ON SUBPARACOMPACT SPACES!
DENNIS K. BURKE

1. Introduction. This paper is concerned with establishing equiva-
lence between several classes of topological spaces. The main result
is Theorem 1.2, for which a proof is given in §2. Throughout this
paper the set of positive integers will be denoted by Z+.

In [2] Arhangel’skii introduces the class of o-paracompact spaces.
Following Arhangel’skil, a space X is called a-paracompact if for any
open covering U of X there is a sequence {U,}.; of open coverings
of X such that if x€X there is m(x) EZ* and some set UEU with
St(x, ‘um(z)) C U.

The class of o-paracompact spaces was studied recently by Coban
in [5], and the author and R. Stoltenberg in [4]. The following propo-
sition was proved independently in both papers.

ProrosiTiON 1.1. If X s a topological space with the property that
every open cover of X has a o-discrete closed refinement, then X is
g-paracompact.

Spaces with the property that every open cover has a o-discrete
closed refinement are called F,-screenable by McAuley in [9].

We now state a much stronger result than Proposition 1.1, which
says that o-paracompactness is actually equivalent to several condi-
tions on a topological space and, in particular, to the F,-screenable
condition.

THEOREM 1.2. For a topological space X the following conditions are
equivalent:

(@) X is o-paracompact.

(b) Every open cover of X has a o-discrete closed refinement.

(c) Every open cover of X has a o-locally-finite closed refinement.

(d) Every open cover of X has a a-closure-preserving closed refinement.

In view of the above theorem and because it appears that the terms
g-paracompact and F,-screenable are not very satisfactory, we make
the following definition:

DEFINITION 1.3. A topological space X is called subparacompact if
it satisfies any one of the conditions (a) through (d) stated in Theo-
rem 1.2,
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Clearly the class of subparacompact spaces includes the class of
developable? spaces. In fact it is known that semimetric spaces [9]
and semistratifiable spaces [6] satisfy (b) and hence are subpara-
compact.

A type of topological space which naturally possesses property (c)
is a space with a o¢-locally-finite closed network.? Spaces with a
o-locally-finite network are called ¢-spaces by Okuyama in [12] and
[13]. Assuming regularity, Siwiec and Nagata have shown in [14] that
the class of o-spaces is equivalent to the class of spaces with a o-dis-
crete network and to the class of spaces with a g-closure-preserving
network.

REMARK 1.4. If X is a regular space we need not require that the
refinements as given in (b), (c), or (d) of Theorem 1.2 consist of closed
sets.

2. Proof of Theorem 1.2. It suffices to prove (a)—(b) and (d)—(b),
since it has been established by Proposition 1.1 that (b)—(a) and it
is obvious that (b)—(c)—(d).

(a)—(b). Assume X satisfies condition (a) of Theorem 1.2.

LeEMMA 2.1. If U s any open cover of X there is a sequence {‘u,.},‘;Ll
of open covers of X satisfying:

(1) Wy =U and U, refines U, for each nESZ+.

(2) Given nEZ*, xEX there is an integer mEZ+ (m depends on n
and x) and some U, EWU, such that St(x, Un) C Un.

Proor. By induction, for each k&Z+, we can find a sequence
{U(E) } o of open covers of X such that:

(l) ¢ul(l) =U and ‘uk+1(k+1) =‘uk+1(k).

(i1) Uny1(k) refines U, (k) for each n=k.

(iii) U.(k+1) refines U, (k) for each n=k+41.

(iv) Given x& X there is an integer m&Z* (m depends on % and x)
such that St(x, Un(kR)) C Ui for some UrEUi(E).

Let U, =U(k); it follows that {U };, is a sequence of open covers
with the desired properties.

Let U= {U.: «€T} be an open cover of X with I' well-ordered.
Then there is a sequence {cu,.}:,l of open covers of X satisfying (1)
and (2) of Lemma 2.1.

For each x€X let

2 A sequence {U.}2,; of open covers of a space X is called a development for X if
the collection {St (x,Un): nEZ*} is a neighborhood base at x for each x €X.

