
(2.23b) is violated at ¢=7. This contradiction proves (2.6).
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3. Uniqueness. In this section it will be shown that the infinite
system (1.1) has at most one solution satisfying the initial conditions
(1.2) and the conditions (2.25a) and (2.26).

Assume T is a solution of (1.1) satisfying (2.25a) and (2.26) in
some interval 0 <¢<p. The function 4 (cf. (2.22)) is differentiable in
the interval 0 <¢<p since the Schwarz inequality implies

© 4 2 0 2 1/2
(3.1) | 4’| = 2a1{EzT,Z(T;)} .

=1 =1
In view of (1.5) and (2.25a), both of the sums in (3.1) converge and
are, in fact, uniformiy bounded on any closed subinterval 0=¢
<p*<p. In addition, the assumption that 4 (¢) >0 for 0 =t <p implies
that there exists a constant M such that

(3.2) exp (%fot |—1—4j’—ld1) =M

for 0=t=<p*<p.

Let T; and S; be solutions of (1.1) satisfying the initial conditions
(1.2) and the conditions (2.25a) and (2.26) for 0=t<p, i.e. Tjis a
solution of (2.21) where 4 is given by (2.22) and S; is_a solution of

(3.3) S +5BS; =0
where

(3.4) B=at a 05",
The difference =
(3.5) Uj=T;—S;

will be a solution of

(3.6) U+ i AU; = (B - )8,
and satisfy the initial conditions

3.7 U;0) = U} () = 0.

The object is to show that the only solution of (3.6) satisfying (3.7) is
the trivial solution. If it could be shown that Uj, or some positive
definite form involving Uj, satisfied a Gronwall inequality (cf. [6])
the result would follow. However, due to the form of (3.6), it is not
clear that there exists such an inequality for Uj, and thus a different
approach is necessary.
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It is convenient to begin by finding bounds on the solutions of (3.6).
For this purpose define a function

(3.8) B = (U)'/fAa+ Uz o0
After differentiating (3.8), the differential equation (3.6) yields

, AUy (B—4) ,
E,-=_._A<j2A>+2 y US;
(3.9)

IIA

A B— A
IA lEj+2|—A—~|[U;|[S,],

or equivalently

. 1i =S 4« €X — aT —_—
j p . A . 1

After summing over j (3.10) becomes

(3.11) gEjé Zexp(ft | jl dT)fotI(r)dr

where

| U}

ISjldT.

B—dA|l &, ,
(3.12) I(z)=lA—|Z{Uj|lSjl~
=1

The function I(f) may be estimated using the Schwarz inequality.
Thus

| B— 4] 2a 25285+ 15| U
(3.13) - . N
4 2 2
< dl{Zj S+ Ty 2 U:‘} ;
i i1
and
0 , £ 2 o © , P .2 1/2
(3.14) Slullsl = { S es}
j=1 J=1 J=1
so that
= (U!)2 = 1/2
(3.15) 1) = GQ) { > G5 U?}
= J*4 i
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where
22
0 ]SJ o . 1/2
(3.16) G = al{ > S s+ T»ﬁ} .
I=1 j=1

The important feature to observe about G(¢) is that it is bounded on
any interval 0 =t =<p*<p. Thus there exists a value of ¢, say t =1, such
that

(3.17) texp(f‘ [i | d‘r) G <1

for all ¢ in the interval 0 ¢4,

LemMA 3.1. I(¢)=0 for t in the interval 0 St =<t.

ProOF. Assume the maximum value of I(¢) in the interval 0=t
occurs at ¢=7. The inequality (3.11) implies that

© L) AI
(3.18) }_:Ej(n> <2 exp( f | Al

or (cf. (3.15))

dr) I(n)

i Ei(n) = 2y

j=1
n |AI| © (U]/)2 0 2 1/2
-ex dr Gr)){ U-} .
p(fo ! ) AP e yaP Ll o

However, if I(y)#0, (3.17) and (3.19) imply that

© © Uj, 2 o 2 1/2
(3.20) §Ej(n) < 2{2 w5 2 U,-}

=1 J*4 o t=1

(3.19)

or, recalling the definition of E; (cf. (3.8)),

(3.21) {( ,é (;i)2>1/2 - (glj Uﬁ)llz} ; <0,

This contradiction shows that I(y) =0, and hence I({)=0 for 0=¢
<t. Q.E.D.

The fact that I(¢) =0 in the interval 0 £¢=<¢, combined with (3.11)
shows that U;(¥)=0 and U} (¢t)=0 in the interval. However, this
result is easily extended to the interval 0 =<t <p. Assume there exists
some value of j such that U;(t) #0 for 0=t <p. Let 5; be the greatest
lower bound of points for which U,;#0 and let n=g.Lb. 5;=#. Since
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the functions U, are continuously differentiable for 0 <¢<p it follows
that U;(n) = U/} (n) =0. Since n<p the development of this section
may be repeated (with =1 as the initial point) to show that U; and
U} vanish in some interval to the right of {=%. Thus # could not be
the greatest lower bound of points for which U, does not vanish. This
contradiction proves

THEOREM 3.1. The system of equations (1.1) have at most one solution
satisfying the initial conditions (1.2) and the conditions (2.25a) and
(2.26).

The solution of (1.1) which was constructed in §2 satisfies the con-
ditions (2.25a) and (2.26). It follows that if the initial data (1.2)
satisfies (2.5) and (2.6), the system (1.1) has, on the interval 0 <¢<¢,,
exactly one solution satisfying (2.25a) and (2.26), and this solution
is the limit of solutions to the finite system (1.7). The conditions
(2.252) and (2.26) may be interpreted in terms of the partial differen-
tial equation (1.4) and its solution (1.3). The condition (2.26) is
simply the condition that (1.4) remain hyperbolic and (2.25a) is re-
lated to the convergence of the Fourier series (1.3). Indeed (2.25a) is
essentially the condition that the Fourier series (1.3) be twice differ-
entiable with respect to x and ¢. In addition, the condition (2.5) and
(2.6) are related to the differentiability of the initial conditions
W(x, 0) and W,(x, 0) in the partial differential equation (1.4). Thus,
if the initial conditions W(x, 0) and W.(x, 0) are sufficiently differen-
tiable, the above discussion proves the existence of a solution to (1.4)
of the form (1.3) in an interval 0 <¢<,. Note also that if this solution
does cease to exist for some value of ¢!, the cause will not be the
unbounded growth of the solution (cf. (1.5)), but rather that it ceases
to be sufficiently differentiable.
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