3 A collection B of subsets of X is called a network for X if for any open set OCX
and x €0 there is an element BE® such that xEBCO.
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T, = {a € T': St(r, U,) C U, for some n € Z+{,

and define a(x) to be the least element of I',.
For &I and nEZ* let

Py(a) = {2 € X: St(z, Us) C Uy and a = a(2)}.

Note that {P,.(a) : aEI‘} is a disjoint collection for each nE€Z+, and
the collection {P.(a): €T, nEZ*} covers X and refines U.
Now if n, mEZ+, with m =n, we define

Prm(@) = {2 € Pa(a): St(z, Um) C U, for some U, € U,}.
It follows that Up.nPr.m(e) = P.(a), so the collection
e = {P,.,,,.(a): n,mE Zt,m=n, ac I‘}

covers X and refines U. We will show that for a fixed n, nEZ+t, m=n,
the family @, »= {P,.,,,,(a) : aEl"} is a discrete collection of sets in X.

Let P, n(a) be a nonempty element of ®,,» and z an arbitrary
element of P, .(a). Suppose there is some BET, B#a, such that
St(2, Un) NPy ,m(B) # F. Let yESt(2, Un) N\ Prm(B). Now yEP, .(8)
implies that St(y, U,) C U, for some U,EU, and yESt(z, U,) implies
that 2ESt(y, Um) C Un. Thus St(y, Un) CSt(z, U,) CU,, so aET,,.
Hence B<a since B=a(y) and a(y) is the least element of T',. Also
2EP, n(a) implies that St(z, U,)C U, for some U, E&a,. But
yESt(z, Un) C U, implies that St(z, Un) CSt(y, U,) C Us, so BET.,.
Hence a(z) =a < and we have a contradiction.

Since 2z was an arbitrary element of P, .(a) we have shown that
St(P.,m(e), Un) NP, »(B8) = whenever B#a.

To complete the proof that @, is discrete we show for each x&X
that there is a neighborhood of x which intersects at most one element
of ®ppm. Let Ppm=U {P,.,m(a) :aETl } If x&€X —P, . we are through,
so suppose x & P, .. Now

PamCX —U{UE Upn: UN Pon = &}
C U {St(Pam(e), Un): @ E T} = St(Pu.m, Um)

and X-U{UEUn: UNP,n=0} is a closed set. Thus Pnn
CSt(Pn,my Um). So xESt(Py,m, Un) and there must be some BET
such that x&St(P.n(B), Un). We have shown above that
St(Pn»(B), Un) does not intersect any P, .(a) for aB. Hence
St(Pr,m(B), Um) is a neighborhood of x which intersects only one
element of ®,.. It follows that ®=Un.,U;_, ®n.n is a o-discrete
refinement of Q.

To complete the proof that (a)—(b) note that if P, .(a) ECn,m,
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then CI(Pp.m(@))CP,nCU {St(P,.,m(ﬁ), ‘IL,,.):}SEP} and Cl(P, n(a))
O\St(Pon(B), Un) = & for B#e. Thus CL(Ps.m(e)) CSt(Prm(@). Un)
CSt(P,.m(), Uy) CUq. We have shown that

@ = {Cl(Pa.m()): Po.nla) E @}

is a closed refinement of AU. Since @ is o-discrete, ®' is a o-discrete
closed refinement.

(d)—(b). Assume every open cover of X has a o-closure-preserving
closed refinement.

LEMMA 2.2. For each nEZ*, let U(n) = { Ua(n):aEF} be an open
cover of X such that Ua(n+1)C Ua(n) for all a €. Then there is a
sequence {(P(n) },‘f,l of closed coverings of X such that, for each n&EZ+,
®(n) =U,_, ®n(n) and the following conditions are satisfied:

1) ®Cu(n)= {P,,,,,(n) : aEI‘} and 1is closure-preserving for each
mezZt.

(2) Pam(n)CUa(n) for each a ET, meEZ+.

3) Payn(n) CPamsi(n) for each a ET, mEZ+.

(4) Pom(n+1)CPam(n) for each aET, mEZ+.

Proor. Each U(n) has a closed refinement ®&(n)=Usj_, Bn(n)
where each ®,(n) is closure-preserving and ®»(n) C®Bn1(n). Let
m, n&=Zt and a€ET. f m<n let Pon(n)=. If m=n define

Pom(n) = U{BE ®u(k): BC Ua(n), k € Z+,n = k < mj.

Let @n(n)={Pam(n):a€T} and ®(n)=Ujp., ®u(n). It is easily
verified that {®(n) } ., is the required sequence of closed covers.

Let W={U,: €T} be an open cover of X with ' well ordered.
We will construct a o-discrete closed refinement of U. For notational
purposes let Un(1, n) = U, and U(1, n) = { U1, n): aEI‘} for each
n&EZ+. There is a sequence {(P(l, n) }:,1 of closed covers of X such
that ®(1, n) =U,,_; ®.(1, ) and conditions (1) through (4) of Lemma
2.2 are satisfied, with the obvious notational changes. It follows by
induction that, for each k& Z+, we can find a sequence {‘u(k, n) }:.1
of open covers and a sequence {(P(k, n) }:=1 of closed covers of X such
that Wk, n) = { Ud(k, n):a€T}, @k, n)=Us., ®u(k, n), and the
following is true for each m, nEZ+:

(1) ®m(k, 1) ={Pamk,n): a€T'} is a closure-preserving collection.

(2) Panm(k, n)C U4k, n),

(3) Pa'm(kv n)CPa.ﬂlH-(kv n)’

(4) Pam(k, n+1)CPam(k, n),

(5) Ua(k"l'lr n) = Ua—Uﬂ<a Pﬂ.n(k, 1)'

Notice that for x€X, if a(x) is the first element of I' such that
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XE Uaw), then xE Uy (k, n) for any k, nEZ+. Hence U(k, n) is
indeed an open cover of X.
For k, m, n&Z+ and a &I define

Lo(kym,n) = Pgp(k, 1) M Pou(k + 1, n).

Then £(k, m, n) = {L,(k, m, n): aEI‘} is a closure-preserving collec-
tion of closed sets. Let v, a €T with y#a; say ¥ <a. Then

L.(k, m, n) C Pam(k +1,n) C Us(k+ 1, n)

=Us— U Psu(k, 1) CUs— Pyu(k, 1) C Uy — L(k, m, n).
p<a
Hence L,(k, m, n)N\L,(k, m, n) = & when y#a. Thus £(k, m, n) is
a discrete collection of closed sets for each k, m, n&Z+. Clearly
L,(k, m, n) CU,, so we are through if we show £=Ug, U, U,
£(k, m, n) covers X.

Letx&€X. Since I is well ordered, there isa BET, and &, m, nEZ+,
such that x&EPg .(k, m) but x&E P,y (k), m’) if a<B and k', m',
n'E€Z+. We show that x&ELg(k, m, n). First notice that, if a>8,
Pom(k+1, n)CU(k+1, n)CU.—Psn(k, 1) and so Pp.(k, 1)
NPy nm(k+1, n) = F. Thus

€ Pgu(bym) — U Pym(k+1,n)

a<lfp

C Pﬂ.n(k’ 1) - U Pam(k + 1) ”)
a<lf

= Pgn(k,1) — U Pyn(k+1,n)
]

- Pp,n(k, 1) N Pﬁ'm(k + 17 n) = Lﬁ(k’ m, n))
and that completes the proof.

3. Properties of subparacompact spaces. This section is devoted
to showing a few properties of subparacompact spaces. Most of the
results follow in a straightforward manner by the use of Theorem 1.2.
Theorems 3.1 and 3.2 answer questions asked by Arhangel’skif in [2].

TuEOREM 3.1. If f: X—>Y is a closed map from a subparacompact
space X onto Y then Y is subparacompact.

ProoF. If U is any open cover of Y, f~1(U) = {f~}(V): veal is
an open cover of X. Since X is subparacompact f~!(U) has a closed
refinement ® =U,_, ®, where ®, is a closure-preserving collection of
closed sets for each nEZ+. Since f is a closed map it follows that
f(®,) = { f(P): P E(P,.} is a closure-preserving collection of closed sets
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in Y. Thus f(®) is a o-closure-preserving refinement of U and Y is
subparacompact.

THEOREM 3.2. If f: X—> Y 1is a perfect map from a regular space X
onto a subparacompact space Y then X 1s subparacompact.

Proor. Suppose U is any open cover of X. For each y&E Y we can
find a finite subcollection U(y)CU such that f~'(y)CU(y)=
U{U: UEU(y)}. Let G(y) = Y—f(X — U(y)); then §= {G(y): yE ¥}
is an open cover of Y. Consequently G has a o-discrete refinement
®=U,., ®, where each ®, is a discrete collection. It follows that
fue) = {f“(P): PEG’} is a g-discrete refinement of { Uly):yE Y}.
Given PE®let y(P) be a fixed elementof ¥ such thatf~!(P) CU(y(P)).
For n€Z* let ®,= {f~{(P)N\U: PE®,, USU(y(P))}. Since f~(®,)
is a discrete collection in X each x € X has a neighborhood N, which
intersects at most one element of f~!(®.). Since each element of
f~Y®,) intersects only finitely many elements of ®, and each element
of B, is contained in some element of @, it follows that N, will inter-
sect only finitely many elements of ®,. So ®, is locally-finite and
®=U,., B, is a o-locally-finite refinement of U. Since X is regular it
follows that every open cover of X has a o-locally-finite closed refine-
ment. Hence X is subparacompact.

A completely regular space X is called a p-space [1] if in the Stone-
Cech compactification 8(X) there is a sequence {'y,. },‘,"_1 of open covers
of X such that N2, St(x, v.) CX for each x&X. The sequence
{'y,.},‘f_l is called a pluming for X in B(X). X is a strict p-space if there
is a pluming {v.}, with the additional property: N;., CI(St(x, v.))
=N, St(x, v.) for each x&X.

By Theorem 3.2 a regular space which is the perfect preimage of a
developable space is subparacompact; if this preimage is completely
regular it can be shown to be a p-space. Since Arhangel’skif [2] an-
nounced that any o-paracompact p-space can be mapped perfectly
onto a developable space, we have the following corollary to Theo-
rem 3.2.

COROLLARY 3.3. 4 completely regular space X can be mapped onto a
developable space by a perfect map if and only if X is a subparacompact
p-space.

In [2] Arhangel’skil asks whether every strict p-space can be
mapped perfectly onto a developable space. To answer this question
negatively it suffices to find an example of a strict p-space which is
not subparacompact. Such an example will be given in the last section
of this paper.
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THEOREM 3.4. A collectionwise normal subparacompact space is
paracompact.

THEOREM 3.4 is a restatement of a result by McAuley [9] that a
collectionwise normal F,-screenable space is paracompact.

Since o-discrete families in a countably compact space must be
countable the following is obvious:

THEOREM 3.5. A countably compact, subparacompact space X 1is
compact.

THEOREM 3.6. A subparacompact locaily-developable space X 1is
developable.

Proor. Suppose each point x&X has an open neighborhood N,
with a development {G,(x) } ;. Let ®=U;>., ®, be a o-discrete closed
refinement of { N,: x€X} where each @, is a discrete collection.

Now fix an arbitrary positive integer n. Given PE®, let x(P) be
a fixed element of X such that PC N, and let

UP)=X—U{P €. P P}
Forme&Z+ let
Unm(P) = {U(P) N\ G: G E Gu(x(P))}.
Finally we define
Unm = {U: UE Unm(P), P E Cu} U {Qa}

where Q,=X —U{P: PE®,}. Then U,,n is an open cover of X for
each n, m&Z+ and we show that {‘u,,_,,.: n, m€Z+} is a development
for X.

If z2EX there is an integer nEZ+ with some PE®, such that z&EP.
Consequently if O is any open set containing z there is some m&Z+
such that St(z, Gu(x(P))) CONN.p. By construction z is not con-
tained in any element of U, ,.(P’) for any P’€®, such that P’ P.
Thus St(z, Unm) =St(z, Uam(P))CSt(z, Gm(x(P))) CONN & CO.
Hence St(z, U,,») CO and the theorem is proved.

The proof of the following theorem is straightforward and is left
to the reader.

THEOREM 3.7. If X s a countable union of closed subparacompact
subspaces then X is subparacompact.

4. Examples.
ExAMPLE 4.1. A strict p-space which is not subparacompact and
hence cannot be mapped perfectly onto a developable space.
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Let w, (resp. ws) be the first ordinal of cardinality N; (resp. N;).
If X is the set of points in the cartesian product of [0, wp) with itself
and a € (0, w) we define:

Lia= {(,8) €EX: BE [0,w5)} and Lz = {(8,0) € X: BE [0,w1)}.

For convenience let Ly, o= Ly, o= {(0, 0) }

Define an open base for a topology on X as follows: For each
(a, B)EX where a#0 and 0 the singleton set {(oz, B)} is in the
base. For 1=1, 2 and a& [0, ws) the base includes all subsets of L;, ,
which have a finite complement relative to L; .. It is easily verified
that this collection does form an open base for a topology on X.

Notice that with the above described topology X is a T, lo-
cally compact space. Hence X is open in 8(X). That X is a strict
p-space follows from the definition if, for each nEZ+, we let

G=1v={Lia:a€[0,w), i=1,2}.

Then %, is a cover of X open in 8(X) and St(x, 7v,) is an open compact
set for each xEX.

The following lemma will be needed to show that X is not sub-
paracompact.

LEMMA. Suppose A and B are subsets of X with the property: ALy, .
and BN L., are countable for each a € [0, wy). Then A and B do not
cover X.

PRrooF. Suppose X =A4\UB. Let
Bo = sup{B: (&,8) € AN Lyi,a, a € [0, w)}.

Then Bo<ws and it follows that [0, w;) X (8o, w2) is a nonempty subset
of X disjoint from 4. Thus [0, w,) X (8o, w2) C B. Let aoE (Bo, w2). Then
[0, w) X {ao} CBMNL,,, which is in contradiction with the original
condition placed on B.

We show that X is not subparacompact by showing that G cannot
have a o-discrete refinement.

Assume ®=U,_, ®, is a refinement of § where each @®, is a discrete
collection. Let §'={L;,.:a€ [0, w)} and §”={Ls.:a€ 0, w)};
then ¢’ and G’ are subcollections of G. Let ®, and @, be all elements
of ®, which are contained in elements of G’ and G’ respectively. Note
that every element of ®, will be in ®) or ®;’. Let P,/ and P,’ be the
union of all the elements in ®; and ®!’ respectively. If a€ [0, wz)
there is a neighborhood of (e, 0) which intersects at most one element
of ®!'. Hence L, , intersects only finitely many elements of ®,’ and
it follows that P’ ML, is finite. Similarly P, ML, , is finite. Let
A=U2, P} and B=U;., P/. Then 4 and B satisfy the conditions
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in the lemma and consequently cannot cover X. Thus ® does not
cover X.

ExAMPLE 4.2. A pointwise paracompact space which is not sub-
paracompact.

It is easily verified that the space of Example 4.1 is pointwise
paracompact.

ExaMPLE 4.3. A pseudocompact subparacompact space which is
not countably compact.

Let X be the set of points in the unit interval [0, 1] with nonzero
points having their usual neighborhoods. Let the neighborhood sys-
tem at zero include the usual neighborhoods minus the points in the
sequence {l/n},‘:;l.

ExAMPLE 4.4. A normal, countably paracompact, subparacompact
space which is not paracompact.

Let X be the space of Example H described by Bing in [3]. This
space is perfectly normal and hence countably paracompact [7]. X is
subparacompact since it can be shown to possess a o-discrete net-
work; however it is not paracompact since it is not collectionwise
normal.
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